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PREFACE 


HE present work is intended to cover the whole 

field of Logic as ordinarily understood. It includes 
an outline of elementary Formal Logic, which should 
be read in close connection with Dr Keynes's classical 
work, in which the last word has been said on most 
of the fundamental problems of the subject. As regards 
Material Logic, I have taken Mill’s System of Logic 
as the first basis of discussion, which however is sub- 
jected to important criticisms mostly on the lines of 
the so-called conceptualist logicians. 

I have to express my great obligations to my former 
pupil, Miss Naomi Bentwich, without whose encourage- 
ment and valuable assistance in the composition and 
arrangement of the work, it would not have been pro- 
duced in its present form. 


W. E. J. 


March 30, 1921. 
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INTRODUCTION 


§ 1. Locic is most comprehensively and least contro- 
versially defined as the analysis and criticism of thought. 
This definition involves the least possible departure 
from the common understanding of the term and is not 
intended to restrict or extend its scope in any unusual 
way. The scope of logic has tended to expand in two 
directions—backwards into the domain of metaphysics, 
and forwards into that of science. These tendencies 
show that no rigid distinction need be drawn on the 
one side between logic and metaphysics, nor on the 
other between logic and science. The limits imposed 
by any writer are justified so far as his exposition ex- 
hibits unity; it is, in fact, much more important to 
remove confusions and errors within the subjects dis- 
cussed under the head of logic, than to assign precise 
limits to its scope. It is, I hold, of less importance to 
determine the line of demarcation between logic and 
philosophy than that between logic and science; so 
that my treatment of logic might be called philosophical 
in comparison with that of those who implicitly or ex- 
plicitly separate their criticism and analysis from what 
in their view should be relegated to epistemology and 
ontology. 

This account of the scope of logic does not differ in 
any essential respects from that given, for example, in 
Mill’s long introductory chapter. The special feature of 
Mill’s logic is the great prominence given to the theory 
of induction, in contrast to most of his predecessors 
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and contemporaries, including Whately. Whately does 
not omit reference to induction any more than Mill 
omits syllogism: where they differ is that Whately 
asserts that in order to be valid any inductive inference 
must be formulated syllogistically, and that therefore 
the principle for induction is dependent on the principle 
of syllogism. Mill opposes this view ; but as regards 
the scope of logic there is no disagreement between 
them : they differ simply on the question of the rela- 
tions of deduction to induction. 

If any writer deliberately or on principle dismisses 
from logic the theory of inductive inference, it must be 
on one of three grounds: either (a) that no inductive 
inference is valid ; or (4) that different criteria of validity 
apply to different sciences ; or (c) that the problem of 
the validity of induction constitutes a topic to be in- 
cluded in some study other than that named logic. As 
regards (a), this is the view which seems to be held by 
Venn in his Empzrical Logic where, in the chapter on 
the subjective foundations of induction, he acknow- 
ledges that as a matter of fact human beings do make 
directly inductive inferences, even with a feeling of 
conviction, but that no warrant for such conviction can 
be found. Another aspect of his view of induction is 
expounded in the chapter on the objective foundations 
of induction, in which he classifies the different kinds 
of uniformity—such as sequence, co-existence, perma- 
nence, rhythm—which are used as major premisses, 
expressive of actual fact, by means of which specific 
uniformities under each general head are established as 
valid. When then he is asked what reasonable ground 
there is for accepting these major premisses as true, he 
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maintains in effect that they have to be assumed, in 
order to give security to the conclusions inductively 
inferred. In using the word assumption, there seems 
to be some ambiguity, namely whether it is to be under- 
stood to mean ‘assumed to be true although known 
to be false’ or ‘assumed to be true although unprov- 
able.’ I take Venn to mean the latter, and that the 
attitude towards this assumption is merely one of felt 
certainty—felt, indeed, by all human beings, but having 
no root in our rational nature, and only exhibiting a 
common psychological disposition or character. This 
view, that there is no inductive principle that is self- 
evidently or demonstrably true, seems to be held by 
many other logicians, though none of them, I think, 
put it as explicitly as Venn. So while he and others 
include induction in their logical exposition, they neg- 
lect what I take to be the essential justification for 
its inclusion, namely as affording a systematic criticism 
of the question of its validity. As regards (6), many 
excellent text-books have been written in these days 
treating of the principles and methods peculiar to 
different sciences; it is not denied by their authors 
that this treatment is logical; but, if not explicitly 
stated, yet it seems to be suggested that in comparing 
the logic of one science with that of another the sole 
result is to exhibit differences, and that no one set of 
principles applies to all the different sciences. If this 
were the fact there would be some excuse for excluding 
the treatment of induction from the scope of logic, on 
the ground that the discussion of each of the separate 
principles should be relegated to its own department 
of science. But if, as I hold in agreement with most 
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other logicians, there must be a community of principle 
discoverable in all sciences, then the discussion of this 
must be included in logic. As regards (c) the question 
raised seems to be: ‘Given the topic induction, what 
name shall be given to the science that includes it in 
its treatment?’ rather than the converse question 
‘Given the name logic, shall it be defined so as to in- 
clude, or so as to exclude, induction?’ If we put the 
question in the first form, the answer is of course purely 
arbitrary ; we might give it the name Epagogics. But 
if the question is put in the second form, the answer is 
not in the same sense arbitrary, assuming that there is 
general unanimity as regards the usage of the name 
logic to denote a science whose central or essential 
function is to criticise thought as valid or invalid. That 
induction should be included in logic thus defined 
follows from the undeniable fact that we do infer in- 
ductively, and that some persons in reference to some 
problems do infer invalidly. Even if this were not the 
fact, it is certainly of scientific importance to render 
explicit what everyone implicitly recognises in their 
inferences—as much for the case of induction as for 
that of syllogism or other formal types of inference. 
It has even been hinted that nobody makes mistakes 
in formal inference; and yet—in despite of this, if 
true—no one questions the value of systematising the 
principles under which people may unconsciously reason ; 
and what holds of formal inference would certainly 
hold @ fortiori of the processes of inductive inference 
which present many more serious opportunities for 
fallacy. 

§2. As regards the term ‘thought’ which enters 
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into my definition, its application is intended to include 
perceptual judgments which are commonly contrasted 
with rather than subsumed under thought, for the 
reason that thought is conceived as purely abstract 
while perception contains an element of concreteness. 
But properly speaking even in perceptual judgment 
there is an element of abstraction; and on the other 
hand no thought involves mere abstraction. It follows, 
therefore, that the processes of thinking and of percep- 
tual judgment have an essential identity of character 
which justifies their treatment in a single systematic 
whole. It is the distinction between sense-experience 
and perceptual judgment, and not that between per- 
ceptual judgment and thought, that must be emphasised. 
The essential feature of perceptual judgment in con- 
trast to mere sense-experience is that it involves 
activity, and that this activity is controlled by the 
purpose of attaining truth; further it is the presence 
of this purpose which distinguishes thought from other 
forms of mental activity. Thought may therefore be 
defined as mental activity controlled by a single purpose, 
the attainment of truth. 

§ 3. Now it is true, as often urged, that thought is 
motived not solely by the purpose of attaining truth, 
but rather by the intention of realising a particular end 
in some specific form and under certain specific cir- 
cumstances. But I have to maintain that any other or 
further purpose which may prompt us to undertake the 
activity of thinking is irrelevant to the nature of thought 
as such, this other purpose serving only to determine 
the direction of activity. When such activity is actually 
in operation its course is wholly independent of the 
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prompting motive and guided by the single purpose of 
attaining truth. For instance, our desire for food may 
prompt us to search for it ; but this resolve, once taken, 
leads to a thinking process the purpose of which is to 
come to some conclusion as to where food is likely to 
be found, and the sole aim of this process is to discover 
what is true on the matter in hand. This being so, the 
logical treatment of thought must be disencumbered 
from all reference to any ulterior purpose. 

Whether truth is ever pursued without any ulterior 
purpose is a psychological question which may fairly 
be asked; and if introspection is to be trusted must 
certainly be answered in the affirmative, although the 
enquiry whether true knowledge has intrinsic value or 
not belongs to ethics. That the attainment of truth for 
its own sake constitutes a genuine motive force is 
further confirmed by recognising the fact that people 
do actually attach value to true knowledge, as is 
incontestably proved by their willingness to defy the 
prospect of social disapprobation, persecution, and even 
martyrdom incurred by the utterance and promulgation 
of what they hold to be true. At the same time, it must 
be pointed out thac the aim of the thinking process is 
not the attainment of truth in general, but always of 
truth in regard to some determinate question under 
consideration. This is closely analogous to the psycho- 
logical fact that what we desire is never pleasure in 
general, but always—if the doctrine of psychological 
hedonism is to be accepted—some specific experience 
which is represented as pleasurable. 

Any thinking process is normally initiated by a 
question and terminated by an answer; what dis- 
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tinguishes one thinking process from another is the 
difference of the question proposed. The bond of unity 
amongst the phases of a single process does not 
necessarily entail unbroken temporal continuity, but 
only identity of the question proposed. Indeed any 
thought process may be temporarily interrupted before 
the proposed question has been answered. It must be 
left as a topic for psychology to investigate the causes of 
such suspension, and how far the advance made serves 
as a Starting point for further advances. Logic, on the 
other hand, is concerned with the nature of the advance 
as an advance and criticises the process from the point 
of view of validity or invalidity. 

§ 4. The above definition of logic as the analysis and 
criticism of thought should be compared with that of 
the Scholastics, who laid emphasis on the point that 
logic is concerned with the art of thinking, where art 
is nearly equivalent to the modern term technique, and 
has an understood reference to activity with an end in 
view. The study of the art of thinking as thus under- 
stood is of use in instructing us how to proceed when 
thinking out any problem: for instance, it lays down 
rules of classification and division for the clearing up 
of obscurities and inconsistencies in thought ; rules for 
the recall and selection of knowledge appropriate to 
any given problem; etc. Descartes’ Dzscourse on 
Method is a classical illustration of this species of 
science. Modern examples of excellent treatises on these 
lines are to be found in Alfred Sidgwick, and other 
neo-pragmatists. It is a science of the highest value, 
and need only be separated from logic on the ground 
of the difference of purpose; inasmuch as its direct 
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purpose is the attainment of valid thought, whereas 
logic is the study of the conditions of valid thought, 
and as such it does not exclude the study of the art. 

§ 5. Alongside of the use of the term ‘art’ to mean 
technique, there is a more modern usage where it 
implies reference to aesthetic feelings and judgments. 
Nowadays discussions as to whether an objective 
standard for these feelings and judgments should be 
recognised are very prominent. The nature of the 
feelings and judgments that enter into aesthetic 
appreciation belongs to psychology ; but if we agree 
that there is a discoverable objective standard, then 
the treatment of the subject of aesthetics is to be 
distinguished from the psychological treatment, precisely 
as the treatment of thought in logic is distinguished 
from that in psychology. 

Aesthetics, in this sense, raises very similar problems 
to those presented in Ethics; and it is frequently said 
that as normative Logic, Aesthetics and Ethics are 
related in the same way to the three psychological 
factors, thought, feeling and volition respectively. Each 
of the normative studies may be said to be based on a 
standard of value, the precise determination of which 
it is their function to formulate; in each, imperatives 
are laid down which are acknowledged by the in- 
dividual, not on any external authority, but as self- 
imposed ; and, in each, the ultimate appeal is to the 
individual's intuitive judgment. There is, however, a 
closer resemblance between Ethics and Aesthetics in 
their relations to volitions and feelings respectively, 
than between either of them and Logic; inasmuch as 
there are apparently fundamental differences of opinion 
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as to the ultimate ethical and aesthetical standards, that 
give to the studies of Ethics and Aesthetics a con- 
troversial character absent from Logic about whose 
standards there is no genuine disagreement. As regards 
the relation of Ethics to Logic, the question sometimes 
arises as to which subject is supreme. The answer 
to this question depends entirely upon the nature of 
the supremacy intended: the imperatives for thought 
become imperatives for conduct only on condition that 
true judgments have intrinsic value and false judgments 
intrinsic disvalue ; and thus, from the point of view of 
conduct, Logic is subordinate to Ethics. On the other 
hand, ethical enquiry—like any other scientific investi- 
gation—has to avoid violating logical principles, so 
that from the point of view of true thought Logic is 
supreme over Ethics. 

§ 6. Our discussion so far has led us to consider the 
relations of Logic to Philosophy in general, Psychology, 
Aesthetics and Ethics. Another subject to which it is 
closely allied and from which it is yet distinct is 
Grammar, the alliance being przma_facze accounted for 
by the common concern of the two studies with 
language. The connection between thought and language 
presents a problem for the science of Psychology; but, 
so far as thinking or the communication of thought in- 
volves the use of words, the provinces of Logic and 
Grammar coincide; that is to say universal Grammar, 
which excludes what pertains to different languages 
and includes only what is common to all languages, 
should be subsumed under Logic. For the modes in 
which words are combined—-which constitute the sub- 
ject matter for Grammar—cannot be expounded or 
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understood except as reflecting the modes in which 
thoughts are combined ; and this combination is effected 
by means of such logical operations as negation, con- 
junction, disjunction, alternation, implication and so on, 
represented by the words xot, and, not both, or, tf, etc. 
To justify the subordination of Grammar to Logic we 
have only to realise that the analysis of the sentence 
in Grammar corresponds to the analysis of thought in 
Logic, and that grammatical criticism is confined to 
securing that the sentence precisely represents the 
thought, any further criticism of the proposition coming 
exclusively within the province of Logic. It may be 
pointed out in this connection as specially significant 
both for the linguist and for the logician, that languages 
differ in the degree of their capacity to exhibit through 
their structure intimacy between words and thoughts. 
§ 7. Amongst all the sciences over which logic must 
rule, there is one that occupies a unique place. The 
constituents of thought which are in the most narrow 
sense logical are those which give form to the construct, 
connecting alien elements by modes which give specific 
significance to the whole. The first group of these is 
expressed by ties, conjunctional words, prepositional 
words, and modes of verbal inflection. But as the form 
of thought is further elaborated there enter new kinds 
of terms, namely specific adjectives which have a con- 
stant meaning definable in terms of pure thought, or 
else are to be admitted and understood as indefinables. 
The most generic form of such adjectives directly 
expresses the result of such mental acts of comparison 
as like, unlike, different from, agreeing with. Owing to 
the purely logical nature of these relations, universal 
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formulae in which they are introduced can be constructed 
by mere abstract thought. The preliminary condition 
for this construction is the separating of what is given 
to constitute a plurality, and thus to introduce a formal 
factor which can only be verbally expressed by the 
separations and juxtapositions of the substantial words. 
The very general relation that separation effects is 
that most indeterminate relation otherness. When the 
complementary notions of separateness and together- 
ness are joined to constitute a unity, there enters the 
idea of number, and we are in the domain of mathe- 
matics. 

The extraordinary capacity for development that 
marks mathematics is due to the precision with which 
the relations of comparison are capable of being 
amplified. Through the substitutions that are thus 
rendered possible, the range of application of mathe- 
matical formulae is extended beyond the bounds which 
would otherwise delimit logic. Any material that might 
be presented to thought upon which the same precise 
operations of comparison could be performed, would 
lead to the same forms as mathematics. For example 
ideas, not only of difference, but of determinable 
degrees of difference, bring the material into relations 
of intrinsic order, and out of these relations emanate 
relations between relations, so that theoretically the 
science develops into a highly complicated system. The 
point then, where we may venture to say that logic 
actually passes into mathematics is where the specific 
indefinable adjectives above referred to give new 
material for further logical combinations. 

Here it is of great importance to point to the 
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relative nature of the distinction between form and 
matter. Logic begins with a sharp contrast between 
matter, as what is given as merely shapeless, and 
form, as that which thought imposes. But as we 
advance to mathematics, we impose a new element of 
form in introducing the relation otherness and its 
developments ; and this being operated on by thought 
takes the place of new matter: in short, what is 
introduced as matter is form in the making. All this 
could be summed up by saying that for elemental logic, 
mathematical notions would constitute matter; whereas 
when the step into mathematics is once taken these 
same elements are just those in accordance with which 
thought advances in constructing more and more com- 
plicated forms. This view of the relation of logic to 
mathematics will be worked out in Part II of the 
present work under ‘Demonstration,’ where the pro- 
cedure of building up mathematical science is shown to 
involve the very same principles as are used in the 
logical structure. 

All the sciences, including mathematics, over which 
logic has supreme control, have been properly described 
as applied logic. But mathematics is applied logic in a 
certain very unique sense, for mathematics is nothing 
but an extension of logical formulae introducing none 
but purely logical factors; while every other science 
borrows its material from experiential sources, and 
can only use logical principles when or after such 
material is supplied. Within mathematics we have 
again the same kind of distinction, namely that between 
pure and applied mathematics, as it has been called. 
In pure mathematics, the mathematician can give free 
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play to his imagination in constructing forms that are 
restricted only by principles of logical consistency, and 
he develops the implications that are derivable from 
what may be indifferently regarded either as definitions 
of his fictitious constructs or as hypothetically enter- 
tained first axioms. In order that these axioms and the 
theorems therefrom derived may be considered as true, 
recourse must be had to the real world, and if applicable, 
the axioms come to be assertorically entertained as 
premisses, and the derived propositions as the developed 
conclusions. This application of mathematics to reality 
constitutes applied mathematics. Taking geometry as 
our first example, while there is no limit to constructing 
conceived spaces other than Euclidian, their application 
to reality demands the enquiry whether our space is or 
is not Euclidian. This is answered by an appeal to our 
immediate intuitions directed to our spatial experiences, 
and it is this appeal that is outside the range of pure 
mathematics. Again the merely logical conception of 
betweenness, which develops into that of serial orders 
of lower or higher forms of complexity, is in the first 
instance a product of pure logical constructiveness, and 
would yield implications from which a system of 
implicates could be developed. But such a hypotheti- 
cally conceived body of propositions would have no 
basis in the real but for the applicability of the defined 
conceptions to what is given in non-mathematical 
intuition. This applicability holds not only in the 
domain of spatial order, but also in that of the 
qualitative relations of difference which impose serial 
order amongst sense impressions. 

Regarded in the light of its control over all sciences 
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logic has been called by the name ‘Methodology’ ; 
that is to say while the forms of logic implicitly control 
the conclusions of science, logic itself includes the study 
which renders explicit the ways according to which its 
authority is exercised. The department of logic known 
as methodology constitutes the third part of the present 
work, which is entitled ‘The logical foundations of 
Science.’ 

Another illustration of applied mathematics is to 
quantity. Quantity is not a mere direct development 
from number, since a new conception, namely that of 
equality of units, enters as a distinctive factor which is 
not purely logical. It is true that equality for merely 
formal developments could be defined as a certain 
relation having the formal properties of symmetry and 
transitiveness, and if to this conception is added the 
fundamental operation plus (+), definable as a certain 
relation having the formal properties commutative and 
associative, the whole system of quantitative science 
could be developed without recourse to any but pure 
mathematical principles. But even in this range of 
thought quantities of different types would need 
recognition. For example, given the notion of length 
as the first spatial quantity, a new quantity is derived 
by multiplying length by length, which is called area; 
here ‘multiplied’ need not be more specifically defined 
than a certain relation having the formal properties 
commutative and associative. Again where a quantum 
of space is divided by a quantum of time, we have 
velocity, and in this way a totally new type of quantity 
is constructed and we pass from geometry to kinematics. 
Another quantity called mass is such that when multi- 
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plied by velocity there is engendered the new quantity 
called momentum, and when multiplied by velocity 
squared, energy; and in the introduction of these new 
species of quantity we pass from kinematics to dynamics. 
This is the terminus on these lines of applied mathe- 
matics; and dynamics may be defined as the science 
that uses the three independently definable species of 
quantity time, space and mass. In every extension, 
then, of mathematics no new idea or mode of thought 
need accompany the work of the calculus. It is only 
when the formulae have to be applied to reality, and 
thus to be entertained categorically, that a process of 
thought other than merely mathematical enters in, and 
intuition is directed to what is given in some form of 
experience. The ideas which enter into the mathematical 
sciences thus constructed have a form which renders 
them amenable to purely logical processes of indefinite 
degrees of complexity; this distinguishes them from 
the non-mathematical or ‘natural’ sciences that intro- 
duce ideas dependent simply upon brute matter, 
unamenable to logical analysis, logic entering only in 
the application to these ideas of classification, and the 
principles of inductive inference. 

§ 8. Having considered logic in its relation to the 
different sciences, we may now pass to a discussion of 
its more philosophical aspects. Logicians have been 
classified as nominalists, conceptualists, and realists or 
materialists, according as they think it worth while to 
discuss words, thoughts or things. Names that are apt 
to be understood as synonyms for these have been 
applied to different philosophical opinions; and this 
fact is indicative of the change which has occurred in 
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the course of the history of philosophy, where the 
ground has been shifted from ontology to psychology, 
and later from psychology to logic. To take realism 
first. It is the name given to the Platonic view which 
formed the basis of Aristotle’s controversy with Plato. 
Plato in discussing the relation between the universal 
and the individual, attributes ~ea/ existence in the truest 
or most ultimate sense to the universal, holding that 
the particular individual has reality only so far as it 
partakes of the nature of the universal, towards which 
it strives as the end (év7eéxn) of its existence. Aristotle, 
opposing this view, holds that the universal exists not 
apart from the particular but in it. 

A new psychological significance came to be attached 
to the term Realism, when the question of reality was 
raised not about the ¢#zug, but about the possible zdea 
of the thing, these two concepts being taken to be 
equivalent. The so-called nominalist school of philo- 
sophers maintained the psychological view that we had 
_ no idea corresponding to a general name, along with 
| the ontological view according to which the particular 
‘individual or concrete alone existed, and no existence 
| could be attributed to the universal; generality, for 
them, attached only to names in use, and had no 
objective application. On the psychological point at 
issue the opponents of this view have been known as 
conceptualists, and in maintaining their opposition were 
led to make a psychological distinction of great im- 
portance between images and ideas. In common with 
the nominalists, they held that images are necessarily 
concrete, particular or individual, but they maintained 
that we can also frame ideas which can properly be 
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called abstract or general. Both schools assumed that 
images were equivalent to or at least resembled per- 
ceptions, and further that the latter were obviously 
concrete and particular, Berkeley represents the nomi- 
nalist school, and his subtle difference from Locke— 
who definitely held that we can frame general ideas, 
though with difficulty—comes out clearly when he dis- 
putes the possibility of a general idea of a triangle 
(instanced by Locke) which shall be neither equilateral 
nor isosceles nor scalene, and from which we can in 
thought abstract the shape from variations of colour. 
In my view Locke and Berkeley were both wrong, 
even where they agreed ; inasmuch as neither images 
nor perceptions reflect the concreteness and particularity 
of the individual thing, which should be described as 
determinate, in contrast to the indeterminateness of the 
mental processes. In fact there has been a confusion 
in the description of our thoughts, images and percepts, 
between the distinction of the universal from the 
particular, and that of the indeterminate from the de- 
terminate. The modern term ‘generic,’ which has 
been applied to images, should be extended also to 
percepts, on the ground that they share with images 
the character of indeterminateness—a character which 
must be rigidly distinguished from general or uni- 
versal as properly applied to ideas or concepts. 
Nominalism has yet another meaning when applied 
as a special logical theory ; in this sense it denotes the 
theory according to which the proposition is an indica- 
tion of the names that have been arbitrarily chosen to 
denote things or classes of things, and predicates merely 
what follows from the consistent use of these names. 
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Propositions are thus used as mere formulae and re- 
peated in thought when necessary, without demanding 
any consideration of their meaning; so that the only 
ultimate foundations or premisses of knowledge are 
definitions, no other propositions of the nature of axioms 
being required. This view still clings to some modern 
philosophical expositions of arithmeticand purelogic, and 
is rather subtly akin to the view that the first premisses 
for science are nothing but postulates or hypotheses 
which, if conszstently held, lead to the discovery of truth. 

As regards Conceptualism, it is doubtful whether, 
as applied to the work of such writers as Hamilton and 
Sigwart, it can be properly regarded as a distinctive 
logical theory. For the prominent use of the word 
concept and its associate judgment points not neces- 
sarily to any difference of logical theory between those 
who use these words, and those who prefer the words 
‘term’ or ‘name’ and ‘proposition,’ but merely to the 
common recognition that thought has form as well 
as verbal expression. If, however, the conceptualist 
proceeds to limit the scope of logic to the consideration 
of the forms of thought alone, then he must maintain 
that the truth of a judgment is tested by the form that 
connects the content as conceived ; and conceptualism 
becomes equivalent to formalism. The criterion for the 
formalist is indeed mere consistency or coherence in 
fact; that for the conceptualist proper, clearness or 
distinctness in thought. The latter is expressed 
negatively by Herbert Spencer: what is clearly not 
conceivable is false; positively by Descartes: what is 
clearly conceivable is true. It follows immediately from 
this view that truth concerns only conceived content ; 
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so that the direct objects of thought are not things, 
but our ideas about things, and judgment contains no 
reference to things but only to adjectives. On this 
understanding, the conceptualist’s view is that we can 
only deal with things as conceived, and that it is the 
mode under which we conceive them that determines 
the adjectives themselves and their relations as consti- 
tuting the content of the judgment. In this way they 
are led to deny all relations as subsisting between 
things—a denial which is simply equivalent to denying 
the one supreme relation otherness ; for otherness may 
be said to be the one determinable relation to which all 
specific relations stand as determinates. Hence it is 
enough for this school of philosophy to deny the single 
relation otherness, and in this denial to adopt the 
position of monism. The view, if carried out rigidly, 
goes beyond that of Spinoza, who asserted that thought 
was other than extension, and even that the one 
Substance had an infinity of other attributes, though 
not conceivable by us. It is an odd fact that Lotze, in 
particular, explicitly rejects relations only, as expressive 
of the nature of Reality ; but in consistency he ought 
to have included in his rejection ordinary adjectives. 
From this point of view, the only kind of singular 
categorical judgment concerns Reality as a whole and 
not any one of its several separable parts: it predicates 
character of the indivisible ove, not of this or that unit 
in the one. Individual units, in fact, are conceived as 
the result of the imposition of thought to which nothing 
in the ove corresponds. Thus the Monist’s first principle 
is to deny the Pluralist’s fundamental assumption that 
the Real, as given to thought, is given as many and as 
such involves existential otherness. 


XXXii INTRODUCTION 


The conceptualist’s account of the character of the 
singular judgment leads to a similar account of that 
of the particular and the universal judgment. The 
view is consistently borne out by his interpretation of 
particulars as possible conjunctions, i.e. of adjectives 
that we cam conjoin in conception; and of universals as 
necessary conjunctions, i.e. of adjectives that we must 
conjoin in conception. Symbolically: ‘Some things that 
are ~ are g’ is to mean ‘pand g can be conjoined and can 
be disjoined’ ; ‘Everything or nothing that is J is g’ is to 
mean ‘f and g must be conjoined or must be disjoined.’ 
‘What is true in this view is that the operations xo/, and, 
not-both, 2f, or, are supplied by thought; and that nothing 
in the merely objective world manifests the mere absence 
of a character, or the mere indeterminateness of the 
alternative operation, or dependence as expressed by im- 
plication. These relations are not manifested ¢o thought, 
but analytically or synthetically discovered or rather im- 
posed dy thought. The view is most strikingly expressed 
by Mr Bradley in his dictum: only if what is possible is 
necessitated will it be actualised; and again, only if 
what is necessary is possible will it be actualised. 

From conceptualism we pass back again to realism 
in its new sense as applying to logic, and in this appli- 
cation it is usually denoted by the term materialism or 
empiricism. We are thus led back again to Venn, and 
less explicitly to Mill, who contrasts the formalism or 
conceptualism of Hamilton with his own logical stand- 
point. Taking empiricism to mean that all knowledge 
is obtained by experience alone (as Mill only seems to 
have held) the doctrine amounts to maintaining that all 
inference is ultimately of the nature of pure induction. 
But taking it to mean that no knowledge gained by 
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experience can be validly universalised (as Venn seems 
to hold) then the doctrine amounts to maintaining that 
no inference of the nature of pure induction is valid, and 
that hence only deduction is guaranteed by logic. In 
default of any explication of which of these two views 
is meant by empiricism or materialism, we can only 
conclude that the term stands for that department of 
logic that is concerned with an analysis of the process 
of induction. But here we must note that the distinction 
in character between induction and deduction is not 
properly expressed by the antithesis of matter and form; 
since the relations amongst premisses and conclusion 
which constitute the form of an inference hold for the 
validity of induction as for that of deduction; and con- 
versely, reference to the matter of the propositions is 
required equally for the truth of a deductive inference 
as for that of an inductive inference. This obvious fact 
has been forgotten, owing to the great prominence 
given by inductive logicians to the treatment of the 
preliminary processes of observation, search, arrange- 
ment, comparison of material data, and the formation 
of formulae that shall hold for the facts collected, and 
the aid required by experimentation. In consequence, 
stress is laid on the securing of correctly described 
premisses in the case of induction; whereas in the case 
of deduction stress is laid only on securing validity for 
the form of inference. 

§ 9. Inconclusion I propose to enumerate the most 
important features in the treatment of logical theory to 
be developed in the course of this work: 

(a) The epistemic aspect of thought is included 
within the province of logic, and contrasted with the 
constitutive aspect; the former is a recognition that 
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knowledge depends upon the variable conditions and 
capacities for its acquisition; the latter refers to the 
content of knowledge which has in itself a logically 
analysable form. Such fallacies as petztzo prencepzz really 
require reference to the epistemic aspect of thought, 
while fallacies of the strictly formal type refer exclu- 
sively to the constitutive aspect. Again the whole theory 
of modality which develops into probability is essentially 
epistemic, indicating as it does the relation of the con- 
tent of the proposition to the thinker. Thus a distinc- 
tion is clearly drawn between the proposition and the 
attitude of assertion or judgment; and while, on this 
view, the proposition is identifiable when in variable 
relations to different thinkers, the necessity is empha- 
sised of conceiving the proposition in terms of assertion, 
the act of assertion being thus taken as the complete 
fact to be analysed and criticised. It is this intimate 
connection between the assertion and the proposition 
which gives meaning to the identification of the adjec- 
tives true and false with the imperatives ‘to be accepted’ 
and ‘to be rejected.’ 

(4) The proposition itself, which is customarily re- 
solved into subject and predicate, is more precisely 
analysed by showing that the substantive alone can 
function as subject, and the adjective as predicate, and 
that these stand to one another in the relation of 
characterisation: the substantive being that which is 
characterised, the predicate that which characterises. 
Since an appropriate adjective can be predicated of a 
subject belonging to any category, including adjective, 
relation and proposition, the subject as thus functioning 
becomes a quasi-substantive. The substantive proper 
seems to coincide with the category ‘existent,’ while 
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if any category other than substantive stands as subject 
its logical nature is not thereby altered, but rather the 
adjectives proper to it fall under correspondingly special 
sub-categories determined by the category to which the 
subject belongs. 

(c) Adjectives are fundamentally distinguishable 
into determinables and determinates, the relation be- 
tween which is primarily a matter of degree, a deter- 
minable being the extreme of indeterminateness under 
which adjectives of different degrees of determinateness 
are subsumed. The relation of a determinate to its 
determinable resembles that of an individual to a class, 
but differs in some important respects. For instance, 
taking any given determinate, there is only one deter- 
minable to which it can belong. Moreover any one 
determinable is a literal summum genus not subsumable 
under any higher genus; and the absolute determinate 
is a literal zxfima species under which no other deter- 
minate is subsumable. 

(dz) Relations are treated as a specific kind of ad- 
jective, and are called transitive adjectives in distinction 
from ordinary adjectives which are intransitive. The 
adjectival nature of relations is apt to be obscured by 
the inclusion under relative terms of what are merely 
substantives defined by relational characterisation. All 
that holds universally of adjectives, including the rela- 
tion of determinates to their determinable, holds of 
relations as such. 

(e) Under the head of induction, fundamentally 
different types are distinguished. First: the very ele- 
mentary process of intuitive induction, which lies at the 
basis of the distinction between form and matter, and 
by which all the formal principles of logic are estab- 
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lished. Next: summary induction, more usually called 
perfect induction, which establishes conclusionsof limited 
universality by means of mere enumeration. Such a 
summary universal stands as premiss for an unlimited 
universal conclusion, obtained by what is called zxduc- 
tio per simplicem enumerationem. What is specially 
important in my treatment is the function of summary 
induction in the specifically geometrical form of infer- 
ence. Thirdly: demonstrative induction, which employs 
no other principles than those which have been recog- 
nised in deduction. This species of induction is directly 
employed in inferring from a single experimental in- 
stance an unlimited universal; and it is this species of 
induction which gives the true form to the methods 
formulated by Mill and Bacon. Lastly we distinguish 
induction proper, which is conceived as essentially 
problematic, and as thus re-introducing the epistemic 
aspect in the form of probability. 

(7) The specific notion of cause as applying to 
events is distinguished from the generic notion of mere 
determination according to a universal formula. As 
specific, cause relates exclusively to states or conditions 
temporally alterable and also referable to place; and, in 
this application of the notion of determination, the effect 
and cause are homogeneous. Not only is the character 
of the effect regulated by that of the cause, but the date 
and place of the latter is determined by the date and 
place of the former. The universal positional relation, 
as it may be called, of cause to effect is that of con- 
tiguity, which is to be conceived in the form of the 
coincidence of the temporal or spatial boundary of that 
which constitutes the cause with that which constitutes 
the effect. This absolute contiguity disallows any gap 
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between the cause process and the effect process; so 
that contiguity is strictly defined as equivalent to con- 
tinuity. This further implies that when, as is always 
permissible, we conceive a phase of the causal process 
as temporally or spatially separated from a phase of the 
effect process, we must also conceive of that which goes 
on in the interval bridging cause and effect to be part 
of one continuous process. This is possible because 
time and space are themselves continuous. Thus 
change and movement are connectionally continuous, 
in the special sense that the character manifested at one 
instant of time or at one point of space differs from that 
manifested at another instant of time or at another 
point of space, in a degree the smallness of which 
depends upon that of the temporal or spatial interval. 
Again superimposed upon the continuity of this process, 
there is a discontinuity of the second order, ultimately 
due to the discontinuous occupation of space by different 
kinds of matter. 

(g) The notions of cause and substance reciprocally 
imply one another, the latter being that which continues 
to exist and in which alterable states or conditions 
inhere. These alterable states constitute what may be 
called the occurrent or, in accordance with scholastic 
usage, the occastonal causal factor. The occurrent is 
distinguished from and essentially connected with the 
continuant or the material factor’in causation. The 
occurrent and continuant factors are thus united in our 
complete conception of substance, neither being con- 
ceivable apart from the other. This analysis gives 
meaning to the conception of the properties of the con- 
tinuant, as potential causes which are actualised in 
accordance with unchanging rules by the relatively 
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incidental occurrences that come into being either from 
within or from without the continuant. In the former 
case the process is immanent, cause and effect being 
manifestations of the changeless nature of the continuant, 
and the temporal relation between cause and effect is 
here that of succession. In the latter case, the causality 
is transeunt, the patient being that whose state is 
determined, the agent being that whose alterable relation 
to the agent is determinative. In transeunt causality 
the temporal relation of cause to effect is literal simul- 
taneity, and the critical instant at which the cause 
operates is that in which there is also literal geometrical 
contact of cause agent with effect patient. There are 
two fundamentally distinct types of transeunt causality. 
In the one case no change of state in the agent 
accompanies the change of state in the patient, and we 
have action without any direct reaction; in the other 
case change of state in the one directly entails change 
of state in the other of such a nature that the latter may 
be formulated as a function of the former, and here 
action always involves an assignable reaction. The 
latter case holds invariably of inter-physical causality, 
and again of inter-psychical causality within the sphere 
of a single individual’s experience. But in physico- 
psychical causality, as also in psycho-physical causality, 
action never directly determines reaction, owing to 
the absolute disparateness between the physical and 
psychical in regard to the characters of the states which 
are predicable of the one and of the other. It is here 
where my treatment of logical questions transgresses 
into the domain of ontology; but it must be admitted 
that all logicians who treat these subjects inevitably 
transgress in the same manner. 
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(z) The position assumed by probability in logical 
discussion has always been dubious. On the one side 
the topic has been assumed to be the exclusive property 
of the mathematician, or rather more precisely, the 
arithmetician. On this view the quantity called prob- 
ability is a mere abstract fraction, and the rules of 
probability are merely those of arithmetic. The fraction 
is, in short, the ratio of two numbers, the number 
holding for a species to that holding for its proximate 
genus, this ratio being necessarily a proper fraction, 
the limits of which are zero and unity. If this view 
were correct, there would be no separate topic to be 
called probability. A precisely reverse account of prob- 
ability is that it is a measure of a certain psychological 
attitude of thought to which the most obvious names 
that could be given are belief or doubt, taken as subject 
to different degrees. On either of these two extreme 
views probability would have no particular connection 
with logic. The psychological account would be sepa- 
rated from logic, inasmuch as it would concern solely 
the causal explanation of different degrees of belief, and 
would thus give rise to no principle of rational criticism. 
The mere arithmetical account of probability ought in 
the first instance to be corrected by the recognition that 
the topic has its mental side. This correction requires 
that probability should not be expressed by a merely 
abstract fraction, but rather as a fraction of a certain 
mental quantity which may be called certainty. The 
psychological conditions of the variable degrees in which 
doubt may approximate to certainty are as such outside 
the province of logic; but when these various degrees 
are such as reason would dictate, we may speak of 
reasonable doubt as an assignable fraction of certitude, 
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thus bringing the subject into the sphere of logic. 
Further the quantity or degree called probability at- 
taches exclusively to the proposition; not however to 
the proposition as such, but to the proposition regarded 
as based upon rationally certified knowledge acquired 
by any supposed thinker. The degree of probability is 
therefore referential to such knowledge, but is wholly 
independent of the individual thinker, being dependent 
solely on his rational nature, and the knowledge which 
he has rationally acquired. 

The whole development of this aspect of the subject 
is to be called formal probability, and constitutes the 
one subject of the fourth Part of this work. The treat- 
ment of probability there developed must be distin- 
guished from that of informal probability, that is required 
in discussing the foundations of science as treated in my 
third Part; for there, while the logic of inductive infer- 
ence is made to depend upon the principles of probability 
and not upon any big fact about nature, yet probability 
is only introduced on broad and indeterminately quan- 
titative lines. This treatment leads to an attempted 
enumeration of broadly formulated criteria for the 
evaluation of the degrees of probability to be attached 
to the generalisations of inductive inference. These 
criteria are merely expressions of what is popularly 
felt, and their rational justification can only be repre- 
sented as depending upon postulates: that is, specula- 
tions that are neither intuitively self-evident nor ex- 
perientially verifiable, but merely demanded by reason 
in order to supply an incentive to the endeavour to 
systematise the world of reality and thus give to prac- 
tical action an adequate prompting motive. 


CHAPTER I 
THE PROPOSITION 


§ 1. A SYSTEMATIC treatment of logic must begin by 
regarding the proposition as the unit from which the 
whole body of logical principles may be developed. A 
proposition is that of which truth and falsity can be 
significantly predicated. Some logicians have taken 
the judgment as their central topic, and it will be 
necessary to examine the distinction between what I 
have called a proposition and what appears to be meant 
by ajudgment. It has been very generally held that 
the proposition is the verbal expression of the judgment; 
this, however, seems to be an error, because such 
characterisations as true or false cannot be predicated 
of a mere verbal expression, for which appropriate 
adjectives would be ‘obscure,’ ‘ ungrammatical,’ ‘am- 
biguous,’ etc. There appear then to be three notions 
which, though intimately connected, must be clearly 
distinguished: namely (1) what may be called the sen- 
tence; (2) the proposition; and (3) the judgment. The 
sentence may be summarily defined as the verbal ex- 
pression of a judgment or of a proposition; it remains, 
therefore, to distinguish and interrelate the proposition 
and the judgment. 

The natural use of the term judgment is to denote 
an act or attitude or process which may constitute an 
incident in the mental history of an individual. As so 
conceived, we should have further to distinguish the 
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changing phases of a process (which might alternately 
involve ‘interrogation, doubt, tentative affirmation or 
negation) from the terminus of such process in which a 
final decision replaces the variations undergone during 
what is commonly called suspense of judgment. It 
would thus be more natural to speak of passing judg- 
ment upon a proposition proposed in thought than to 
identify judgment as such with the proposition. This 
more natural usage (which is that which I shall adopt) 
entails the necessity of recognising the distinction be- 
tween various attitudes of thought on the one hand, 
and the object towards which that thought may be 
directed on the other; and even further, when necessary, 
of recognising the adoption of any of these alterable 
attitudes of thought as a datable occurrence within the 
total experience of some one individual thinker. There 
will thus be many fundamental attributes that must be 
predicated of the judgment upon a proposition different 
from, and often diametrically opposed to, those attributes 
that are to be predicated of the proposition itself. 

In this account the judgment is the more compre- 
hensive or concrete term, since when seriously treated 
it involves the two terms thinker and proposition and, 
in addition, the occurrent and alterable relation that 
may subsist between them. In thus drawing attention 
to mental process in my exposition of logical doctrine, 
I am taking what has been unfortunately termed a ‘sub- 
jective’ point of view. For the term ‘subjective’ should 
be substituted ‘epistemic’; and in discarding the familiar 
antithesis sudbzectzve and odzectzve, it is better for the pur- 
poses of Logic to substitute the antithesis epzstemzc and 
constitutive. The epistemic side of logical doctrine points 
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to the quite universally acknowledged kinship of Logic 
with Epistemology, and, in using this term in preference 
to subjective, we can avoid any confusion between what 
belongs to Psychology as opposed to what belongs to 
Logic. As to the term constitutive—a term for which 
philosophers are indebted to Kant—it has the force of 
‘objective’ inasmuch as it points to the constitution of 
such an object of thought-construction as the proposition 
when treated independently of this or that thinker. I 
may anticipate what will be treated fully in the later 
part of logical doctrine, by pointing out that the dis- 
tinction and connection between the epistemic and 
constitutive sides of logical problems plays an important 
part in the theory of Probability; and, in my view, it 
ought to assume the same importance throughout the 
whole of the study of Logic. 

Now, as regards the relation of the proposition to 
any such act as may be called judgment, my special 
contention is that the proposition cannot be usefully 
defined in isolation, but only in connection with some 
such attitude or act of thought; and I prefer to take the 
notion of asser¢zng as central amongst these variations of 
attitude—which will therefore be spoken of as variations 
in the assertive attitude. I shall also maintain that the 
fundamental adjectives true and false which are (perhaps 
universally) predicated of mere propositions as such, 
derive their significance from the factthat the proposition 
is not so to speak a self-subsistent entity, but only a 
factor in the concrete act of judgment. Thus, though 
we may predicate of a certain proposition—say ‘ matter 
exists ’—that it is true or that it is false, what this ulti- 
mately means is, that any and every thinker who might 
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at any time assert the proposition would be either 
exempt or not exempt from error. In other words, the 
criticism which reason may offer is directed—not to the 
proposition—but to the asserteng of the proposition; 
and hence the customary expression that such and such 
a proposition is false merely means that anyone's 
assertion of the proposition would be erroneous. The 
equivalence of these two forms of criticism follows from 
the fundamental principle that an attitude of assertion 
is to be approved or condemned in total independence 
of the person asserting or of the time of his assertion, 
and in exclusive dependence upon the content of his 
assertion. This fundamental principle of Logic will 
come up for detailed treatment when the so-called Laws 
of Thought are explicitly discussed. In order to mark 
the important distinction, and at the same time the close 
connection, between the proposition and the act of 
assertion, I propose to take the term ‘assertum’ as a 
synonym for ‘ proposition’ when such terminology may 
seem convenient. Thus, the assertum will coincide, not 
exactly with what as deen asserted, but with what is 
in its nature assertible. 

§ 2. Many philosophers have used the term belief 
in its various phases as a substitute either for judgment 
or for assertion; in fact, when the mental aspect of any 
problem assumes special prominence, the term belief as 
applied to the proposition is more naturally suggested 
than any other. While the object of belief is always a 
proposition, the proposition may be merely entertained 
in thought for future consideration, either without 
being believed, or in a more or less specific attitude 
opposed to belief, such as disbelief or doubt. To doubt 
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a proposition implies that we neither believe nor dis- 
believe it, while belief and disbelief as opposed to doubt 
have in common the mental characteristic of assurance. 
Thus there are three opposed attitudes towards a pro- 
position, included in the distinction between assurance 
and doubt ;—the former of which may be either (assured) 
belief or (assured) disbelief, and the latter of which ap- 
pears further to be susceptible of varying felt degrees. 
The close association amongst all the terms here intro- 
duced brings into obvious prominence the mental side, 
which such terms as judgment or assertion seem hardly 
to emphasise. It would however, I think, be found that 
there is in reality no relevant distinction between the 
implications of the two terms ‘ judgment’ and ‘ belief.’ 
Those logicians who have spoken exclusively of judg- 
ment, conception, reasoning, etc., have had in view 
more complicated processes, the products of which have 
been explicitly formulated; while those who have used 
belief and cognate terms have included more primitive 
and simple processes, the products of which may not 
have been explicitly formulated. Since the traditional 
logic has treated only the more developed processes, 
the term judgment and its associates is perhaps prefer- 
able for this somewhat limited view of the scope of 
Logic, while the use of the term belief—which must 
certainly be understood to include the higher as well as 
the lower processes—points to a wider conception of 
the province of Logic. To put the matter shortly, I 
hold it to be of fundamental importance to insist that 
there is some factor common to the lower and higher 
stages, and that this common factor, to which the name 
belief has been given, is necessarily directed to what 
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in Logic is called a proposition’. Assertion, in the sense 
here adopted, is to be understood to involve belief, and 
may be defined as equivalent to consczous belef. This de- 
finition restricts the term in two ways: in that, firstly, to 
assert does not merely mean to utter (without belief); and 
secondly, merely to believe wzconsczously is not to assert. 

§ 3. In speaking of variations of attitude towards 
the proposition, an assumption is involved that there is 
a single entity called the proposition that is the same 
whatever may be the attitude adopted towards it. 
Ordinary language supplies us with names for such 
different attitudes along with cognate names for the 
proposition: thus we associate ‘to assume’ with ‘an 
assumption’; ‘to suppose’ with ‘a supposition’; ‘to 
propose’ with ‘a proposition’; ‘to postulate’ with ‘a 
postulate’; ‘to presume’ with ‘a presumption’; etc.” 
Consider the two verbs ‘to assume’ and ‘to presume.’ 
It will be acknowledged that these denote attitudes 
between which some subtle distinction may be under- 


* Readers of Psychology should be warned that, when psycho- 
logists contrast ‘imagination’ with ‘belief,’ each term indicates an 
attitude to a proposition; while, when they contrast ‘imagination’ with 
‘perception,’ the processes to which they refer do not involve any 
attitude towards a proposition. There is no common element of 
meaning in these two applications of the word ‘imagination.’ 

* In further illustration of this point we may select certain 
prominent logical terms such as hypothesis, postulate, axiom. Each 
of these terms indicates the peculiar attitude 4o de assumed towards 
the proposition in question by azy thinker: thus a hypothesis stands 
for a proposition which awaits further scientific investigation before 
being finally accepted or rejected ; a postulate stands for a proposition 
which cannot be brought to the test of experience, but the truth of 
which is demanded by the thinker; and an axiom is a proposition the 
truth of which is self-evident to the thinker. 


THE PROPOSITION 7 


stood; and thus it might appear that in correspond- 
ence with this distinction there must be a similar subtle 
distinction between an assumption and a presump- 
tion. Unfortunately substantival words such as these 
are apt to suggest a difference in nature between that 
which in the one case is presumed and in the other 
assumed; but this suggestion must be rejected, and it 
must be maintained on the contrary that the content of 
a proposition preserves its identity unmodified, inde- 
pendently of all variations of assertive attitude and of 
personal and temporal reference. This independence 
holds also in regard to what has been termed ‘logical’ 
in contrast with ‘ psychological’ assertion. The phrase 
logically asserted, applied to this or that proposition, is 
only metaphorically legitimate, and literally equivalent 
to ‘asserted on purely rational grounds by any or all 
rational persons.’ In other words, the predicate ‘as- 
serted’ conveys no meaning when taken apart from a 
person asserting. 

Adopting as we do the general view that no logical 
treatment is finally sound which does not take account 
of the mental attitude in thought, it follows that the 
fundamental terms ‘true’ and ‘false’ can only derive 
their meaning from the point of view of criticising a 
certain possible mental attitude. We are thus bound to 
distinguish the object of this attitude (the assertum) 
from the attitude itself which may vary independently 
of the object; but we can only avoid contradiction or 
vagueness if, while permitting ourselves to distinguish 
between the attitude and its object, we at the same 
time refuse to separate them. We may further explain 
the adjectives ‘true’ and ‘false’ so as to bring out what 
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characterises logic in contrast with—or rather in its 
relation to—psychology: namely that logic formulates 
standards or imperatives which as such have no sig- 
nificance except as imposed upon mental acts. Thus 
we may say that the application of the adjectives true 
and false coincides with the application of the imperatives 
‘to be accepted’ and ‘to be rejected’ respectively. We 
may add that these imperatives are imposed by the 
thinker—in the exercise of his reason—upon himself. 
In maintaining this coincidence between the two im- 
peratives on the one hand and the two adjectives (true 
and false) on the other, it must not be taken that we 
are able thus to defime the adjectives true and false. On 
the contrary, we are forced to insist that they are in- 
definable. We are only indicating that a reference to 
mental attitude is presupposed when Logic recognises 
the distinction between true and false in its formulation 
of standards for testing the correctness of a judgment 
or assertion. 

§ 4. So far we have taken the proposition as a unzt 
of which the adjectives true and false may be predicated. 
Before proceeding to axalyse the proposition into its 
component parts, a word must be said in regard to the 
relation of logic to universal grammar, and in particular 
the relation between grammatical and logical analysis. 
Properly speaking, grammatical analysis cannot be re- 
garded as dealing merely with words and their combi- 
nations. The understanding of the grammatical structure 
of a sentence—which includes such relations as those of 
subject to predicate, and of subordinate to co-ordinate 
clauses—requires us to penetrate below the mere verbal 
construction and to consider the formal structure of 
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thought. Hence, on the one hand, grammar cannot be 
intelligently studied unless it is treated as a department 
of logic; and, on the other hand, logic cannot proceed 
without such a preliminary account of linguistic structure 
as is commonly relegated to grammar. In short, uni- 
versal grammar (as it is called) must be subsumed under 
Logic. On this view, a slight alteration in grammatical 
nomenclature will be required, whereby, for the usual 
names of the parts of speech, we substitute substantive- 
word or substantive-phrase, adjective-word or adjective- 
phrase, preposition-word or phrase, etc., reserving the 
terms substantive, adjective, preposition, etc., for the 
different kinds of entity to which the several parts of 
speech correspond. 

§ 5. To turn now to the analysis of the proposition. 
We find that in every proposition we are determining zx 
thought the character of an object presented ¢o thought 
to be thus determined. In the most fundamental sense, 
then, we may speak of a determinandum and a deter- 
minans: the determinandum is defined as what is pre- 
sented ¢o de determined or characterised by thought or 
cognition; the determinans as what does characterise 
or determine in thought that which is given to be de- 
termined. We shall regard the substantive (used in its 
widest grammatical sense) as the determinandum, and 
the adjective as the determinans. Neither of these terms 
can be defined except in their relation to one another 
as each functions in a possible proposition. As it has 
frequently been said, the proposition is ar excellence 
the unit of thought. This dictum means that the logical 
nature of any components into which we may analyse 
the proposition can only be defined by the mode in 
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which they enter into relation within it. For example, 
when I use determinandum for the substantive and 
determinans for the adjective, I am only defining the 
one in terms of the other, inasmuch as the common 
factor ‘determine’ is contained in both. This account 
goes beyond that whichhas become commonplaceamong 
many philosophers, namely, that the subject of a pro- 
position is ultimately something which cannot be defined 
in the way in which a predicate or adjective can be 
defined; for to this we have to add that the predicate of 
a proposition is ultimately something which cannot be 
defined in the way in which a subject or substantive can 
be defined. These two statements present the natures 
of subject and predicate purely negatively, the positive 
element being supplied by the terms ‘determinans’ and 
‘determinandum,’ 

We have now to examine the nature of the connec- 
tion involved in every case where adjective and sub- 
stantive are joined; for example ‘a cold sensation,’ ‘a 
tall man.’ In order to understand the verbal juxta- 
position of substantive and adjective, we must recognise 
a latent element of form in this construct, which differen- 
tiates it from other constructs—which also are necessarily 
expressed by a juxtaposition of words. This element 
of form constitutes what I shall call the characterising 
tie. The general term ‘tie’ is used to denote what is 
not a component of a construct, but is involved in under- 
standing the specific form of unity that gives significance 
to the construct; and the specific term ‘ characterising 
tie’ denotes what is involved in understanding the 
junction of substantive with adjective. The invariable 
verbal expression for the characterising tie is the verb 
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‘to be’ in one or other of its different modes. To think 
of ‘a tall man’ or of ‘a cold sensation’ is to think of 
‘a man as being tall,’ ‘a sensation as being cold.’ Here 
the word ‘being’ expresses the characterising tie, and 
the fact that in some cases the word may be omitted is 
further evidence that the tie is not an additional com- 
ponent in the construct, but a mere formal element, 
indicating the connection of substantive to adjective. 
This is its peculiar and sole function; and, as the ex- 
pression of the unique connection that subsists between 
substantive and adjective, it is entirely unmodifiable. 
The distinction and connection between substantive 
and adjective correspond to—and, in my view, explain 
—the distinction and connection between particular and 
universal’. Ultimately a universal means an adjective 
that may characterise a particular, and a particular means 
a substantive that may be characterised by a universal. 
The terms particular (or substantive) and universal (or 
adjective) cannot be defined as functioning in isolation, 
but only as they enter into union with one another. 
There is some danger of confusing two different uses 
of the verb ‘to characterise,’ which may be partly re- 
sponsible forthe historical dispute concerning the relation 
of particular to universal. Primarily the term ‘ charac- 
terise’ should be used to connect substantive with 
adjective in the form ‘such and such a quality or ad- 
jective characterises such and such an object or sub- 
stantive.’ On the other hand, in the phrase ‘ the thinker 
characterises such or such an object,’ characterises means 
1 Here the terms particular and universal are used in the sense 


current in philosophy, and not in their familiar application in 
elementary logic, where they stand for sub-divisions of the proposition. 
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‘cognitively determines the character of.’ Owing to 
this elliptical use of the term, the particular has been 
conceived of as ‘an uncharacterised object,’ and this 
would mean literally ‘an object without any character’; 
but since actually every object must have character, 
the only proper meaning for the phrase ‘ uncharacterised 
object’ is ‘an object whose character has not been 
cognitively determined.’ If then the term ‘ exist’ may 
be predicated equally of a universal as of a particular, 
then we may agree with the Aristotelian dictum that 
the universal exists, not apart from, but zz the particular ; 
and by this is meant that the adjective exists, not apart 
from, but as characterising its substantive; to which 
must be added that the substantive exists, not apart 
from, but as characterised by its adjective. Now zx 
thought the substantive and the adjective may be said 
to be separately and independently represented; hence 
thinking effects a severance between the adjective and 
the substantive, these being reunited in the asserted 
proposition—not only by the characterising tie, but aso 
by what we may call the asserteve tie. The blending 
of the assertive with the characterising tie is expressed 
in language by the transition from the participial, sub- 
ordinate, or relative clause, to the finite or declaratory 
form of the principal verb. Thus in passing from ‘a 
child fearing a dog’ to ‘a child fears a dog,’ the charac- 
terising tie joins the same elements, in the same way, 
in both cases; but is, in the latter, blended with the 
assertive tie. That the ties are thus blended is further 
shown by the modifications ‘is-not,’ ‘ may be,’ ‘ must be,’ 
by which the verb ‘to be’ is inflected in order to indicate 
variations in the assertive attitude while the character- 
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ising relation remains unchanged. The copula ‘zs’ of 
traditional logic is thus seen to be a blend of the charac- 
terising with the assertive tie. 

§6. We must now criticise a view, explicitly opposed 
to our own, as to the nature of the copula zs. There 
has been for a long period an assumption that the pro- 
position in some way or other asserts the relation of 
identity. This relation of identity, it is admitted, is not 
one of complete or absolute identity, but involves also 
a relation of difference: thus the proposition ‘Socrates 
is mortal’ is transformed into ‘Socrates is a mortal 
being ’—where ‘Socrates’ and ‘a mortal being’ are 
affirmed to be identical in denotation but different in 
connotation. Have logicians quite recognised the ex- 
treme elaborateness of this verbal transformation ? The 
adjective ‘mortal’ has first to be turned into a sub- 
stantive in using the word ‘a mortal being’; secondly, 
the indefinite article has to be introduced, since it is 
clear that Socrates is not identical with every mortal; 
thirdly, the indefinite article has to be carefully defined 
as meaning one or other; fourthly, the relation of the 
adjective ‘mortal’ to the substantive ‘being’ which it 
characterises still remains to be elucidated; fifthly, 
another adjective(a relational adjective) namely zdentzcal 
is introduced in the compound phrase ‘is identical with.’ 
The proposition finally becomes: ‘ Socrates is identical 
with one or other being that is mortal.’ Here the two 
adjectives ‘mortal’ and ‘ identical with’ are each intro- 
duced after zs. Now, if ‘is identical with’ is to be 
substituted for zs in each case, then we shall arrive at 
an infinite regress. Thus, in the first place, ‘Socrates 
zs identical with X’ (say) must be rendered ‘Socrates 
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zs tdentical with a being that is identical with X’ where 
the force of zs still remains unexplained. And in the 
second place ‘one or other being that zs mortal’ must 
be rendered ‘one or other being that zs zdentzcal with 
a mortal,’ where again zs still remains to be explained. 
In each case, if an infinite regress is to be avoided, the 
word zs that remains must be interpreted as representing 
the unique mode in which the fundamentally distinct 
categories substantive and adjective are joined. 

§ 7. Having so far considered the proposition in its 
mental or sudzective aspect, we have next to examine it 
in what may be called its od7ectzve aspect. Whereas a 
proposition is related subjectively to assertzon, we shall 
find that it is related objectively to fact’. Our conclusion, 
briefly expressed, is that any proposition characterises 
some fact, so that the relation of proposition to fact is 
the same as that of adjective to substantive. Bradley 
has represented a proposition as ultimately an adjective 
characterising Reality, and Bosanquet as an adjective 
characterising that fragment of Reality with which we: 
are in immediate contact. In adopting the principle 
that a proposition may be said, in general, to characterise 
a fact, 1 am including with some modification what is 
common to these two points of view. 

One parallel that can be drawn between the relation 
of an adjective to a substantive and that of a proposition 
to a fact is that, corresponding to a single given sub- 
stantive, there are an indefinite number of adjectives 
which are truly predicable of it, just as there are many 
different propositions which truly characterise any given 


Otherwise expressed: The proposition, subjectively regarded, is 
an assertibile; objectively regarded, a possibile. 
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fact. Thus we do not say that corresponding to a single 
fact there is a single proposition, but on the contrary, 
corresponding to a single fact there is an indefinite 
number of distinct propositions. Again, just as amongst 
the adjectives which can be truly predicated as charac- 
terising a given substantive, some are related to others 
as relatively more determinate; so, amongst the several 
propositions which truly characterise a single fact, some 
characterise it more determinately and thus imply those 
which characterise the same fact less determinately. 
We may therefore regard the process of development 
in thought as starting from a fact given to be charac- 
terised, and proceeding from a less to a continually 
more determinate characterisation. 

Again there is an exact parallel between the relation 
of contradiction or contrariety amongst adjectives that 
could be predicated of a given substantive, and amongst 
propositions which could be formulated as characterising 
a given fact. Thus the impossibility of predicating 
certain pairs of adjectives of the same substantive in- 
volves the same principle as the impossibility of charac- 
terising the same fact by certain pairs of propositions: 
such pairsof adjectivesand propositions arezucompatible, 
and this relation of zxcompatzbzlity lies at the root of 
the notion of contradiction. We may illustrate the re- 
lation of incompatibility amongst adjectives by ved and 
green regarded as characterising the same patch. It is 
upon this relation of incompatibility that the idea of 
the contradictory xot-ved depends; for xot-red means 
some adjective incompatible with ved, and predicates 
indeterminately what is predicated determinately by 
green, or by blue, or by yellow, etc. Amongst propositions 
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the relation of incompatibility may be illustrated by 
‘Every ~ is gu’ and ‘Every fv is non-g,’ which are 
more determinate forms of the pair of contradictory 
propositions ‘Every ~ is g’ and ‘Some ¢ is non-g.’ 
These latter derive their significance as mutually con- 
tradictory from the principle that the actual fact must 
be such that it could be characterised ezther by such a 
relatively determinate proposition as ‘ Every £ is gu’ 
or by such a relatively determinate proposition as 
‘Every gv is non-g.’ 

This account of the relation of contradiction as 
ultimately derived from that of incompatibility or con- 
trariety (whether applied to adjectives regarded as 
characterising substantives or to propositions regarded 
as characterising facts) brings out in another aspect the 
principle that any given substantive or any given fact 
may be truly characterised by a more or by a less 
determinate adjective or proposition: a topic which will 
be further developed in later chapters. 

The above logical exposition of the nature of a 
proposition leads to a consideration of the philosophical 
problem of the relation of thought to reality in one of 
its aspects. It is at the present day agreed that this 
relation cannot be taken to be identity, and the notion 
of correspondence has been put forward in its place. 
The above account enables us to give a more definite 
exposition of what more precisely this so-called corre- 
spondence entails: the truth of a judgment (expressed 
in a proposition) may be said to mean that the propo- 
sition is in accordance with a certain fact, while any 
proposition whose falsity would necessarily follow from 
the truth of the former is in discordance with that fact. 
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In this way the somewhat vague conception of the 
correspondence between thought and reality is replaced 
by the relation of accordance with a certain fact at- 
tributed to the true proposition, and of discordance with 
the same fact attributed to the associated false propo- 
sition. 
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CHAPTER II 
THE PRIMITIVE PROPOSITION 


§ 1. THE form of proposition which appears to be 
psychologically prior even to the most elementary pro- 
position that can be explicitly analysed is the exclama- 
tory or impersonal. Propositions of this kind, which 
are more or less unformulated and which may be taken 
to indicate the early stages in a developing process, will 
here be called przmzteve. The most formless of such 
primitive propositions is the exclamatory assertion 
illustrated by such an utterance as ‘Lightning!’ This 
appears to contain only a characterising adjective with- 
out any assigned subject which is so characterised. Now 
it is true that any proposition can be regarded as a 
characterisation of the universe of reality regarded as 
a sort of unitary whole; but this way of conceiving the 
nature of the proposition in general, must be also 
associated with the possibility of using adjectives as 
characterising a part rather than merely the whole of 
reality; and certainly the case here is one in which we 
are bound to recognise the lightning as having, so to 
speak, an assignable place within the universe, and not 
merely as an adjective attached to the universe as a 
whole. The lightning as an actual occurrence must 
occupy a determinate position, in reference both to time 
and to space; but it is obvious that no reference to such 
determinate position is itself contained in the merely 
exclamatory assertion. Any implicit reference to place 
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or time can only be rendered explicit when the judg- 
ment has been further developed ; in the undeveloped 
judgment the reference is indeterminate, and any judg- 
ment which might be developed from this primitive form 
would assert what was unasserted in the original. In 
logical analysis it is of the utmost importance to avoid 
putting into an assertion what further development of 
the percipient’s thought might elicit on the basis of the 
original. 

We ask then, how such judgment in its most 
primitive and undeveloped form can be conceived as 
referring to a subject when its verbal expression includes 
no such reference? Now we may speak of the presented 
occasions or occurrences that give rise to such in- 
completely formulated judgments as manzfestations of 
reality. The exclamatory judgment ‘Lightning’ may 
thus be rendered formally complete by taking as subject 
term ‘a manifestation of reality.’ Here I do not propose 
to take simply as the equivalent of the exclamatory judg- 
ment ‘ Reality is being manifested in the lightning,’ but 
rather ‘A particular portion of reality manifests the 
character (indicated by the adjectival import of the 
word) lightning.’ In short, what is asserted by the 
percipient is ‘a manifestation of lightning.’ This phrase 
for representing the assertum contains of course the 
characterising tie but not the assertive tie. The asser- 
tive tie may be introduced by employing the form: 
‘There zs a manifestation of lightning,’ which raises the 
interesting problem as to the significance of the word 


1 In grammatical phraseology, the expression ‘manifestation of 
reality’ illustrates the sudyective genitive, while ‘manifestation of 
lightning’ illustrates the odjective genitive. 
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‘there.’ Like many other words in current language it 
is used here in a metaphorical, or perhaps rather in a 
general or abstract sense. Literally ‘there’ means ‘in 
that place,’ so that in its original significance it involves 
the demonstrative article, and furthermore—which is 
the new matter of interest—a reference to position in 
space. Moreover the tense of the verb zs points to 
the present time. If these references were developed 
still more precisely, the assertion would become: ‘There 
and now—in that place and at this time—is a mani- 
festation of lightning.’ What remains as the significant 
element in the word ‘there is,’ in the absence of any 
definite reference to position in time or space, must be 
an zmdefinete reference to position in time and space. 
Otherwise the exclamatory assertion can only be ex- 
pressed by omitting the word ‘there’ altogether, and 
the assertion to which we are reduced—when the 
subject implicit in the exclamation is made explicit— 
becomes, as above, ‘4 manifestation of lightning’.’ 

§ 2. The phrase ‘there is’ points to an important 
presupposition underlying the possibility of this most 
primitive form of perceptual judgment: namely, that 
things should be presented apart or in separation in 
order that any characterising judgment may be directed 
now to one and then again to another. Thus separation 
of presentment is a presupposition of cognition or judg- 
ment. Here I use the word ‘presentment’ not as 
equivalent to cognition, but as something presupposed 
in all—even the most primitive—acts of cognition. The 


? As an illustration of how words lose their philological origin and 
become merely metaphorical, consider the expressions: ‘There is a 
God,’ ‘There is an integer between 5 and 7.’ 
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word ‘presez¢’—with theaccenton the second syllable’— 
is in English equivalent to ‘give’; in this sense a pre- 
sentation is eqivalent to a datum—where by ‘ datum’ is 
meant not a piece of given knowledge, but a piece of 
given reality that is to be characterised in knowledge. 
Thus the presentation or the datum is what I have 
otherwise called the determinandum—that which is 
given or presented to thought to be thought about. This 
expresses briefly, the meaning of the primitive ‘this.’ 
The ‘this’ as thus defined is not rich in predicates and 
adjectives, but at the same time it cannot be said to be 
empty of adjectives or predicates, because, in the mean- 
ing of thisness, abstraction is made from all predicates 
or adjectives. But the ‘this’ cannot be explicated apart 
from an implicit reference to the ‘that,’ in the sense that 
the ‘this’ must be for the percipient presented in 
separation from the ‘that’: one determinandum is one 
to which z¢s own adjectives may be assigned, just because 
the other must be presented in separation or apart from 
the one, before the most primitive form of articulate 
judgment is possible. Briefly separateness is defore 
relating; more specifically, it is the presupposition which 
makes it possible in more highly developed perception 
to define the relations (temporal or spatial) between those 
things which are first presented merely as separate. 


1 When accented on the first syllable, its meaning combines a 
reference both to space and to time; so that the word sresentation 
contains in its meaning the three factors in our analysis, viz. the given, 
the here, and the now. 

2 It is here presumed that such mental processes as sense differ- 
entiation, etc., in which the experient is merely passive or recipient, 
must have been developed prior to the exercise of judgment, to furnish 
the material upon which the activity of thought can operate. 
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It is in this quite ultimate sense that I demur to 
Mr Bradley’s dictum: ‘distinction implies difference.’ 
His dictum means, as far as I understand, what in my 
own terminology I should express by the phrase: 
‘otherness presupposes comparison’ (the comparison, in 
particular, in which the relation of difference is asserted). 
Now in my view this dictum is exactly wrong: the 
assertion of ‘otherness’ does not presuppose or require 
a previous assertion of any relation of agreement or of 
difference. It does not even presuppose the possibility 
of asserting in the future any fartccular relation of 
agreement or of difference’ The first important relation 
which will be elicited from otherness is, in fact, not any 
relation of agreement or difference at all, but a temporal 
or spatial relation; and thus the primitive assertion of 
otherness is only occasioned and rendered possible from 
the fact of separateness in presentation. When presen- 
tations are separate, then we can count one, two, three; 
further, we can connect them by temporal relations such 
as before and after, or by spatial relations such as above 
or below; and finally by relations of comparison such 
as like or unlike. These examples indicate my view of 
the quite primary nature of separateness of presentment, 
since it is for me the pre-requisite for a// those acts of 
connecting with which logic or philosophy—and we 
may add psychology—is throughout concerned. In 
illustration, I have briefly referred only to relations of 
number, relations of time and space, and lastly to 
relations of comparison in a quite general sense. 

Summarising this attempt to indicate the precise 
logical character of such primitive judgments as the ex- 
clamatory or impersonal, and their relation to more 
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highly developed judgments: we have found that to 
assert ‘Lightning!’ is to characterise, not reality as a 
whole, but a separate part of reality—to use an inade- 
quate expression—and that the possibility for this 
primitive assertion to develop into higher, more inter- 
related forms of judgment, is wholly dependent on the 
attribution of an adjective to a part of reality presented 
in separation from other presentables. 

For the purpose of further elucidation we may bring 
two or three assertions into connection with one another, 
which might be briefly formulated thus: ‘ Lightning 
now!’ ‘ Lightning again!’ ‘ Thunder then!’ The first 
two judgments when connected, involve two manifesta- 
tions of the same character denominated lightning, 
which are ¢wo because they have been separately pre- 
sented. The use of the terms ‘now’ and ‘then’ does 
not necessarily presuppose a developed system of 
temporal relations; but they indicate at least the possi- 
bility of defining relations in time between separately 
presented manifestations. Again the exclamation 
‘Thunder!’ when taken in connection with the exclama- 
tion ‘ Lightning!’ already presupposes—not only that 
the manifestations are given somehow in separation— 
but further that the percipient has characterised the 
separated manifestations by different adjectives. I will 
not here discuss whether these manzfestatzons (as I have 
called them) are, in their primitive recognition, merely 
the individual’s sense-experiences of sound and light, 
or whether from first to last they are something other 
than sense-experiences. In either case our logical point 
will be the same, when it is agreed that they are given 
separately, and that their separate presentment is the 
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precondition for any further development of thought or 
of perception. The view put forward here is so far 
equivalent to Kant’s in that I regard space and time 
as the conditions of the otherness of sense-experiences 
upon which the possibility of cognising determinate 
spatial and temporal relations depends, and that this 
characteristic of space and time is what constitutes 
Sense-Experience into a manifold, i.e. a plurality of 
experiences, which we can proceed to count as many 
only because of their separate presentment. 

Taking more elaborate examples of these primitive 
forms of perceptual judgment: ‘This is a flash of 
lightning,’ ‘This (same) flash of lightning is brighter 
than that (other),’ ‘This (same) flash appeared before 
that clap of thunder’; we note that in the predesigna- 
tions ‘this’ and ‘that’ the percipient has passed beyond 
the indefinite article ‘a,’ and has identified a certain 
manifestation as that of which more than one characteri- 
sation can be predicated—e.g. ‘lightning’ and ‘brighter 
than that.’ It is this identification which gives to the 
articles ‘this’ and ‘that’ a significance which may be 
called referential, to be distinguished from their use as 
demonstratives; and in this alternation between the 
demonstrative and the referential usage, we can trace, 
I think, the very primitive way in which thought de- 
velops: first, in fixing attention upon a phenomenon 
by pointing to its position; and, next, in identifying it 
as the same in character when it is changing its spatial 
relations. All that is theoretically required for identifica- 
tion is the retention—or rather the detention—of our 
cognition or judgment upon a certain manifestation; but, 
when attributing dzferent qualities or relations to what 
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continues to function as the same logical subject, we are 
assisted by the temporal continuance of a phenomenon, 
either with unaltered quality, or in an unaltered position, 
or in a continuously changing position, etc. Thus the 
changes involving variations in space, time, and quality 
amongst different manifestations of the same pheno- 
menon constitute the groundwork upon which the several 
judgments of relation are built. 

In asserting ‘ There was a flash of lightning that 
was very brilliant and that preceded a clap of thunder’ 
we are grasping the identity of a certain manifestation, 
thus used in two propositions, of which one predicates 
a relation in time to a clap of thunder, and the other, 
a quality characterising the flash itself. Any such con- 
nected judgment contains implicitly the relation of 
identity, in that the manifestation is maintained as an 
object in thought, while we form two judgments with | 
respect to it. It is only, in short, in the act of joining 
two different characterisations that any meaning for 
identity can be found. In an elementary judgment 
which predicates only oxe adjective, no scope or signifi- 
cance for the notion of identifying a subject as such can 
be afforded. Thus the three factors in the thinking 
process which the ‘this’ reveals are: (1) the given— 
which is equivalent to the ‘it’ in ‘It lightens!’ (2) the 
demonstrative—which, by indicating spatial position, 
helps towards unique identification, (3) the referential— 
which marks the achievement of this process of identifi- 
cation. As will be seen from the discussion in a subse- 
quent chapter, these three elements of significance in the 
‘this’ bring it into line with the proper name. 
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CHAPTER III 
COMPOUND PROPOSITIONS 


§ 1. Havinc examined the proposition in its more 
philosophical aspects, and in particular from the point 
of view of its analysis, the present chapter will be mainly 
devoted to a strictly formal account of the proposition, 
and will be entirely concerned with the synthesis of 
propositions considered apart from their analysis. The 
chapter is intended to supply a general introduction to 
the fundamental principles of Formal Logic; and for- 
mulae will first be laid down without any attempt at 
criticism or justification—which will be reserved for 
subsequent discussion. For this purpose we begin by 
considering the different ways in which a new proposi- 
tion may be constructed out of one or more given 
propositions. 

In the first place, given a semg/e proposition, we may 
construct its negative—expressed by the prefix xot— 
not-f being taken as equivalent to Z-false. Next, we con- 
sider the construction of a proposition out of two or more 
given propositions. The proposition thus constructed 
will be called compound, and the component proposi- 
tions out of which it is constructed, may be called szmp/e, 
relatively to the compound, although they need not be 
in any absolute sense simple. The prefix zo¢ may be 
attached, not only to any simple proposition, but also 
to a compound proposition, any of whose components 
again may be negative. 
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The different forms that may be assumed by com- 
pound propositions are indicated by different conjunc- 
tzons. A proposition in whose construction the only 
formal elements involved are negation and the logical 
conjunctions is called a Conjunctzonal Function of its 
component propositions. The term conjunctional func- 
tion must be understood to include functions in which 
negation ov any one or more of the logical conjunctions 
is absent. We have to point out that the compound 
proposition is to be regarded, not as a mere plurality of 
propositions, but as a szzgle proposition, of which truth 
or falsity can be significantly predicated irrespectively 
of the truth or falsity of any of its several components. 
Furthermore, the meaning of each of the component 
propositions must be understood to be assignable irre- 
spectively of the compound into which it enters, so that 
the meaning which it is understood to convey when 
considered in isolation is unaffected by the mode in 
which it is combined with other propositions. 

§ 2. We will proceed to enumerate the several modes 
of logical conjunction by which a compound proposition 
may be constructed out of two component propositions, 
say fandg. Of all such modes of conjunction, the most 
fundamental is that expressed by the word and: this 
mode will be called par excellence conjunctive, and the 
components thus joined will be called conjuncts. Thus 
the compound propositions— 

(2) ‘pandg, (4) ‘sand not-g,’ (c) ‘not-gand g,’ (a) ‘not-f and not-g,’ 
are the conjunctive functions of the conjuncts 2, g; A, 
not-g; not-f, g; not-f, not-g; respectively. There are thus 
four distinct conjunctive forms of proposition involving 
the two propositions Z, g, taken positively or negatively. 
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The significance of the conjunctional and will be 
best understood in the first instance, by contrasting it 
with the enumerative aud. For example, we use the 
merely enumerative and when we speak of constructing 
any compound proposition out of the components pand g. 
Here we are not specifying any mode in which f and g 
are to be combined so as to constitute one form of unity 
rather than another; we are treating the components 
(so to speak) severally, not combinatorially. In other 
words, the enumeration—p and g—yields two propo- 
sitions, the enumeration—/ and g and v—yields three 
propositions, etc.; but the conjunctive ‘Z and g,’ or the 
conjunctive ‘fg and g and?’ etc., yields one proposition. 
_ Again, of the enumerated propositions—¢ and g and x 
and... —some may be true and others false; but the 
conjunctive proposition ‘é and g and ~ and...’ must be 
either definitively true or definitively false. Thus in con- 
joining two or more propositions we are realising, not 
merely the force of each considered separately, but their 
joint force. The difference is conclusively proved from 
the consideration that we may infer from the conjunc- 
tive proposition ‘f and g’ a set of propositions none 
of which could be inferred from ~ alone or g alone. 
The same holds, of course, where three or more con- 
juncts are involved: thus, with 4, g, ~, as components, 
seven distinct groups’ of propositions are generated: 
viz. the three groups consisting of propositions implied 
by ~, by g, by ~ respectively; the three groups con- 
sisting of propositions implied by ‘f and g,’ by ‘f and 7,’ 
by ‘g and 7’ respectively; and lastly, the group con- 
sisting of propositions implied by ‘f and g and ~’ 

1 The term group is here used in its precise mathematical significance. 
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§ 3. In our first presentation of formal principles 
we shall introduce certain familiarly understood notions, 
such as equivalence, inference etc., without any attempt 
at showing how some of them might be defined in terms 
of others. The same plan will be adopted in regard to the 
question of the demonstrability of the formal principles 
themselves; these will be put forward as familiarly ac- 
ceptable, without any attempt at showing how some of 
them might be proved by means of others. Ultimately, 
certain zo¢tions must be taken as intelligible without 
definition, and certain proposztzons must be taken as 
assertible without demonstration. All other notions 
(intrinsically logical) will have to be defined as de- 
pendent upon those that have been put forward with- 
out definition; and all other propositions (intrinsically 
logical) will have to be demonstrated as dependent upon 
those that have been put forward without demonstration. 
But we shall not, in our first outline, raise the question 
of the dependence or independence of the notions and 
propositions laid down. 

Thus the formal law which holds of Negation is 
called the Law of Double Negation: viz. not-not-p=/. 

§ 4. We now lay down the formal laws which hold 
of compound propositions constructed by means of the 
conjunction avd. They are as follows: 


Laws of Conjunctive Propositions 


1. The Reiterative Law: 
p and p=p. 
2. The Commutative Law: 
pandg gandg. 
3. The Associative Law: 
(~ and g) and r=¢ and (g and 7). 
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Here the notion of eguzvalence (expressed by the short- 
hand symbol =) is taken as ultimate and therefore as not 
requiring to be defined. These laws and similar formal 
principles are apt to be condemned as trivial. Their 
significance will be best appreciated by reverting to the 
distinction between the mental acts of assertion and 
progression in thought on the one hand, and the propo- 
sitions to which thought is directed on the other. Thus 
the laws above formulated indicate, in general, equiva- 
lence as regards the propositions asserted, in spite of 
variations in the modes in which they come before 
thought. Thus the content of what is asserted is not 
affected, firstly, by any ve-assertion; nor, secondly, by 
any different ovder amongst assertions; nor, thirdly, by 
any different grouping of the assertions. 

§ 5. Having considered the Conjuncteve form of 
proposition, we turn next to the consideration of the 
remaining fundamental conjunctional forms. These will 
be classed under the one head Comfoszte for reasons 
which will be apparent later. So far, compound propo- 
sitions have been divided into the two species Con- 
junctive and Composite, and we shall now proceed to 
subdivide the latter into four sub-species, each of which 
has its appropriate conjunctional expression, viz.: 


(1) The Direct-Implicative function of Z,g:— If Z then g. 
(2) The Counter-Implicative function of Z, g:— If g then 2. 
(3) The Disjunctive function of Z, g:— Not-both Z and g. 
(4) The Alternative function of Z, g:— Either Z or g. 


Inthe implicative function ‘If then g, Z is implicans? 
and g implicate; in the counter-implicative function ‘If ¢ 
then 2, pis implicate and g is implicans'; in the dis- 


* The plural of zmp/icans must be written: implicants. 
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junctive function ‘Not-both # and g,’ # and g are dis- 
juncts; and in the alternative function ‘Either or g,’ 
é and g are alternants. These four functions of J, g, 
are distinct and independent of one another. The 
technical names that have been chosen are obviously in 
accordance with ordinary linguistic usage. The impli- 
cative and counter-implicative functions are said to be 
Complementary to one another, as also the disjunctive 
and alternative functions. Each of the four other pairs, 
viz. (1) and (3); (1) and (4); (2) and (3); (2) and (4) 
may be called a pair of Supplementary propositions. 
These names are conveniently retained in the memory 
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Now when we bring into antithesis the four con- 
junctive functions: 
(1) and not-g; (2) not-pandg; (3) fandg; (4) not-éand not-¢; 
with the four composite functions: 
(1) iff then 7; (2) ifg then Z; (3) not-both fg and g; (4) either J or g; 
we shall find that each of the composite propositions is 
equivalent to the negation of the corresponding con- 
junctive. This is directly seen in the case (3) of the 
conjunctive and the disjunctive functions of f, g. Thus, 
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‘Not-both Z and g’ is the direct negative of ‘Both 
pf and g. Again, for case (4) ‘Either # or g’ is the 
obvious negative of ‘Neither 4 nor g.. The relations 
of negation for a// cases may be derived by first 
systematically tabulating the equivalences which hold 
amongst the composite functions, as below: abbreviating 
not-p and not-g into the forms / and @ respectively. 


Table of Equzvalences of the Composite Functions 


Counter- 
Implicative Implicative Disjunctive Alternative 
Form Form Form Form 


1. If f then g=If 7 then J=Not both g and g=Either # or g 
If # then J=If g then J=Not both # and g=Either Z or 7 
If p then g=If g then =Not both g and g=Either # or 7 
If f then g=If 7 then Z=Not both J and 7=Either # or g 


- YN 


In the above table it will be observed: 


(a) That each composite function can be expressed 
in four equivalent forms: thus, any two propositions in 
the same row are equivalent, while any two propositions 
in different rows are distinct and independent. 

(4) That the propositions represented along the 
principal diagonal are expressed in terms of the Zosztzve 
components Z, g; being in fact identical respectively 
with the implicative, the counter-implicative, the dis- 
junctive and the alternative functions of J, ¢. 

(c) That all the remaining propositions are ex- 
pressed as functions of f and not-g, or of not-f and g, 
or of not-d and not-g. 


We may translate the equivalences tabulated above 
in the form of equivalences of functions, thus: 

1. The implicative function of ~, g; the counter- 
implicative function of not-f, not-g; the disjunctive func- 
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tion of Z, not-g; and the alternative function of not-, g, 
are all equivalent to one another. Again, | 

2. The counter-implicative function of Z, 7; the im- 
plicative function of not-/, not-g; the disjunctive function 
of not-f, g; and the alternative function of Z, not-g, are 
all equivalent to one another. Again, 

3. The disjunctive function of Z, 7; the alternative 
function of not-f, not-g; the implicative function of 2, 
not-g; and the counter-implicative function of not-, g, 
are all equivalent to one another. Again, 

4. The alternative function of ~, g; the disjunctive 
function of not-f, not-g; the implicative function of 
not-f, g; and the counter-implicative function of Z, not-g, 
are all equivalent to one another. 

Since the force of each of the four composite func- 
tions of Z, g can be represented by using either the 
Implicative or the Counter-implicative or the Disjunc- 
tive or the Alternative form, the classification of the 
four functions under one head Composzte is justified. 
And since each Composite function is equivalent to a 
certain Dzsjunctive proposition, it is also equivalent to 
the negation of the corresponding Conjunctzve propo- 
sition. Thus: 


1. The implicative ‘Iff then g’ negates the Conjunctive ‘/ and 9.’ 
2. The counter- ; ; cs ; 

a piane A gabens oes » weed: 
3. The disjunctive ‘Not both/ and g’ ASS s ‘pand g.’ 
4. The alternative ‘Either or qg’ es 4 ‘pand 9.’ 


Thus inasmuch as zo composite function is eguzva- 
ent to any conjunctive function, we have justified our 
division of compound propositions into the two funda- 
mentally opposed species Conjunctive and Composite. 
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The distinction and relation between these compo- 
site forms of proposition may be further brought out by 
tabulating the inferences in which a simple conclusion 
is drawn from the conjunction of a composite with a ~ 
simple premiss. In traditional logic, the Latin verbs 
ponere (to lay down or assert) and ¢ollere (to raise up 
or deny) have been used in describing these different 
modes of argument. The gerund fonendo (by affirming) 
or Zollendo (by denying) indicates the nature of the(simple) 
premiss that occurs; while the participle Aonens (affirm- 
ing) or ¢oddens (denying) indicates the nature of the 
(simple) concZuszon that occurs: the validity or invalidity 
of the argument depending on the nature of the com- 
posite premiss. There are therefore four modes to be 
considered corresponding to the four varieties of the 
composite proposition, thus: 


Table of Valid Modes 


Form of 
Modus Composite Premiss 


1. Ponendo Ponens : If Athen 7; but Z; .*. g | The Implicative. 
2. Tollendo Tollens : If gthenZ; but J; .*. 7 | The Counter-Implic. 
3. Ponendo Tollens : Not both Z and g; but J; .. 7 | The Disjunctive. 
4. Tollendo Ponens: Either f or g; but J;.°. g | The Alternative. 


The customary fallacies in inferences of this type 
may be exhibited as due to the confusion between a 
composite proposition and its complementary: 


Table of Invalid Modes 
Form of 
Modus Composite Premiss 
1. Ponendo Ponens : If g then#; but J; .*. g| The Counter-Implic. 
2. Tollendo Tollens : If f then g; but J; .*. 7} The Implicative. 
3. Ponendo Tollens: Either Z or g; but J; .°. 7| The Alternative. 
4. Tollendo Ponens : Not both Z and ¢; but J; .*. g | The Disjunctive. 
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The rules for correct inference from the above table 
of valid modes may be thus stated: | 

1. From an implicative, combined with the affirma- 
tion of its implicans, we may infer the affirmation of its 
implicate. 

2. From an implicative, combined with the denial 
of its implicate, we may infer the denial of its implicans. 

3. From a disjunctive, combined with the affirma- 
tion of one of its disjuncts, we may infer the denial of 
the other disjunct. 

4. From an alternative, combined with the denial 
of one of its alternants, we may infer the affirmation of 
the other alternant. 

§ 6. We ought here to refer to an historic con- 
troversy as regards the interpretation of the conjunction 
‘or. It has been held by one party of logicians that 
what I have called the Alternative form of proposition, 
viz., that expressed by either-or, should be interpreted 
so as to include what I have called the Disjunctive, viz., 
that expressed by not-both. This view has undoubtedly 
been (perhaps unwittingly) fostered by the almost uni- 
versal misemployment of the term Dzsjunctzve to stand 
for what ought to be called Alternative. This prevalent 
confusion in terminology has led to a real blunder com- 
mitted by logicians. The blunder consists in the falla- 
cious use of the Ponendo Tollens as exhibited in the table 
above given. Consider the argument: ‘4 will be either 
first or second’; ‘It is found that A is second’; there- 
fore ‘A is not first.’ Here the conclusion is represented as 
following from the promising qualifications of the candi- 
date A, whereas it really follows from the premiss ‘4 can- 
not be both first and second.’ In fact, the Alternative 


36 CHAPTER III 


proposition which is put as premiss is absolutely irrele- 
vant to the conclusion, which would be equally correctly 
inferred whether the alternative predication were false 
or true. 

It remains then to consider whether the logician 
can properly impose the one interpretation of the alter- 
native form of proposition rather than the other. The 
reply here, as in other similar cases, is that, in the 
matter of verbal interpretation, the logician can impose 
legislation—not upon others—but only upon himself. 
However, where any form of verbal expression is ad- 
mittedly ambiguous, it is better to adopt the interpreta- 
tion which gives the smaller rather than the greater force 
to a form of proposition, since otherwise there is danger 
of attaching to the judgment an item of significance 
beyond that intended by the asserter. This principle of 
interpretation has the further advantage that it compels 
the speaker when necessary to state unmistakeably and 
explicitly what may have been implicitly and perhaps 
confusedly present in his mind. I have therefore adopted 
as my interpretation of the form £7¢her-or that smaller 
import according to which it does zo¢ include Vod-doth. 
Those logicians who have insisted on what is called the 
‘exclusive’ interpretation of the alternative form of pro- 
position (i.e. the interpretation according towhich Ezther- 
or includes Wot-both) seem sometimes to have been 
guilty of a confusion between what a proposition asserts, 
and what may happen to be known independently of 
the proposition. Thus it may very well be the case 
that the alternants in an alternative proposition are 
almost always ‘exclusive’ to one another; but this, so 
far from proving that the alternative proposition affirms 
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this exclusiveness, rather suggests that the exclusive- 
ness is a fact commonly known independently of the 
special information supplied by the alternative proposi- 
tion itself. 

In this connection, the significance of the term com- 
plementary which I have applied to the implicative and 
counter-implicative as well as to the disjunctive and 
alternative, may be brought out. Propositions are ap- 
propriately called complementary when a special im- 
portance attaches to their conjoint assertion’. Thus it 
may be regarded as an ideal of science to establish a 
pair of propositions in which the implicans of the one 
is the implicate of the other; and again to establish a 
number of propositions which are mutually co-disjunct 
and collectively co-alternate. The term complementary 
is especially applicable where propositions are conjoined 
in either of these ways, because separately the propo- 
sitions represent the fact partially, and taken together 
they represent the same fact with relative completeness. 

We next consider the inferences that can be drawn 
from the conjunction of two supplementary propositions. 
These may be tabulated in two forms, the first of which 
brings out the fundamental notion of the Dzlemma; 
and the second that of the Reductzo ad Imposstbvle. 

First Table for the Conjunction of Supplementaries 
The Dilemma 
(1) ‘Iff then g’ and (4) ‘If fg then g’: therefore, g. 
(3) ‘If then 7’ and (2) ‘If g then 9’: therefore, 7. 
(2) ‘Ifg then g’ and (4) ‘If 7 then Z’: therefore, Z. 
(3) ‘Ifg then f’ and (1) ‘If 7 then Z’: therefore, J. 
1 Thus complementary propositions might be defined as those 
which are frequently confused in thought and frequently conjoined 
in fact. 
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The above table illustrates the following principle: 

The conjunction of two implicatives, containing a 
common implicate but contradictory implicants, yields 
the affirmation of the simple proposition standing as 
common implicate. Or otherwise: 

Any proposed proposition must be true when its 
truth would be implied both by the supposition of the 
truth and by the supposition of the falsity of some other 
proposition. 


Second Table for the Conjunction of Supplementaries 
The Reductio ad Imposstbile 
(1) ‘If g then J’ and (4) ‘If 7 then Z’: therefore, g. 
(3) ‘If g then J’ and (2) ‘If g then ’: therefore, 7. 
(2) ‘Iff then g’ and (4) ‘If then g’: therefore, Z. 
(3) ‘If then 9’ and (1) ‘If Athen g’: therefore, Z. 


This second table illustrates the following principle: 

The conjunction of two implicatives, containing a 
common implicans but contradictory implicates, yields 
the denial of the simple proposition standing as com- 
mon implicans. Or otherwise: 

Any proposed proposition must be false when the 
supposition of its truth would imply (by one line of 
argument) the truth and (by another line of argument) 
the falsity of some other proposition. 

§ 7. In tabulating the formulae for Composite pro- 
positions as above I have merely systematised (with 
slight extensions and modifications of terminology) 
what has been long taught in traditional logic; and it 
is only in these later days that criticisms have been 
directed against the traditional formulae, especially on 
the ground that their uncritical acceptance has been found 
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to lead to certain paradoxical consequences, which may 
be called the Paradoxes of Implication. In this con- 
nection it is (I think) desirable to explain what is meant 
by a paradox. When a thinker accepts step by step 
the principles or formulae propounded by the logician 
until a formula is reached which conflicts with his 
common-sense, then it is that he is confronted with a 
paradox. The paradox arises—not from a merely blind 
submission to the authority of logic, or from any arbi- 
trary or unusual use of terms on the logician’s part— 
but from the very nature of the case, as apprehended 
in the exercise of powers of reasoning with which every- 
one is endowed. In particular, the paradoxes of impli- 
cation are not due to any unnatural use of the ¢erm 
implication, nor to the positing of any fundamental for- 
mula that appears otherwise than acceptable to com- 
mon sense. It is the formulae that are derzved—by 
apparently unexceptionable means from apparently un- 
exceptionable first principles—that appear to be excep- 
tionable. 

Let us trace the steps by which we reach a typical 
paradox. Consider the alternative ‘Not? or g. If 
this alternative were conjoined with the assertion ‘J,’ 
we should infer ‘g.’ Hence, ‘Not-f or g’ is equivalent 
to ‘If Athen g.’ Similarly ‘f or g’ is equivalent to ‘If 
not-6 then g.’ Now it is obvious that the less deter- 
minate statement % or g’ could always be inferred from 
the more determinate statement ‘f’: e.g. from the rela- 
tively determinate statement ‘4 is a solicitor’ we could 
infer ‘A is a solicitor or a barrister’ i.e. ‘A is a lawyer.’ 
Hence, whatever proposition g may stand for, we can 
infer ‘ or g’ from ‘f’; or again, whatever f may stand 
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for we can infer ‘not- or g’ from g. Hence (i) given 
‘p’ we may infer ‘If not-g then g,’ and (ii) given ‘g' 
we may infer ‘If # then g,’ whatever propositions 2 
and g may stand for. These two consequences of the 
uncritical acceptance of traditional formulae have been 
expressed thus: (i) A fadse proposition (e.g. not- when 
p has been asserted) implies azy proposition (e.g. ¢); 
(ii) A ¢vwe proposition (e.g. g, when g has been asserted) 
is implied by axy proposition (e.g. f). Thus ‘2+3=7’ 
would imply that ‘It will rain to-morrow’; and ‘It will 
rain to-morrow’ would imply that ‘2+3=5.’ That these 
two implicative statements are technically correct is 
shown by translating them into their equivalent alterna- 
tive forms, viz.: (i) ‘Either 2 + 3 is unequal to 7 or it will 
rain to-morrow’; (ii) ‘Either it will not rain to-morrow 
or 2+3=5. We may certainly say that one or other 
of the two alternants in (i) as also in (ii) is true, the 
other being of course doubtful. 

Taking ‘Iff then g’ to stand for the paradoxically 
reached implicative in both cases, we have shown that 
(i) from the denial of ~ (the implicans), and (ii) from 
the affirmation of g (the implicate) we may pass to the 
assertion ‘If f then g.’ This is, of course, only another 
way of saying that the implicative ‘If Z then g’ is 
equivalent to the alternative ‘/ false or g true.’ Thus 
when we know that ‘If # then @’ is true, it follows that 
we know that ‘either Z is false or g is true’; but it does 
not follow that either ‘we know that Z is false’ or ‘we 
know that g is true.’ The paradoxically reached im- 
plicative merely brings out the fact that this may be so 
1m Some cases: i.e. when asserting ‘If Z then g,’ there 
are cases in which we know that ‘7 is false,’ and there 
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are cases in which we know that ‘¢ is true.’ But it is 
proper to enquire whether in actual language—literary 
or colloquial—the implicative form of proposition is ever 
introduced in this paradoxical manner. On the one hand, 
we find such expressions as: ‘If that boy comes back, 
Pll eat my head’; ‘If you jump over that hedge, I'll give 
you a thousand pounds’; ‘If universal peace is to come 
tomorrow, the nature of mankind must be very different 
from what philosophers, scientists and historians have 
taken it to be’; etc., etc. Such phrases are always in- 
terpreted as expressing the speaker's intention to deny 
the tmplicans ; the reason being that the dearer is assumed 
to be ready to deny the zmlicate. Again, on the other 
hand, we find such forms as: ‘If Shakespeare knew no 
Greek, he was not incapable of creating great tragedies.’ 
‘If Britain is a tiny island, on the British Empire the 
sun never sets. ‘If Boswell was a fool, he wrote a 
work that will live longer than that of many a wiser 
man.’ ‘If Lloyd George has had none of the advantages 
of a public school education, it cannot be maintained 
that he is an unintelligent politician.’ Such phrases are 
always interpreted as expressing the speaker's intention 
to affirm the tmplicate, the reason being that the hearer 
may be assumed to be willing to affirm the tmplicans. 
Looking more closely into the matter we find that 
when a speaker adopts the implicative form to express 
his denial of the implicans, he tacitly expects his hearer 
to supplement his statement with a ¢oldendo tollens; and 
when he adopts it to express his affirmation of the 
implicate, he expects the hearer to supplement it with 
a ponendo ponens. Furthermore, inasmuch as the alter- 
native form of proposition requires to be supplemented 
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by a ¢ollendo (ponens) and the disjunctive by a ponenao 
(tollens), we find that an implicative intended to ex- 
press the denial of its implicans is quite naturally ex- 
pressed otherwise as an alternative: e.g. ‘That boy 
won't come back or I'll eat my head,’ to which the hearer 
is supposed to add ‘But you won’t eat your head’; 
therefore (I am to believe that) ‘the boy won’t come 
back’ (¢ollendo ponens); and we find that an implicative 
intended to express the affirmation of its implicate is 
quite naturally expressed otherwise as a disjunctive: 
e.g. ‘It cannot be held that Shakespeare both knew no 
Greek and was incapable of creating great tragedies,’ to 
which the hearer is supposed to add ‘But Shakespeare 
knew no Greek,’ and therefore (I am to believe that) ‘he 
was capable of creating great tragedies’ (ponendo tollens). 

We have yet to explain how the appearance of 
paradox is to be removed in the general case of a com- 
posite being inferred from the denial of an implicans 
(or disjunct) or from the affirmation of an implicate 
(or alternant). Now the ordinary purpose to which an 
implicative (or, more generally, a composite) proposition 
is put is 2zference: so much so that most persons would 
hesitate to assert the relation expressed in a composite 
proposition unless they were prepared to use it for 
purposes of inference in one or other of the four modes, 
ponendo ponens, etc. In other words, Implication is 
naturally regarded as tantamount to Potential Inference. 
Now when (i) we have inferred ‘If 4 then g’ from the 
denial of ‘J,’ can we proceed from ‘If 4 then g’ con- 
joined with ‘Z’ to infer ‘g’? In this case we join the 
affirmation of ‘f’ with a premiss which has been in- 
ferred from the denial of A; and this involves Contra- 
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dictton, so that such an inference is impossible. Again, 
when (ii) we have inferred ‘If g then g’ from the affirm- 
ation of ‘g,’ can we proceed from ‘If 4 then g’ con- 
joined with ‘/’ to infer ‘g’? In this case we profess to 
infer ‘g’ by means of a premiss which was itself inferred 
from ‘g’; and this involves Czrcularity, so that this 
inference again must be rejected. The solution of the 
paradox is therefore found in the consideration that 
though we may correctly infer an implicative from the 
denial of its implicans, or from the affirmation of its 
implicate, or a disjunctive from the denial of one of its 
disjuncts, or an alternative from the affirmation of one 
of its alternants, yet the implicative, disjunctive or al- 
ternative so reached cannot be applied for purposes of 
further inference without committing the logical fallacy 
either of contradiction or of circularity. Now it must 
be observed that the rhetorical or colloquial introduction 
of a paradoxical composite, which is meant to be inter- 
preted as the simple affirmation or denial of one of its 
components, achieves its intention by introducing—as 
the other component of the composite—a proposition 
whose falsity or truth (as the case may be) is palpably 
obvious to the hearer. The hearer is then expected to 
supplement the composite by joining it with the obvious 
affirmation or denial of the added component, and 
thereby, in interpreting the intention of the speaker, to 
arrive at the proposition as conclusion which the speaker 
took as his first premiss. Accordingly the process of 
interpretation consists in taking the same propositions 
in the same mode and arrangement as would have en- 
tailed circularity if adopted by the speaker. 

§ 8. The distinction between an implicative pro- 
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position that can and one that cannot be used for in- 
ferential purposes may now be further elucidated by 
reference to the distinction between Hypothesis and 
Assertion. In order that an implicative may be used 
for inference, both the implicans and the implicate must 
be entertained hypothetically. In the case of ponxendo 
ponens the process of inference consists in passing to 
the assertion of the implicate by means of the assertion 
of the implicans, so that the propositions that were 
entertained hypothetically in the implicative, come to 
be adopted assertively in the process of inference. The 
same holds, mutatts mutandis, for the other modes. 
Now when we have inferred an implicative from the 
affirmation of its implicate or from the denial of its 
implicans—as in the case of the implicative which ap- 
pears paradoxical—the two components of the impli- 
cative thus reached cannot both be regarded as having 
been entertained hypothetically; and hence the prin- 
ciple according to which inference is a process of pass- 
ing from propositions entertained hypothetically to the 
same propositions taken assertorically, would be vio- 
lated if we used the composite for inference. This con- 
sideration constitutes a further explanation of how the 
paradoxes in question are solved. 

The above analysis may be symbolically represented 
by placing under the letter standing for a proposition 
the sign + to stand for assertorically adopted and the 
sign H for hypothetically entertained. 

Thus the fundamental formula for correct inference 
may be rendered: 


From ¢, would imply ts with f ; we may infer g, 
F 
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where, in the implicative premiss, both implicans and 

implicate are entertained hypothetically. | 
Now the following inferences, which lead to para- 

doxical consequences, may be considered correct: i.e. 


(a) From g, we may infer ‘4 would imply g.’ 
- H F 


(0) From Z, we may infer ‘4 would imply a 
F F 


But the implicative conclusions here reached cannot 
be used for further inference: i.e. 


(c) From c would imply g’ with 2; we cannot infer g. 
F F F 


(d) From f would imply . with a we cannot infer 4 


For in (c) the implicate, and in (@) the implicans 
enters assertorically, and these inferences therefore con- 
travene the above fundamental formula which requires 
that both implicate and implicans should enter hypo- 
thetically. Thus while admitting (@) that ‘a true pro- 
position would be implied by azy proposition,’ yet we 
cannot admit (c) that ‘a true proposition can be inferred 
from any proposition.’ Similarly, while admitting (d) 
that ‘a false proposition would imply azy proposition,’ 
yet we cannot admit (@) that ‘from a false proposition 
we can zufer any proposition.’ In fact, the attempted 
inference (c), where the conclusion has already been as- 
serted, would entail czvcularity ; and the attempted infer- 
ence (d), where the premiss has already been denied, 
would involve contradzctzon. 

Still maintaining the equivalence of the composite 
propositions expressible in the implicative, the counter- 
implicative, the alternative or the disjunctive form, each 
of these four forms will give rise to a like paradox. The 
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following table gives all the cases in which we reach a 
Paradoxical Composite; that is, a Composite which 
cannot be used for inference, either in the modus Zo- 
nendo ponens, tollendo tollens, ponendo tollens or tollendo 
ponens. The sign of assertion in each composite must 
be interpreted to mean asserted to be true when the 
term to which it is attached agrees with the premiss, and 
asserted to be false when it contradicts the premiss. 


Table of Paradoxical Composites 


(a) From f we may properly infer 
(1) ~ or g=IfZ then g=If 7 then =Not both f and 7 
as ie es a ncaa fat 
or (2) por g=If/ then g=If 7 then J=Not both J and 7. 
Gla (ies 
(6) From zing may properly infer 
3) gor g=IfZ then J=If g then = Not both Z and g, 
Si fiade ale Hae ab baie he aie 


or (4) fatale then gig heage Not path ¢ and f- 


The above composites can never be used for further 
inference. Thus: 


in line (1), the attempted inference 

‘p .*. g’ would be circular and ‘not-g .*. not-f’ would be contradictory ; 
in line (2), the attempted inference 

‘not-Z .*. g’ would be circular, and ‘not-g .*. Z’ would be contradictory ; 
in line (3), the attempted inference 

‘not-f .*. not-g’ would be circular, and ‘g .*. ’ would be contradictory ; 
in line (4), the attempted inference 

‘p .*. not-g’ would be circular, and ‘g .*. not-g’ would be contradictory. 


The paradox of implication assumes many forms, 
some of which are not easily recognised as involving 
mere varieties of the same fundamental principle. But 
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I believe that they can all be resolved by the consider- 
ation that we cannot wethout gualtfication apply a com- 
posite and (in particular) an implicative proposition to 
the further process of inference. Such application is 
possible only when the composite has been reached 
irrespectively of any assertzon of the truth or falsity of 
its components. In other words, it is a necessary con- 
dition for further inference that the components of a 
composite should really have been entertained hypo- 
thetically when asserting that composite. 

§ 9. The theory of compound propositions leads to 
a special development when in the conjunctives the 
components are taken—not, as hitherto, assertorically— 
but hypothetically as in the composites. The conjunc- 
tives will now be naturally expressed by such words as 
possible or compatible, while the composite forms which 
respectively contradict the conjunctives will be expressed 
by such words as necessary or impossible. If we select 
the negative form for these conjunctives, we should write 
as contradictory pairs: 


Conjunctives (possible) Composites (necessary) 
a. p does not imply g a. p implies g 
6. p is not implied by ¢ 6. pis implied by g 
z. p is not co-disjunct to g c. pis co-disjunct to g 
da. p is not co-alternate to g ad. pis co-alternate to g 


Or otherwise, using the term ‘possible’ throughout, 
the four conjunctives will assume the form that the several 
conjunctions—7, fg, pg and fg—are respectively Zos- 
sible. Here the word Zosszble is equivalent to being 
merely hypothetically entertained, so that the several 
conjunctives are now qualified in the same way as are 
the simple components themselves. Similarly the four 
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corresponding composites may be expressed negatively 
by using the term ‘impossible,’ and will assume the 
form that the conjunctions £7, fg, fg and £7 are re- 
spectively zweposszble, or (which means the same) that 
the azsjunctions Ag, fg, fg and ~7J are necessary. Now 
just as ‘possible’ here means merely ‘hypothetically 
entertained,’ so ‘impossible’ and ‘necessary’ mean re- 
spectively ‘assertorically denied’ and ‘assertorically 
affirmed.’ 

The above scheme leads to the consideration of the 
determinate relations that could subsist of p to g when 
these eight propositions (conjunctives and composites) 
are combined in every possible way without contradiction. 
Primé facze there are 16 such combinations obtained by 
selecting @ or @, 6 or 6, c or Z, d or @ for one of the four 
constituent terms. Out of these 16 combinations, how- 
ever, some will involve a conjunction of supplementaries 
(see tables on pp. 37, 38), which would entail the as- 
sertorical affirmation or denial of one of the components 
p or g, and consequently would not exhibit a relation of 
pf tog. The combinations that, on this ground, must be 
disallowed are the following xzve: 


abcd, abcd, abcd, abcd; abcd, bacd, tabd, dabc; abcd. 


The combinations that remain to be admitted are 
therefore the following seven: 


abcd, cdab; abcd, bacd, cdab, acab. abcd. 
In fact, under the imposed restriction, since a or 6 
cannot be conjoined with ¢ or d, it follows that we must 


always _conjoin a with @ and d; 6 withzandd ; ¢ with 
@ and 6; dwith @ and 6. This being understood, the 
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seven permissible combinations that remain are proved) 
to be expressed in the more simple forms: 


ab, cd; ab, ba, cd, ac; and abid. 


These will be represented (but re-arranged for purposes 
of symmetry) in the following table giving all the 
possible relations of any proposition / to any proposition 
g. The technical names which I propose to adopt for 
the several relations are printed in the second column 
of the table. 


Table of possible relations of proposition p to proposition q. 


I. (a,0): p implies and is implied by g. |@ is co-implicant to g- 
2. (2,4): implies but is not implied by g. | Z is super-implicant to g. 
3. (6,a): p is implied by but does not imply g. | # is sub-implicant to g. 
4. (a,6,¢,d@): p is neither implicans nor impli- 

cate nor co-disjunct nor co-alternate to g. 
5. (@, 2): pisco-alternate butnotco-disjuncttog. | # is sub-opponent to g. 
6. (c,d): pis co-disjunct butnotco-alternatetog. | ~ is super-opponent to g. 
7. (¢,@): f is co-disjunct and co-alternate tog. | is co-opponent to 4g. 


} f is independent of g. 


Here the symmetry indicated by the prefixes, co-, 
super-, sub-, is brought out by reading downwards and 
upwards to the middle line representing independence. 
In this order the propositional forms range from the 
supreme degree of consistency to the supreme degree 
of opponency, as regards the relation of tog. In tradi- 
tional logic the seven forms of relation are known respec- 
tively by the names equipollent, superaltern, subaltern, 
independent, sub-contrary,contrary, contradictory. This 
latter terminology, however, is properly used to express 
the formal relations of implication and opposition, 
whereas the terminology which I have adopted will apply 
indifferently both for formal and for materza/ relations. 
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CHAPTER IV 


SECONDARY PROPOSITIONS AND MODALITY 


§ 1. THe division of propositions into simple and 
compound is to be distinguished from another division 
to which we shall now turn, namely that into primary 
and secondary. A secondary proposition is one which 
predicates some characteristic of a primary proposition. 
While it is unnecessary to give a separate definition of 
a primary proposition, a tertiary proposition may be de- 
fined as one which predicates a certain characteristic of a 
secondary proposition, just as a secondary proposition 
predicates some characteristic of a primary proposition. 
Theoretically this succession of propositions of higher 
and higher order could be carried on indefinitely. But 
it should be observed that any adjective that can be 
predicated of a rzmary proposition can be significantly 
predicated of a proposition as such, i.e. equally of a 
primary, a secondary, and a tertiary, etc. proposition ; 
and that, in consequence, although proposztzons may be 
ranged into higher and higher orders, adjectives pre- 
dicable of propositions are of only one order, and will 
be called “‘pre-propositional.” Taking # to stand for 
any proposition we may construct such secondary pro- 
positions as: # is true, / is false, / is certainly true, p 
is experientially certified, has been maintained by 
Berkeley. Here we are predicating various adjectives 
(the precise meaning of which will be considered later) 
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of any given proposition Z; and we define each of these 
propositions—of which the subject-term is a proposition 
and the predicate-term an appropriate adjective—as 
secondary. One example may be given which has his- 
toric interest. Take (4) the proposition ‘two straight 
lines cannot enclose a space’—to illustrate a primary 
proposition; again take (2) the proposition ‘A is es- 
tablished by experience’ as a secondary proposition; 
and thirdly take (C) ‘ZB is held by Mill’ as a tertiary 
proposition; namely—‘It is held by Mill that the 
theorem that two straight lines cannot enclose a space 
is established solely by experience.’ It is at once 
obvious that, all these three propositions, the primary, 
the secondary, the tertiary, which include the same 
matter (viz. that expressed in the primary) might be 
attacked or defended on totally distinct grounds. We 
may defend the primary proposition: ‘two straight lines 
cannot enclose a space,’ by showing perhaps that it is 
involved in the definition of ‘straight’; again we might 
attack or defend the secondary proposition: ‘this geo- 
metrical theorem is established by experience,’ by 
considering the general nature of experience, and the 
possibilities of proving generalisations; and lastly, if we 
are to examine the tertiary proposition, namely ‘ Mill 
held the experiential view on the subject of this geo- 
metrical axiom,’ we have only to read Mill’s book and 
try, if possible, to understand what was the precise view 
that he wished to maintain. 

§ 2. In connection with a larger and wider treat- 
ment of secondary propositions in general, it will be 
useful here to introduce the subject of Modality. We 
shall throughout speak of modal adjectzves, instead of 
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modal propositions; it being understood that these 
adjectives fall under the general head of what we have 
called pre-proposttional adjectives. We propose pro- 
visionally to include under modals the adjectives ‘true’ 
and ‘false.’ But a question of some interest arises as 
to whether the two very elementary cases ‘f is true’ 
and ‘Z is false’ where 7 is a proposition are legitimate 
illustrations of secondary propositions. It may be held 
that the proposition ‘# is true’ is in general reducible 
to the simple proposition £; so that, if this were so, ‘p 
is true’ would only have the semblance of a secondary 
proposition, and would be equivalent for all ordinary 
purposes to the primary proposition Z. It appears to 
me futile to enter into much controversy on this point, 
because it will be universally agreed that anyone who 
asserts the proposition / is implicitly committing him- 
self to the assertion that # is true. And again the 
consideration of the proposition # is indistinguishable 
from the consideration of the proposition ~ as being 
true; or the attitude of doudt in regard to the pro- 
position ~ simply means the attitude of doubt as re- 
gards being true. These illustrations, in my view, 
show that we may say strictly that the adjective ¢rwe is 
redundant as applied to the proposition 4; which illus- 
trates the principle, which I have put forward, that a 
proposition by itself is, in a certain sense, incomplete 
and requires to be supplemented by reference to the 
assertive attitude. Thus the assertion of / is equivalent 
to the assertion that p is true; though of course the 
assertum p is not the same as the assertzon that 7 is true. 
The adjective ¢vwe has thus an obvious analogy to the 
multiplier ove in arithmetic: a number is unaltered when 
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multiplied by unity, and therefore in multiplication the 
factor oxe may be dropped; and in the same way the 
introduction of the adjective ¢7we may be dropped 
without altering the value or significance of the pro- 
position taken as asserted or considered. 

More interest attaches to the apparently secondary 
proposition ‘7 is false.’ It certainly appears that J-false is 
indistinguishable from not-f, and the majority of logicians 
rather assume that not-/ is on a level with Z, and may 
be at once co-ordinated with # as a primary proposition. 
Now it appears to me that, while /-true is practically 
indistinguishable from the primary proposition Z, on 
the other hand /-false is essentially a secondary pro- 
position, and can only be co-ordinated with primary 
propositions after a certain change of attitude has been 
adopted. This problem will come up again in the 
general treatment of negation and obversion. 

§ 3. We may now turn to what have been always 
known as modal adjectives such as necessary, con- 
tingent, possible, etc. The discussion of modality is 
complicated rather unfortunately owing to certain merely 
formal confusions which have not been explicitly re- 
cognised. Hence, before plunging into the really 
difficult philosophic problems, these formal confusions 
must be cleared away. The simplest of these occurs in 
the controversy between those who hold that contra- 
dictories belong to the same sphere of modality, and 
those who hold that they belong to opposite spheres of 
modality. This controversy is resolved by explicitly 
realising the distinction between a primary and a 
secondary proposition. Thus taking, for purposes of 
illustration, the antithesis between necessary and con- 
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tingent, we may consider the primary proposition ‘ It 
is raining now’ and its contradictory ‘It is not raining 
now’; if one of these primary propositions is contingent, 
so also is the other. But the contradictory of the 
secondary proposition affirming con¢ingency of the 
primary—i.e. ‘that it is raining now is contingent’—is 
the secondary proposition which affirms xecesszty of the 
primary—i.e. ‘that it is raining now is necessary.’ Thus, 
in doubting or contradieting a secondary proposition, 
we use the opposite or contrary modal predicate ; but 
in denying the frzmary proposition we should attach 
the same modal adjective to the proposition and to its 
contradictory. There can really be no difference of 
opinion on this subject; the opposztzon of modality is 
expressed in the secondary propositions that contradict 
one another ; the agreement in modality holds of the 
primary propositions that contradict one another. Sum- 
marising: if a given primary proposition is necessarily 
true, its contradictory, which is also a primary pro- 
position, is necessarily false; and if a given primary 
proposition is contingently true, its contradictory, which 
is also a primary proposition, is contingently false. Thus 
in both cases the contradictory primary propositions 
belong to the same sphere of modality. But the con- 
tradictory of a secondary proposition affirming necessity 
or contingency of a primary, will be the secondary pro- 
position which affirms contingency or necessity of the 
primary. Thus the contradictories of the secondary pro- 
positions assert opposzte modals. 

It is necessary to enter into the more philosophical 
aspect of modality, if only in a preliminary and intro- 
ductory way, because, apart from the confusion between 
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a secondary and a primary proposition, there is, it would 
appear, considerable confusion in regard to the ter-. 
minology adopted by different logicians or philosophers 
in their treatment of modals. To do this we feel bound 
to reconsider entirely the terminology. Since Kant it 
has been customary to make a three-fold division, using 
the terms apodictic, assertoric, and problematic; and this 
trichotomous division at once leads to some unfortunate 
confusions. The precise significance of assertoric in 
particular is peculiarly ambiguous: thus the proposition 
‘2 and 3 make 5’ as it stands, would appear to be merely 
assertoric; so that assertoric would include apodictic as 
one of its species’. Let us then begin our investigation 
without any bias derived from thetraditional terminology. 

§4. The first antithesis that immediately impresses 
us in this connection is that between a cervtzfied and an 
uncertified proposition. A proposition which is ua- 
certified appears to be what Kant and others have 
sometimes meant by a problematic proposition ; hence 
we begin by replacing the term ‘problematic’ by the 
term ‘uncertified.’ The contradictory of uncertified is 
certified, so that all propositions may be divided into 
the two exclusive classes of certified and uncertified. It 
is of course obvious that these terms are what is called 
relative; that is to say, at one stage in the acquisition 
of knowledge a given proposition may be uncertified, 
while at a later or higher stage, or with increased oppor- 
tunity of observation, etc., it may become certified. The 


1 This confusion is, of course, due merely to the failure to dis- 
tinguish between a primary proposition as such and a secondary. It 
is totally independent of any question as to what the adjectives 
assertoric and apodictic mean respectively. 
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distinction therefore is of course not permanent or 
absolute, but temporal and relative to individuals and 
their means of acquiring knowledge. It might be held 
that such distinctions should be excluded from Logic ; 
but this, in our opinion, is unsound, in as much as 
reference to the mental powers and the individual 
opportunities of acquiring knowledge turns out in many 
discussions to be a most essential topic for logical treat- 
ment. The whole doctrine of probability hinges upon 
our realising the changeable or relative opportunities 
and means, which differ, from one situation to another, 
in the extent of attainable knowledge. The further dis- 
cussion then of uncertified propositions will later intro- 
duce the logical topic of probability. Returning to 
certified propositions, a distinction is required according 
as the given proposition is certified as true or certified 
as false; and thus we have a triple division: uncertified, 
certified as true, and certified as false. But for most 
purposes this latter distinction is unnecessary, because 
for the given proposition that has been certified as false 
we might substitute the contradictory proposition that 
has been certified as true. It would be enough there- 
fore to use the two divisions uncertified and certified, 
understanding by certified ‘certified as true.’ 

§ 5. The above division leads to a fundamentally 
important subdivision under the term ‘certified’; for we 
must recognise, in epistemology or general philosophy, 
that there are essentially different principles or modes 
by which the truth of a proposition may be certified ; 
and a rough two-fold classification will conveniently 
introduce this subject: thus we may contrast a proposi- 
tion whose truth is certified by pure thought or reason 
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with a proposition which is certified on the ground of 
actual experience. Briefly we shall call these two classes 
‘formally certified’ and ‘ experientially certified.’ The 
range of these two modes of certification will be a matter 
of dispute: some philosophers hold that all the principles 
and formulae of logic, and all those of arithmetic and 
mathematics, are to be regarded as certified by pure 
thought or reason. This gives perhaps the widest range 
for the propositions that may be said to be formally 
certified. But even amongst these, we may have to 
distinguish those which save been formally certified, 
from amongst the entire range which may be regarded 
as formally certzfable. Others would hold that many 
mathematical principles, such as those of geometry, can 
only be certified by an appeal to sense-perception—a 
form of experience; and thus the limits to be ascribed to 
the range of formal certification would open up serious 
controversy. Again, on the other hand, the range of 
propositions immediately certifiable dy experience raises 
serious problems. Some may hold that the only truths 
guaranteed by mere experience are the characterisations 
of actual sense-impressions experienced by the thinker 
at the moment in which he asserts the proposition; many 
would extend this to judgments on the individual’s past 
experiences revived in memory; but the most universally 
understood range of experientially certified propositions 
is still wider: it would include sense-perceptions, and 
observations of physical phenomena, and even judg- 
ments on mental phenomena,—these supplying the 
required data for science in general. We will not then 
profess to draw the line precisely between propositions 
that are to be regarded as formally certifiable and those 
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that are to be regarded as experientially certifiable ; 
but there is one explanation of the relation between 
these two classes which will probably be admitted by 
all; namely, that propositions which are admittedly 
based on experience, will also involve processes of 
thought or reasoning, and that therefore no propositions 
of any importance are based upon experience adone ; 
since an element of thought or reason enters into the 
certification of all such propositions. This leads to 
a simple, more precise definition of the antithesis— 
formal and experiential: while we define a formally 
certifiable proposition as one which can be certified by 
thought or reason alone, we donot define experiential pro- 
positions as those which can be certified by experience 
alone, but rather as those which can only be certified 
with the aid of experience. In this way we imply that 
experience alone would be inadequate’. 

A certain relation between the two antithetical 
modals, formal and experiential, will be found to apply 
over and over again to other antitheses in the charac- 
teristics of propositions, It may be illustrated by 
reference to the syllogism. Thus a certain syllogism 
may contain one formal premiss and one experiential 
premiss ; and the conclusion deducible from these two 
premisses must be called experiential, because it has been 
certified by at least one experiential premiss. To put it 
otherwise, if all the premisses of an inference were formal, 

? Even this distinction requires amendment; for it may be main- 
tained that just as experience alone can certify nothing, so thought 
alone can certify nothing. Thus formal certification would coincide 
with what requires only experience in general (to use Kantian termin- 


ology) whilst experiential certification would involve in addition special 
or particular experience. 
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the conclusion would be formal; but if ov/y one premiss 
is experiential (even though the others may be formal), 
the conclusion must be experiential. This particular 
characteristic of the syllogism is not arbitrary, but 
follows from the common understanding of what is 
meant by ‘experientially certified, namely something 
which could not be certified without experience,—zot 
something which could be certified by experience aone. 

§ 6. One of the chief sources of confusion is the 
use of the term ‘necessary’ in various different senses 
as an adjective predicable of propositions. It has some- 
times been said that a// propositions should be con- 
ceived as necessary; in the sense that the asserter of a 
proposition represents to himself an objective ground 
or reference to which he submits and which restrains 
the free exercise of his will in the act of judgment. 
This contention is indisputable, and may be regarded 
as one of the many ways in which the nature of judg- 
ment or assertion as such may be philosophically ex- 
pounded. But obviously necessity as so conceived can- 
not serve as a predicate for distinguishing between 
propositions of different kinds. We pass, therefore, to 
the next and more usual meaning of the term necessary 
which will perhaps best be indicated by a quotation from 
Kant: ‘Mathematical propositions are always judg- 
ments @ przorc and not empirical, because they carry 
with them the conception of necessity, which cannot be 
given by experience.’ Here necessary is opposed to 
empirical; and the antithesis that Kant has in view 
coincides approximately with that between the formally 
certified and the experzentzally certified (as I have pre- 
ferred to express it). But still another meaning has 
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been attached to the term necessary, viz., that according 
to which the necessary is opposed to the contingent. 
If, however, the term contingent is interpreted as equiva- 
lent to (what I have called) experientially certified, then 
we might agree that necessary should be interpreted as 
equivalent to formally certified; and in this case we 
should not have found a third meaning to the term. 
The question therefore arises whether a use can be found 
for the antithesis ‘necessary’ and ‘contingent, wzthzn 
the sphere of the experientially certified. Now it has been 
maintained as a fundamental philosophical postulate 
that ‘All that happens is necessitated’; and this may be 
taken as equivalent to saying that ‘Nothing that hap- 
pens is contingent.” It should here be pointed out that 
this contention is to be clearly distinguished from the 
view that ‘All judgments or propositions are necessary.’ 
For the necessity ascribed to judgments is conceived as 
a compulsion exercised by the objective or real upon 
the thinker; whereas the necessitation attributed to 
events is conceived (more or less metaphorically) as a 
compulsion exercised by nature as a unity upon natural 
phenomena as a plurality. The former necessity is so 
to speak objectivo-subjective; the latter objectivo-ob- 
jective. But an elementary criticism must be directed 
against the use made of the postulate ‘All that happens 
is necessitated’ to deduce that there is no proper scope 
for the term contingent. For we inevitably conceive of 
that which happens as being necessitated dy something 
else that happens in accordance with (what is popularly 
called) a law of nature. In other words, the laws of 
nature ¢aken alone do not necessitate any event what- 
ever; we should have rather to say that a law of 
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nature necessitates that the happening of some one thing 
should necessitate the happening of a certain other 
thing. Hence, I should propose that zomzc (from vdpos, 
a law) should be substituted for necessary as contrasted 
with contingent. Thus a nomic proposition is one that 
expresses a pure law of nature; anda contingent propo- 
sition is one that expresses a concrete event. In this way 
we have eliminated the ambiguous term necessary, and 
have substituted formally certified when the term is op- 
posed to experientially certified ; and zomzc when opposed 
to contingent. Finally the term Zosszd/e must be coupled 
with the word xecessary in its three usages. For ‘pos- 
sible’ has three obviously distinct meanings: (1) what 
is not known to be false; i.e. what does not contradict 
the necessary in the first sense, applicable to a// asser- 
tions ; (2) what does not conflict with any formally certi- 
fied proposition, i.e. with any proposition necessary in 
the second sense; (3) what does not conflict with any 
law of nature, i.e. with any proposition necessary in the 
third sense. The word ‘possible’ in these three senses 
may be distinguished respectively as ‘the epistemically 
possible,’ ‘the formally possible’ and ‘the nomically 
possible.’ 

§ 7. It will now be apparent that the antithesis 
between nomic and contingent is of a totally different 
nature from that between certified and uncertified, or 
between the different modes of certification. The latter 
has been called subjective, the former objective; but 
the terms epistemic and constitutive are preferable: for 
the characteristics ‘nomic’ and ‘contingent’ apply within 
the content of the proposition, and are therefore properly 
to be regarded as constitutive; whereas the character- 
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istics ‘certified’ and ‘uncertified’ apply to the relation 
of the proposition to the thinker, and should therefore 
be called epistemic. Taking for example, the propo- 
sition ‘Nature is uniform’: if this is held to be neces- 
sary in the sense that our reason alone establishes 
its truth, then the attribution of necessity is in this 
case of the same kind as what we have called formally 
certified and is thus epistemic. But the necessity in- 
volved in the laws of nature is generally attributed to 
Nature itself, and not merely to our grounds for assert- 
ing such uniformity: and is thus constitutive. Thus, if 
we Say, as a specific example of the necessity attributed 
to Nature’s processes, that ‘bodies attract one another 
in obedience to the necessities of nature,’ this statement 
is quite independent of any view we may hold as to 
the reasonable grounds for asserting the fact of universal 
gravitation. In short, referring back to the distinction 
between the fact and the proposition, such modals as 
certified and uncertified are adjectives directly character- 
ising the proposztzon, whereas modals of the other kind, 
typified by nomic and contingent, directly characterise 
the fact. 

§ 8. It remains now to introduce a certain familiar 
distinction amongst propositions not included in the 
understood meaning of modal, viz. that between real 
and verbal. These terms were used by Mill, and are 
generally understood as equivalent to Kant’s terms 
‘synthetic’ and ‘analytic.’ Mill’s point of view is very dif- 
ferent from Kant’s, for Mill is thinking of the nature of 
language, of the definition of words, etc., while Kant is 
thinking of ideas and the various constructive acts of 
thought. Mill’s usage is more easy to expound than 
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Kant’s, and gives rise to less serious conflict of view. 
A verbal proposition is one which can be affirmed from 
a mere knowledge of the meanings of words and their 
modes of combination; a real proposition, on the other 
hand, requires for its acceptance, not only a knowledge 
of the meanings of words, but also a knowledge of mat- 
ters of fact. We may therefore note the same relation 
between verbal and real as between formal and experi- 
ential’: namely, that two premisses, both of which are 
verbal, can only yield a verbal conclusion; and that 
a single real premiss, even though joined with any 
number of verbal premisses, will impose upon the con- 
clusion its own character as real. 

The definition so far given of verbal propositions 
seems fairly clear; it is therefore surprising that it 
should have proved a stumbling-block to some logi- 
cians. The people who have raised difficulty on this 
point are those who have preferred the Kantian terms 
‘analytic’ and ‘synthetic’ in place of Mill’s terms ‘ver- 
bal’ and ‘real’: (‘analytic’ Kant illustrates by the pro- 
position ‘Material bodies are extended,’ ‘synthetic’ by 
the proposition ‘Material bodies attract one another’). 
The controversy has arisen through a tacit confusion 
between ‘verbal or analytic’ and ‘familiar’ on the one 
hand, and between ‘real or synthetic’ and ‘unfamiliar’ 
on the other hand, due to the kind of examples chosen 
to illustrate each type of proposition. This confusion 
is apparent in the well-known dictum of Bradley—‘that 
synthetic judgments are analytic in the making’—where 
it is clear that by a ‘synthetic judgment’ he means the 
newly-constructed proposition, and by ‘in the making,’ 

1 See above, last paragraph of § 5. 
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the process of rendering the proposition familiar. But, 
it needs only a little reflection to show that familiarity 
with a matter of fact does not render the proposition 
which expresses such fact verbal or analytic; nor does 
unfamiliarity with the meanings of words render a pro- 
position which explains such meaning real or synthetic: 
a proposition about the meanings of words is verbal, 
and a proposition about matters of fact is real, whether 
the hearer is unfamiliar or familiar with the words or 
with the facts. Thus the proposition ‘7 and 5 make 12’ 
is familiar enough, but whether or not it is verbal (or 
analytic) has absolutely nothing to do with its familiarity; 
on the other hand, a technical definition given by a 
scientist will probably be quite unfamiliar, but if the 
Scientist puts it forward as an expression of his inten- 
tion to use a word with a certain significance, the pro- 
position which states his intention is verbal, although it 
is zpso facto unfamiliar. 

Perhaps a better way of indicating the nature of a 
verbal proposition, is to say that it is not quite what is 
ordinarily meant by a proposition; that is, as verbal, it 
cannot strictly be said to be either true or false, because 
it does not declare a fact, but rather expresses an 
intention, a command, or a request. The technical 
scientist puts forward his definitions in this spirit, when 
he asks readers to allow him to use a term with a cer- 

? An important explanation of all this should be given. What 
Bradley means by “an analytic judgment”—not “a verbal proposi- 
tion”—is a judgment that could be discovered by introspective 
analysis, so that his pronouncement is an obvious truism. But it is 
strange that he does not perceive that this is not in the least the same 


as what Kant meant. Kant’s distinction is epistemological, Bradley’s 
merely psychological. 
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tain signification which is explained by his definition. 
Thus a verbal proposition is neither true nor false, be- 
cause it is properly expressed, not in the indicative, but 
in the imperative or other similar mood. But if by 
a verbal proposition is meant one that assigns the 
meaning of a word as conventionally used in any wider 
or narrower context, then, inasmuch as the proposition 
asserts the fact that such or such zs the convention, it 
must be either true or false. : 

§ 9. At the beginning of this chapter we defined a 
secondary proposition as one that predicates one or 
other of the adjectives significantly predicated of a 
proposition as such. We proceeded to consider in turn 
different kinds of adjectives that are thus predicable: 
this has led to a discussion of modal adjectives, and has 
included in particular a consideration of the adjectives 
true and false, and finally of the predicates ‘verbal’ or 
‘analytic’ and ‘real’ or ‘synthetic.’ 
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CHAPTER? V 
NEGATION 


§ 1. Unper the general problem of the nature of 
negation we may begin by considering the particular 
form of negation which has been called ‘ pure negation.’ 
There appear to be several different meanings attached 
to the notion of uve negation: it may mean the simple 
attitude of rejection, as opposed to that of acceptance, 
towards a proposition taken as a unit and without further 
analysis. Such negation may be called pure, because 
the negative element does not enter within the content of 
the assertum, but expresses merely a certain mental atti- 
tude to the proposition itself. According to this definition 
of pure negation, the judgment which may be called 
purely negative has as its object precisely what I have 
called a secondary proposition in my previous discussion 
as to whether the statement ‘7 is false’ is to be regarded 
as primary or as secondary. When then we enquire as 
to the importance or the relevance of pure negation, 
we may be raising the question whether a judgment 
expressed in this purely negative form really ever re- 
presents a genuine attitude of thought. No doubt there 
are not many cases in which this negative attitude 
towards an assertum taken as a unit could be illustrated; 
but we may at least insist that, when some assertum is 
proposed which can be clearly conceived in thought, 
and yet repels any attempt to accept it, then the attitude 
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towards such an assertum to which our thinking process 
has led us is strictly to be called that of pure negation. . 
For example, the proposition ‘ Matter exists’ may appear 
to some philosophers to have in it a sufficiently clear 
content to enable them to reject it, without their having 
in mind any correspondingly clear substitute which they 
can accept. In this case their mental attitude towards 
the proposed assertum may be properly called one of 
mere negation; since the only positive element involved 
is the conceived content of the proposition rejected. 
But the term pure negation is more generally applied 
where a predicate is denied of some subject withzz the 
proposition. Under this head, the case where negation 
would seem to be quite pure may be illustrated by a 
proposition like—‘ Wisdom is not blue.’ Such a pro- 
position would have purpose only in a logical context 
where we are pointing out that certain types of adjec- 
tive cannot be predicated of certain types of substantive. 
A more common case which leads to a purely negative 
form of predication, is where, for instance, a distant 
object of perception, is considered as to whether it is 
blue or of some other colour, or as to whether it is a 
man or some other material body. Towards this pro- 
posed assertum—that it is blue, or that it is a man—our 
attitude may be that of mere denial, in the sense that 
we are perfectly clear what it is ~o¢, but we are not 
correspondingly clear as to what it is. We may admit 
that a judgment which in this sense is merely negative 
and without any positive content is rare, since when we 
deny of a flower that it is red, we are at least judging 
that it has some colour, and similarly when we deny of 
something in sight that it has the shape of a man we are 
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at least judging that it has some shape, and this consti- 
tutes a positive element in our judgment. The above 
examples illustrate two applications of the notion of 
negation: first, in denying the proposition as a whole, 
and again in denying that an adjective of a certain type 
can be predicated of a certain type of substantive, where 
the positive element is evanescent; and secondly, in 
denying the more specific predicate proposed for a 
substantive while tacitly asserting some wider predicate 
under which it falls, where a positive element is properly 
-to be recognised. 
_ Some logicians, going one step further, have asserted 
-that,in denying an object to be red, not only is the 
generic adjective colour a positive factor in the judg- 
ment, but that some specific colour other than red is 
tacitly affirmed: that is, they hold that we cannot deny 
unless we have some positive determinate ground for 
our denial. But this reason for asserting the universal 
presence of a positive factor in judgment must not be 
confused with the former; for it is one thing to say 
that the denying of any proposed adjective involves 
the affirming of some other adjective of the same 
generic kind, and another thing to say that it involves 
the affirming of a speczfic adjective. While admitting 
the first, I reject the view that in denying red we are 
affirming say green or blue as the case may be, on the 
ground that it involves a confusion between what is 
necessarily determined in fac¢ with what may or may 
not be determinate in our knowledge of fact. There 
are countless cases of our denying a certain proposed 
adjective in which, while we know that some determinate 
adjective can be truly applied, yet we do not know 
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which determinate adjective is to be substituted for that 
rejected. The most obvious illustration is in predications 
of place and time: thus we may say ‘Mr Smith is not 
now in this room,’ and, knowing that Mr Smith is alive, 
we know that in the necessities of nature he must be in 
some other determinate place. Thus we may ina rapid 
survey discover the adsence of any object within a given 
place, independently of any knowledge—by observation 
or otherwise—of its presence in some other place; and 
this is sufficient to dispose of the contention that there 
must be positive ground for a negative judgment. In 
fact the strictly negative form of judgment is relevant 
for purposes of further development of thought, whether 
we are abie to assert an opposed positive, or know only 
that some opposed positive could be affirmed if our 
knowledge were further extended. What is obviously 
true of time or place predications is also, though not 
always so obviously, true of qualitative predicates such 
as colour or tone: for instance, we may deny that a 
certain sound is that of a piano, because of our familiarity 
with that instrument, without being able to define the 
kind of musical instrument from which the sound pro- 
ceeds, owing perhaps to our unfamiliarity with other 
instruments; although we may know, first, that it is a 
musical sound, and secondly on quite general grounds 
that it must come—not from any instrument whatever— 
but from some determinate kind of instrument. 

§2. Having distinguished some of thedifferent ways 
in which the phrase pure negation may be understood, 
we will briefly examine the dictum that pure negation 
has no significance. It may perhaps beat once said that 
this dictum is itself purely negative, and that therefore 
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anyone who maintains its significance has committed 
himself to a contradiction. A more serious treatment 
of the contention shows that for the word ‘ significance’ 
we should substitute ‘having value’ or ‘importance’ 
or ‘relevance to a specific purpose.’ The purpose, for 
instance, of the above negatively expressed dictum is 
to oppose some other philosophers who have attributed 
a false value or importance to the negative judgment. 
It will be seen that the whole question hinges on the 
meaning to be attached to the word ‘significance.’ A 
form of words may be said to be adsolutely non-significant 
when they fail to conveyany precise content for thought- 
construction. This failure of a phrase to convey meaning 
may be due either to the substantial components them- 
selves or to their modeof combination ; thusitis a merely 
verbal expression that may be said to have or not have 
significance for thought in this absolute sense. But in 
attributing non-significance to a judgment apart from 
its verbal expression, the most probable meaning in- 
tended is that it does not represent any actual process 
in thought. But any of the examples taken above go 
to show that the purely negative judgment cannot be 
universally charged with non-significance in this sense. 

§ 3. Wehave considered in turn, first the proposition 
as a whole unanalysed; secondly, the predication of an 
adjective of a given subject-term; and we now turn to 
the subject-term itself, apart from the adjective predi- 
cated, and raise the question whether any proposition 
can have significance in case there is no real thing 
corresponding to the subject-term, although there may be 
a word or phrase used professedly to denote such thing. 
Now] have regarded the substantive, which isultimately 
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the subject in all propositions, as a determinandum— 
that is,as something given to bedeterminedin thought; if 
then there is xothzng given to be so determined corre- 
sponding to the word or phrase by which we intend a 
certain substantive, then what becomes of the propo- 
sition? Consider for example the propositions: ‘An 
integer between 3 and 4 is prime,’ and again ‘ An integer 
between 3 and 4 is composite.’ It must be said that 
neither of these propositions is true. Now since every 
integer is either prime or composite, it can be at once 
seen that any proposition predicating an adjective of the 
subject ‘an integer between 3 and 4’ must be false, even 
though the adjective is appropriate to integers as such. 
This statement needs only the qualification that we may 
correctly predicate of an integer between 3 and 4 that 
it is greater than 3 and less than 4; this, however, is 
not a genuine proposition but one that is implied in the 
meaning of the subject-term, and is thus merely verbal. 
We conclude then that of such a subject-term as ‘an 
integer between 3 and 4’ no adjective can be truly pre- 
dicated in a real or genuine proposition. 

We may therefore contrast two cases of a subject- 
term S: (1) where S is such that some adjective can 
be truly predicated of it in a genuine proposition, and 
(2) where S is such that ~o adjective can be truly pre- 
dicated of it ina genuine proposition. These two cases 
may be briefly expressed—‘S is’ and ‘S is not.’ The 
significance of these two propositions is brought out in 
considering the process technically known as obversion. 
The fundamental problem of obversion I will symbolise 
as the problem of passing from ‘S is-not P’ to ‘S is 
non-P.’ Here, when we hyphen the negative with the 


72 CHAPTER V 


copula, I understand it to mean that the proposition 
‘S is P’ as a unit, is asserted to be false. But when 
we hyphen the negative with the predicate, we are 
affirming of the subject S the kind of predicate called 
negative; in other words ‘.S is non-P’ is an affirmative 
proposition containing a negative predicate, while ‘ S is- 
not P’ is a negative proposition in the sense that the 
attitude of negation applies to the proposition as a whole. 
Now this transformation from the negative proposition 
to the positive assertion of a negative predicate, has 
been assumed as almost trifling, and as only too obvious; 
but I would wish at once to raise the question as to the 
condition necessary for the validity of this process, 
called obversion, in its fundamental form. 

As we have already stated, the incomplete pro- 
position ‘S is’ really means, ‘S denotes something 
of which some adjective may be predicated truly in a 
proposition not merely verbal.’ Thus the scheme by 
which I express the condition under which obversion 
is valid, is to add to the explicit negative premiss ‘S 
is-not P,’ the additional premiss ‘ S is,’ from which we 
may validly infer the affirmative conclusion ‘S is non- 
P.’ The incomplete form of proposition ‘ S is’ means 
that S has some character which may be predicated of 
it, without defining what character can be positively 
asserted. The conclusion ‘.S is non-?’ means that we 
predicate of S a character, determined so far as that it is 
an opponent of the proposed character /, but otherwise 
indeterminate. An illustration from history will show 
how this process may be applied. Thus the name 
William Tell is the name of a historical character about 
whose existence there appears to be doubt. In denying 
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any proposition which predicates an adjective such as 
‘submissive’ of the subject William Tell, we could not 
validly predicate of him the contrary adjective ‘defiant,’ 
unless we were able first to assert that Tell zs, in the 
sense we have explained. 

The problem of the odverszon of a singular propo- 
sition is the same as that of formulating accurately the 
contradictory of a singular proposition. Thus, in showing 
that, in order to pass from the denial (or contradictory) 
of ‘Sis P’ to the affirmation ‘.S is non-P’ we require 
the additional datum ‘S is,’ we have indicated that 
neither of the propositions ‘S is P’ and ‘S$ is non-P’ 
would be true, in the case that ‘.S is’ were not true. 
In other words, the two propositions ‘S is P’ and ‘S 
is non-P’ are not properly contradictories. The contra- 
dictory of ‘Sis P’ should be formulated in the alterna- 
tive proposition ‘ Either S is-not or S is non-P’; as also 
the contradictory of ‘S is non-?’ in the alternative 
proposition ‘ Either S is-not or S is P.’ Thus, in our 
historical illustration, zezther of the two propositions ‘A 
certain man named William Tell sudmztted to the 
Austrians’ and ‘A certain man named William Tell 
defied the Austrians’ would be true, if it were the case 
that there was no such person as William Tell; and 
hence the proper contradictories of the two propositions 
must be respectively expressed in the alternative forms: 
‘Either there was no such person as Tell or he (Tell) 
defied the Austrians,’ and ‘ Either there was no such 
person as Tell or he (Tell) submitted to the Austrians.’ 

§ 4. To illustrate the significance of this view we 
must consider the different types of cases in which a 
proposition of the form—‘ S is’—can be truly asserted. 
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In every case, the term S must have sufficiently de- 
terminate meaning, to give rise to the alternative pro- 
positions ‘.S is’ or ‘S is not’; the question could not 
arise if S were treated as a mere symbol without sig- 
nificance. When this is agreed, it will be found that 
any apparent variations in the meaning of the word ‘is,’ 
will in reality be variations in the kinds of substantive 
category to which the name Sis understood to apply. 
For instance, let us take the names of substantives 
under the category of number. We may say on the 
positive side that the number 3 zs. This will mean 
that some true adjectives can be predicated of the 
number 3, beyond those which might be held as merely 
involved in the definition or connotation of the word 3; 
thus, if we should define 3 as meaning 2+ 1, the state- 
ment that the number 3 has the characteristic expressed 
by 2+1 would be purely verbal. But the number 3, 
we say, is such that an indefinite number of other ad- 
jectives, not included in its definition, can be truly pre- 
dicated, as for instance that 3 is prime or that 3 is a 
factor of 12. Contrast the name 3 with the phrase ‘an 
integer between 4 and 5’: in the sense in which we 
can significantly assert that 3 25, we may assert that an 
integer between 4 and 5 zs o¢; in other words, no true 
character can be assigned to this proposed subject, 
except what is involved in our understanding of its 
meaning, namely that it belongs to the general category 
of integer, and that it is to be greater than 4 and less 
than 5. Generalising from this example, it will be seen 
that such a subject-term is defined first by reference to 
a general category (in the above case that of number) 
and next, by a proposed means of determining or 
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selecting out of the members of that category, a par- 
ticular example related in a defined way to other things. 

With reference to the category to which the subject- 
term S by definition belongs, any difference of category 
is naturally associated with an apparent difference in 
the meaning of ‘is.’ In particular there is a range of 
subjects for which the word ‘ exists’ would be naturally 
substituted for ‘is.’ Thus it may be agreed that what 
is manifested in space and time may be said to exist: 
hence we raise such questions as whether God exists, 
or whether the centaur Cheiron existed, or whether 
William Tell existed. The objects intended to be 
denoted by these subject-terms may be said to belong 
to the category of the exzstent whether the propositions 
asserting their existence are true or false. Thus we 
must maintain, in accordance with the nature of the 
definition of God, that ‘God is an existent,’—this being 
a merely verbal or analytic proposition ; but the question 
of the truth of the synthetic or real proposition ‘God 
exists’ remains problematic. The same holds of Cheiron 
and William Tell. On the other hand what is denoted 
by such a subject-term as 3 or an integer between 4 
and 5 would not be called an existent. Thus we main- 
tain that there is no difference in the force of the word 
‘is’ in its isolated usage; but that if any difference 
appears—as when we substitute ‘exists’ for ‘is ’—this 
is merely due to a difference in the category of the 
subject-term, which again presupposes a difference in 
the types of adjectives that are properly predicable of it. 

When the proposition ‘.S is’ is under consideration 
it must be understood that the term SS is not an ordinary 
singular name but one of a peculiar nature that has not, 
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I think, been recognised by logicians. Such a name 
will be designated by the prefix ‘a certain.’ Consider 
the following propositions: ‘A certain man was both a 
philosopher and a historian,’ ‘a certain integer between 
3 and 11 is prime,’ ‘a certain novel has no hero,’ ‘a 
certain flash of lightning was vivid.’ The truth or falsity 
of these propositions could only be decided by the 
hearer if for the phrase ‘a certain’ is substituted ‘some 
or other,’ ‘one or more,’ so that for him the reference 
is indeterminate. Thus, of Hume and of Xenophon it 
is true that they were both historians and philosophers ; 
between 3 and 11 there are two numbers—5 and 7— 
that are prime; and the other examples are equally 
ambiguous. We must suppose that the speaker has 
in mind a single determinate philosopher-historian, 
number, novel or flash, which has been identified by him, 
and to which therefore he may return in thought. From 
these examples we see that a term may be properly called 
uniquely singular for the asserter, although in fact 
there may be several objects answering to its explicit 
description. Thus from a proposition with the pre- 
designation ‘a certain’ may be inferred the corresponding 
proposition with the predesignation ‘some or other,’ 
though of course not conversely. This points to two 
modes in which what is technically called the particular 
proposition can be inferred: first, from premisses one 
of which is itself particular; and secondly, from a specific 
instance for which the predesignation ‘a certain’ stands. 

Now it is the latter form of proposition which raises 
the problem of the significance of the proposition ‘S is.’ 
For the asserter, the contradictory of the proposition 
that ‘A certain man was both an historian and a philo- 
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sopher’ would be that the person of whom he is thinking 
was not both an historian and a philosopher: or the. 
contradictory of the proposition that a certain integer 
between 3 and 11 is prime, would be that that same 
integer is composite ; whereas for the hearer, who can 
only understand the given propositions as particular, 
the contradictory in the first case would be: ‘No man 
is both an historian and a philosopher’ and in the second, 
‘No integer between 3 and 11 is prime.’ In fact, in 
denying the proposition that a certain integer between 
3 and 11 is prime, we must mentally specify the integer 
about which we are thinking, and assert that this integer 
is composite. The form of the statement thus reached 
is equivalent to that of the conclusion in the process of 
obversion, but it is not obtained here (as in obversion) 
by the medium of the purely negative premiss, but 
directly by mentally specifying the number under con- 
sideration. 

§ 5. It remains to explain more precisely the nature 
of the denial of ‘Sis P’ which combined with ‘S is’ 
yields the conclusion ‘S is non-P.’ The proposition 
which merely denies ‘S is P’ must be understood to in- 
volve a hypothetical element. Consider, for example, 
the statement ‘Anyone who calls this afternoon is not 
to be admitted’ ; this proposition does not contain any 
categorical assumption that somebody will call, and may 
be otherwise expressed in an explicitly hypothetical 
form ‘If anyone calls he is not to be admitted.’ Com- 
bining this premiss with the further ascertainable fact 
that a certain person has called, the obvious conclusion, 
that this person is not to be admitted, follows. In general 
the symbols that we have used, namely that ‘S is P’ 
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is false and that ‘S is,’ may be explained by making 
explicit the descriptive, adjectival, or connotative factor 
in the term symbolised by S, which factor we shall 
symbolise by 47. The negative premiss then becomes: 
‘If anything is J it will not be P’: the categorical 
premiss becomes: ‘A certain thing is JZ. In this 
formulation the symbol S does not appear. Now S$ 
stands for a certain thing which has not yet been 
identified and which is only presented in thought by 
the general description 47; or briefly S-is to mean ‘a 
certain thing which is JZ.’ In transforming the pro- 
position ‘Anything that is 17 will not be P’ into the 
form ‘S will not be P’ we introduce the factor ‘a cer- 
tain thing.’ And in transforming the proposition ‘A 
certain given thing is JZ’ into the form ‘S is’ we have 
transferred the whole of the adjectival component in the 
proposition from the predicate to the subject: or other- 
wise, the two propositions may be rendered ‘Anything 
that may be given having the character J/ will not be 
P’ and ‘A certain thing having the character 7 is 
given. Thus it is not strictly correct to use the same 
symbol S in our two propositions, since the only 
differentiating element of meaning in the term S in the 
negative premiss is the adjectival or descriptive com- 
ponent, whereas in the categorical premiss the substan- 
tival component enters along with the adjectival. It 
follows that the analysis given is not restricted to the 
negative form of our first premiss, since the same kind 
of syllogism would apply to an affirmative conclusion : 
the essential characteristic of the first premiss is its 
hypothetical character, as opposed to the other premiss 
which is categorical. Thus the affirmative case would 
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be rendered ‘Anything that may be given having 
the character M/ will be P,’ ‘A certain thing with the - 
character J/ is given’ therefore ‘This thing having the 
character JZ will be P.’ 

§ 6. In the course of this final explanation it will be 
noted that for the formula ‘Sis’ in which no determinate 
adjective is predicated, we might substitute ‘S is given’ 
or ‘S is real.’ Now the words ‘given’ and ‘real’ though 
of course grammatically adjectival, are not in the logical 
sense adjectival, for their meaning does not contain any 
indication of character or relation. It may be remarked 
in passing that the application of the term ‘real’ includes 
but goes beyond that of the word ‘given.’ The postulate 
that has to be assumed is that, however indeterminately 
we may have been able to characterise it, the real must 
have some determinate character. We thus return to 
our first exposition of the force of the incomplete pre- 
dication ‘Sis’: namely that S, as being real, must have 
some determinate character although it may be that 
this character cannot be completely or exactly known 
by any finite intelligence. 
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CHAPTER VI 


THE PROPER NAME AND THE ARTICLES 


§ 1. A st¢mple proposition ‘S is P’ involves as sub- 
ject a single uniquely determined substantive, and as 
predicate a single uncompounded adjective; a semgular 
proposition must satisfy the first of these conditions, 
but its predicate may be simple or compound. Pro- 
positions of this nature give rise to the question how 
the reference in the subject caz be uniquely determined. 
Speaking generally, singular names may be divided into 
two classes according as they contain or do not contain 
an explicit adjectival or relational component: to the 
first class belong such terms as ‘the smallest planet,’ 
‘the king of England who signed Magna Charta,’ ‘the 
cube root of 8’; to the second class ‘ Mercury,’ ‘ John,’ 
and ‘2’; and the former will, for convenience, be referred 
to as descriptive or significant, the latter as proper or 
non-significant. 

Compare now the proper name ‘Poincaré’ with the 
descriptive name ‘the President of France.’ In order 
that this latter term may have unique application its 
component ‘France’ must have unique application : and 
hence here, as in almost every case, the uniqueness of 
a descriptive name is only secured through its reference 
to a proper name. On the other hand we shall find that 
many so-called proper names contain adescriptive factor: 
thus the term ‘England’ contains the termination ‘land’ 
which would be normally understood as bringing the 
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term ‘ England’ within the general class expressed by 
the word ‘land.’ This, however, would not explicitly 
hold of the name ‘France’; but, in point of fact, just 
as England might be taken to mean ‘the land of the 
Angles,’ so might France be taken to mean ‘the land 
of the Franks.’ In the same way the terms ‘Mr 
Gladstone’ and ‘Lord Beaconsfield’ have the partial 
significance expressed by the prefixes ‘Mr’ and ‘Lord’ 
respectively. As another example, the name ‘Mont 
Blanc, though etymologically equivalent to ‘white 
mountain’ and therefore apparently completely signifi- 
cant, must yet be called a proper name since its appli- 
cation is not to azy white mountain, but to a specific one. 
We are here in the reverse position to that reached in 
discussing the term ‘England’; for in ‘England’ we 
detected the concealed element of significance indicated 
by the termination ‘land,’ while in ‘Mont Blanc’ we 
have detected the concealed element of non-significance 
which prevents us from applying the name to azy white 
mountain indiscriminately. Now, attributing to the term 
‘Mont Blanc’ the maximum of significance that it can 
bear, and agreeing that there would be a species of in- 
correctness in using the term for any object which had 
not the characteristics ‘white’ and ‘ mountain,’ yet this 
admitted significance is not the sufficient ground for 
applying the term as it is understood by those who use 
it with a common agreement as to its unique applica- 
tion. We may therefore say that any name which is 
commonly called a proper name has, so far as our 
analysis has proceeded, a residual element of non-signifi- 
cance over and above such significance as is naturally 
recognised in the verbal structure of the name. 
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§ 2. But if we allow of any name that it contains an 
element of non-significance, how is it possible that this 
name should be understood as applying to the same 
object when used at different times or by different 
persons or in different and varying connections? Where 
the name denotes a substantive, the possibility that it 
should mean the same substantive when used in different 
propositions, involves the possibility of substantival 
identification. A similar process, i.e. adjectival identifi- 
cation, is involved when the same adjective is used in 
different connections. Whether we ask how the sub- 
stantive-name ‘Snowdon,’ for instance, can be under- 
stood to stand for a definite substantive, or how the 
adjective-name ‘orange’ can be understood to stand for 
a definite adjective, we are in fact confronted with pre- 
cisely the same logical problem; and hence, if we regard 
the name ‘Snowdon’ as a proper substantive-name, we 
must regard ‘orange’ as a proper adjective-name. The 
andlogy may be pressed a little further and applied to 
complex names; for just as an adjective name is ex- 
hibited as significant when it is expressed in the form 
of adjectives combined in certain relations, so a sub- 
tantive name is exhibited as significant when it is 
expressed in the form of substantives combined in cer- 
tain relations. Note the analogy, for example, between 
the complex adjective-name ‘the colour between red 
and yellow’ and the complex substantive-name ‘the 
highest mountain in Wales.’ Here the former involves 
the proper adjective-names ‘red’ and ‘ yellow,’ just as 
the latter involves the proper substantive-name ‘Wales.’ 
There is, then, in every explication of significance, a 
residual element in which we reach either a substantive- 
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name or an adjective-name which can no longer be de- 
fined inthis form of analysis. And further, theexplication 
of the significance of this residual proper substantive or 
proper adjective-name involves the conception of iden- 
tity: in the one case, substantival identity—which is 
implied when we understand that the substantive de- 
noted by the word ‘Snowdon’ in one proposition is 
identical with that denoted by ‘Snowdon’ in another 
proposition; and, in the other case, adjectival identity— 
which is implied when we understand that the adjective 
denoted by ‘orange’ in one proposition is identical with 
the adjective denoted by ‘orange’ in another proposition. 

Our first approximate account of a proper name is 
then, that the intended application of the given name 
is to an object—whether it be substantive or adjective— 
which is identical with the object to which it may have 
been previously understood as applying in another pro- 
position. For example, to explain what I mean by 
‘orange’ I could say: ‘You understand the word colour: 
and I shall mean by ‘‘orange” the colour which you can 
discern as characterising the object to which I am 
pointing. And when you identify the colour of any ob- 
ject with the colour of this, its colour is to be called 
“orange”.’ The possibility of such appeal presupposes 
that colour can be perceptually identified in different 
objects, apart from any other agreements or differences 
that the objects may manifest. In the same way the 
explication of a proper substantive-name requires a 
similar appeal, which assumes the possibility of identi- 
fying a concrete object when it may be presented or 
thought about in different contexts.’ Thus, if it was 
asked whom I meant when I talked of Mr Smith, I 


84 CHAPTER VI 


might say: ‘I mean the man to whom you were intro- 
duced yesterday in my study.’ The agreement, there- 
fore, which can be maintained in the application of a 
proper name amongst those who continue to use it with 
mutual understanding, is secured by what in a quite 
general way we may call the method of introduction. 
An object is introduced, and in the introduction a name 
is given, and when further reference is intended to the 
same object, the name is repeated which was given in 
the act of introduction. In this way the nature of the 
residual element or undefinable factor in adjectives and 
relations as well as that in the case of proper names is 
further explained. 

§ 3. Itis worth pausing here to point out a confusion 
frequently made in discussing the nature of the proper 
name. The confusion is that between the cause which 
has led people to choose one name rather than another 
name for a given application, with the reason for ap- 
plying the name—once chosen—to one object rather 
than to another odject. This confusion again can be 
paralleled in ordinary adjectival names as well as in 
substantival names: thus, it is one thing to assign the 
etymological causes of the use of the name ‘indigo’ 
rather than some other name to denote a particular 
colour, and another thing to assign the reason for ap- 
plying the name, when it has once come into common 
usage, to one of the colours rather than to some other: 
the reason for this latter is that the colour presented in 
a given instance is identical with that to which the name 
indigo was originally given. This is exactly parallel to 
the ground on which we should justify our applying the 
name ‘Roger Tichborne’ to the man presented in court: 
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namely, the presumed identity of the man before us 
with the man to whom his godparents had given the 
name. Why they chose that name rather than some 
other name is a matter for historical enquiry. But, to 
repeat, the etymological or historical account of a name 
must not for a moment be confused with its significance, 
or with what, in the case of proper names (substantival 
or adjectival), takes the place of significance as the 
condition of mutual understanding. 

§ 4. This discussion is closely bound up with the 
different ways in which the articles, indefinite and de- 
finite, areused. The indefinite article in its most general 
and completely indeterminate meaning is illustrated by 
such assertions as ‘A man must have been in this room,’ 
‘We need a sweep,’ ‘ You ought to make a move with 
your bishop.’ Now if we compare this use of the article 
with its meaning when it occurs at the beginning of a 
narrative as for instance: ‘Once upon a time there was 
a boy who bought a beanstalk,’ we note an important 
difference in its significance. In the first set of examples 
the full significance of the article is made explicit by 
substituting ‘some or other’: e.g. ‘Some or other man 
must have been in this room’; in the case of a narrative, 
where the article prepares the way for future references 
to period, person or place, it means—not ‘some or 
other ’—but ‘a certain.’ Indeed our story might more 
logically have begun ‘ At a certain time a certain boy 
bought a beanstalk.’ When the indefinite article is used 
in this way to introduce some period, person or place 
not otherwise indicated, it will henceforward be called 
the Jutroductory Indefinite, to distinguish it from the 
Alternatwe Indefinite. 
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Now suppose the narrative to continue: ‘This boy 
was very lazy’; the phrase ‘this boy’ means ‘the boy 
just mentioned,’ the same boy as was zutvoduced to us 
by means of the zzdefinete article. Here the article ‘this,’ 
or the analogous article ‘the,’ is used in what may be 
called its veferentzal sense. The linguistic condition 
necessary to render such reference definite is that only 
one object of the class (whether person, period, or place) 
should have been immediately before mentioned. Other 
variations of the Referential Definite are such phrases as 
‘the former’ and ‘the latter,’ which may be required to se- 
curedefinite reference. The above analysis brings out the 
necessarily mutual association of the zztvoductory use of 
thezzdefinzte article with thereferentza/ use of thedefinite 
article. Again, instead of beginning the second sentence 
with the phrase ‘this boy,’ language permits us to use 
a pronoun: thus the word ‘he,’ in general, is sufficient 
to denote a specific individual understood by the verbal 
context; so that here the pronoun serves precisely the 
same logical function as the referential definite article 
‘the’ or ‘this.’ A still more important further develop- 
ment of the referential ‘the’ comes up for consideration 
when, instead of depending upon immediacy of con- 
text—as in the preceding cases of ‘this’ and ‘he’—we 
refer to an historical personage who has a wide circle of 
acquaintance as (e.g.) ‘The well-known sceptical phi- 
losopher of the eighteenth century.’ Here the phrase 
‘the well-known’ functions as a referential definite, 
though there may have been no immediately previous 
mention of Hume, it being assumed that a certain phi- 
losopher will be unambiguously suggested to readers 
in general, in spite of the fact that there may have been 


THE PROPER NAME AND THE ARTICLES 87 


more than one person answering to the description ‘scep- 
tical philosopher of the eighteenth century.’ This ex- 
tended use of the referential definite is quite interestingly 
illustrated in Greek, where a proper name is prefixed 
by the definite article ‘6’; a usage which appears very 
happily to bring out the precise function of the proper 
name, as referring back to an individual who was origin- 
ally introduced in history or otherwise under that name. 
The same holds in English of geographical proper 
names, e.g. the Thames, the Hellespont, the Alps, the 
Isle of Wight, etc. Lastly, in a narrative, the juxta- 
position of a proper name with the introductory in- 
definite supplies a substitute for the referential definite. 
Thus our story about the beanstalk which begins with 
the introductory indefinite ‘a boy’ may be continued 
either by using the phrase ‘this boy’—involving the 
referential article—or by the pronoun ‘he’; or thirdly 
by the proper name which prepares the way for repeated 
reference to the same boy: ‘Once upon a time there 
was a boy named Jack who bought a beanstalk.’ It will 
be noted therefore that the way in which the proper 
name occurs in a narrative where it secures continuity 
of reference, illustrates the same principle as its use 
in ordinary intercourse, where it ensures agreement 
amongst different persons as to its single definite appli- 
cation: in both cases, the understanding of the applica- 
tion of the name involves reference back to the act of 
introduction, when the name was originally imposed. 
There is an important analogy between the singular 
descriptive name of the kind illustrated by ‘the well- 
known sceptical philosopher of the eighteenth century’ 
and the proper name, in that frequently it is only within 
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a narrower or wider range of context that the proper 
name may be said to have a uniquely determined appli- 
cation. Thus, within a family, the name ‘John’ may be 
understood to denote one brother of that name; whereas, 
in a certain period in English history, it will denote the 
king who signed Magna Charta. That uniqueness of 
reference is relative to a particular context is similarly 
seen in such phrases as ‘the table,’ ‘the garden,’ ‘the 
river,’ which though applicable to different objects in 
different contexts are understood within a given circle 
or in a given situation to have a uniquely determined 
application. The article ‘the’ used in such cases may 
be called Indefinite Definite, to distinguish it from the 
most definite of all uses of the article, namely where 
the unique application is understood without any limita- 
tion of context—in cases, for example, like ‘the sun,’ 
‘the earth.’ 

We have thus divided articles (and what are logic- 
ally equivalent to articles) into four classes: (1) the 
Indefinite Indefinite, otherwise the Alternative Indefi- 
nite; (2) the Definite Indefinite, otherwise the Instan- 
tial Indefinite, best expressed by the phrase ‘a certain,’ 
which includes the Introductory Indefinite; (3) the 
Indefinite Definite, otherwise the Contextual Definite, 
which includes the Referential Definite; and (4) the 
Definite Definite, for which the understood reference 
is independent of context. 

§ 5. A special form of the contextual definite which 
is to be distinguished from the referential, is expressed 
by the terms ‘this’ and ‘that’ when used as demonstra- 
tives. Literally, the demonstrative method is limited 
to the act of introducing an object within the scope of 
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perception. But, when we point with the finger, for 
instance, to a particular person or mountain or star, our 
attempt to direct the attention of the hearer to the object 
intended may or may not succeed: if successful, it will 
be because there is no other conspicuous object belong- 
ing to the class indicated by the use of the general 
significant name (person, mountain, star, as the case 
may be) within the range of space to which we have 
directed attention. The condition for securing unam- 
biguity is not that there should be only one object of 
the specified class within the range indicated, but that 
there should be only one such v7szb/e object; and here 
observe a parallel between the demonstrative definite, 
and the case illustrated by the example ‘the well-known 
sceptical philosopher of the eighteenth century.’ 

§ 6. At this point in our discussion let us consider 
the special difficulty which attaches to the notion of a 
proper name. This problem presents a dilemma. If 
we maintain that the proper name is non-significant in 
some sense, then it would follow that any propositional 
phrase that might contain the proper name would be 
non-significant in the same sense. If, on the other hand, 
we attempt to assign some definite significance to the 
proper name, this will entail our substituting a uniquely 
descriptive name as equivalent in meaning to the proper 
name, in which case the distinction between the de- 
scriptive name and the proper name would vanish. 

This problem raises a question relating to the wider 
problem of the definition of words or phrases. Taking 
the two words ‘valour’ and ‘courage,’ the brief formula 
‘valour means courage’ is seen on reflection to be im- 
perfectly expressed. Everybody would agree that what 
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is intended here is that the two terms vad/our and courage 
have the same meaning; i.e. that the quality meant by 
the one term is the same as the quality meant by the 
other. Hence a more correct expression than ‘valour 
means courage’ would be ‘the word valour means what 
is meant by the word courage. Where a phrase in- 
stead of a single word is under consideration the same 
principle is involved. For example, ‘/ is a factor of g’ 
means-what-is-meant-by ‘g is divisible by ’; or again 
‘some benefactor of 4’ means-what-is-meant-by ‘one 
or other person who has benefited 4.’ These illustra- 
tions bring out the distinction between (a) the relation 
which one word or phrase may bear to another word or 
phrase, and (4) the relation which a word or phrase may 
bear to what is called its ‘meaning.’ 

Now the propositions which allow us to substitute 
one phrase for another may be called bi-verbal defi- 
nitions'; and the relation that is to be affirmed as hold- 
ing between two such phrases must be expressed in 
the complex form ‘means what is meant by,’ or even— 
when we distinguish between the phrase which has not 
been understood and that which has been understood— 
in the still more complicated form ‘is to be understood 
to mean what has been understood to be meant by.’ 
This last complication brings out the purpose that a 
definition has always to serve; namely the elucidation 
of a phrase assumed to require explanation in terms of 
a phrase presumed to be understood. 


? It has been suggested that a more correct substitute for ‘dz 
verbal definition’ would be ‘translation.’ But whichever terminology 
is employed, the distinction between the kind of definition called 
translation and some more ultimate definition remains. 
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This formulation of the bi-verbal definition leads us 
to consider what, in contrast, we shall call the uni- 
verbal definition. When we speak of a phrase as being 
‘already understood,’ it is equivalent to saying that the 
meaning of the phrase is known. The formula that 
‘phrase f means what is meant by phrase g,’ in short, 
raises the question, What is it that phrase g means? 
Let us first consider the znd of entity that a phrase 
could mean. Phrases which would be grammatically or 
logically distinguished in regard to type or category 
would mean entities belonging to correspondingly dif- 
ferent types or categories: thus one phrase would mean 
a certain proposition; another would mean a certain 
adjective, another a certain substantive, and so on. 
Thus ‘courage’ means a certain adjective or quality-of- 
conduct, ‘horse’ means a certain substantive or kind-of- 
animal. A phrase prefixed by an article such as a, the, 
some, every, any, requires special consideration. Thus, 
if we were to substitute for such phrase any phrase that 
means what is meant by the given phrase, the article 
or some equivalent would still remain. Thus ‘the first 
novel of which Scott was the author’ means what is 
meant by ‘the romance that was written by Scott before 
any other of his romances.’ In this bi-verbal substitu- 
tion the word ‘the’ is retained. Now consider, in con- 
trast to the proposition stating the equivalence in mean- 
ing of the above phrases, the proposition ‘ The first 
novel written by Scott was called Waverley’; or, inas- 
much as there is only one novel that is known bearing 
this name, we may put the statement in the form: 
‘The first novel written by Scott was the novel called 
Waverley.’ Such a proposition is of nearly the same 
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type as ‘The author of Waverley was the author of 
Marmion.’ In both of these propositions the relation 
of identity is asserted in regard to two uniquely de- 
scriptive terms. But neither of these propositions is 
verbal; in neither case could we substitute for the rela- 
tion of identity the expression ‘means what is meant by.’ 
Hence we are not identifying the meaning of the two 
phrases: i.e. we are not identifying what is meant by 
one phrase with what is meant by the other. What 
then is it that we are identifying? In the language of 
Mill we should say we are identifying what is denoted— 
and in the language of Frege what is indicated or (as 
we prefer to say) factually indicated—by the one phrase 
with what is denoted or factually indicated by the other. 
Now, as our term suggests, an appeal to /ac¢ is required 
in order to understand what it is that is factually indt- 
cated in distinction from what is mean¢ by a certain 
phrase. Hence, though a knowledge of the usage 
of language alone is sufficient to know what a phrase 
means, a knowledge of something more than mere 
linguistic usage is required to know what a phrase de- 
notes or factually indicates, whenever we are dealing 
with a phrase that indicates something different from 
what it means. The word ‘courage’ or the phrase ‘not 
flinching from danger’ is of such a nature that there is 
no distinction between what it means and what it indi- 
cates or denotes; it is only phrases prefixed by an article 
or similar term for which the distinction between mean- 
ing and indication arises. Turn now to the peculiarities 
of the illustration given above: ‘The first novel written 
by Scott was the novel called Waverley.’ The inter- 
pretation of this statement is that the object indicated 
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by the phrase that stands first is the same as that 
indicated by the phrase ‘the novel called Waverley’ 
although the meanings of the two phrases differ. Take 
a parallel case: ‘The colour of the object at which I 
am pointing is identical with the colour that is called 
red’; here again the identity of what is zzazcated by the 
two phrases does not carry with it identity in what is 
meant by the two phrases. In short, where we have 
an identification of what is indicated in spite of non- 
identity in what is meant, we recognise that the state- 
ment of identity is not merely verbal but factual. 

In the above illustrations we have taken such names 
as Scott and Waverley to exemplify names universally 
recognised as proper; while the phrase ‘the first novel 
written by Scott’—or any phrase having the same mean- 
ing—would be called descriptive in a sense primarily 
intended as antithetical to proper. Now one step was 
taken to bridge this antithesis when we used the proper 
name in the extended phrase ‘the novel called Waver- 
ley’: i.e. the single name Waverley is a proper name 
and the compound phrase ‘the novel called Waverley’ 
is constructed in the form of a descriptive name. We 
are thus leading up to the view that what is zxdicated 
by the descriptive phrase—‘the novel called Waverley’ — 
is identical with what is meant by the proper name 
‘Waverley.’ Thus, in interpreting the simple propo- 
sition ‘Waverley was the first novel written by Scott,’ 
which is recognised at once to be factual not verbal, we 
are identifying what is factually indicated by the subject 
and predicate terms respectively; and in the case of the 
proper name ‘Waverley,’ what it factually indicates is 
indistinguishable from what it means. Hence it seems 
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legitimate or possible to define a proper name as a name 
which means the same as what it factually endicates. 
§7. We may now introduce the technical term ‘osten- 
sive’ which will suggest as its opposite the familiar term 
‘intensive.’ A proper name may be said to be osten- 
sively-definable in contrast to those more ordinary terms 
which are said to be intensively definable. This osten- 
sive definition will be only a special instance of a form 
of definition involving the complex relation ‘means what 
is indicated by’—a relation which is involved in any 
attempt to define a proper name by means of a de- 
scriptive name. The particular force of the notion of 
ostensive definition will now be explained, and it will 
be found to apply both to an adjectival and to a sub- 
stantival name. The ordinary proper name applies to 
an object whose existence extends over some period of 
time and generally throughout some region of space. 
The appearance of such an object in perception (or 
rather of some spatially or temporally limited part of 
that object) provides the necessary condition for im- 
posing a name in the act of indicating, presenting or 
introducing the object to which the name is to apply, 
and this it is that constitutes ostensive definition. In 
extending the notion of a proper name to certain 
adjectives our justification is that ultimately a simple 
adjective-name—such as red—cannot be defined ana- 
lytically but only ostensively. Theoretically, we must 
suppose that any name, singular or general, proper or 
descriptive, substantival or adjectival, has originally 
been imposed on a particular occasion by a particular 
person or group of persons. In the case of ostensively 
defined names, the occasion on which definition is pos- 
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sible must be one on which the object is actually pre- 
sented. When, however, the meaning or application of 
such a name has afterwards to be explained, or so-to- 
speak redefined, the only direct method is to secure 
for the enquirer another presentation of the object in 
question. Thus John Smith, having been presented to 
his family at birth—which we may take to be the occa- 
sion on which the name was imposed—must be pre- 
sented again to the person ignorant of its application. 
Hence, in introducing a man under the name John 
Smith, we are using the same ostensive method as was 
required in the original definition, but such mention of 
the name does not, properly speaking, constitute defi- 
nition. We are stating, in effect, the proposition—which 
is not merely verbal—that ‘the person introduced is 
identical with the person upon whom the name was 
originally imposed.’ This case of an ordinary substan- 
tival proper name is analogous to that of an adjectival 
name—say cochineal—which originally could only have 
been ostensively defined, and which must therefore 
be ostensively redefined for the person ignorant of its 
application, in the form ‘the colour of this presented 
object is identical with that upon which the name cochi- 
neal was originally imposed’—a statement which again 
is not merely verbal. When a proper name is called 
arbitrary, this arbitrariness attaches only to the original 
act of imposition; but, when the application of the name 
is afterwards explained, such explanation is no longer 
arbitrary, since to be correct the vea/ proposition that 
the substantive or adjective presented is identical with 
that upon which the name was originally imposed, must 
hold good, and this statement may be either true or 
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false, apart from linguistic convention. Furthermore, 
when ostensive definition is employed, it must be ob- 
served that we do not say that the proper name means 
what is meant by such a phrase as ‘the object to which 
I am pointing’ (which after all is only an instance of a 
descriptive phrase), but we say that the proper name 
means what is zxdzcated by the descriptive phrase ‘the 
object to which I am pointing.’ For it is obvious in 
this case, as in the more general account of a descrip- 
tive phrase, that however we may further explicate 
the meaning of the phrase ‘the object to which I am 
pointing,’ the substituted phrase would not have the 
nature of a proper name but necessarily of a descrip- 
tive name. 

When, then, finally we agree with the general posi- 
tion of the best logicians that the proper name (as Mill 
says) is non-connotative, this does not amount to say- 
ing that the proper name is non-significant or has no 
meaning; rather we find, negatively, that the proper 
name does not mean the same as anything that could 
be meant by a descriptive or connotative phrase; and 
positively, that it does precisely mean what could be 
indicated by some appropriate descriptive phrase. This 
exposition holds both for the names of objects which 
can be presented and thus ostensively defined; and also 
for the names of objects removed in time or place, for 
the definition of which a descriptive phrase (which is 
other than ostensive) must be employed. 
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CHAPTER VII 


GENERAL NAMES; DEFINITION AND ANALYSIS 


§ 1. Havins, in the preceding chapter, distinguished 
the different kinds of articles, we now turn to a common 
characteristic in the use of an article, namely, its attach- 
ment to a generalname. The general name has usually 
been differentiated by reference to number, and roughly 
defined as a name predicable of more than one object. 
In fact, however, there are general names such as ‘ in- 
teger between 3 and 4’ or ‘snake in Ireland’ that are 
predicable of xo object, while ‘integer between 3 and 
5 and ‘ pole-star’ are general names predicable of only 
one object. There is therefore nothing in the meanzng 
of a general name which could determine the number 
of objects to which it is applicable. Rejecting this re- 
ference to number, we may point out that a universal 
characteristic of the general name is its connection with 
the article—the use of the grammatical term ‘article’ 
being extended to include this, that, some, every, any, 
etc. All terms of this kind serve to determine the in- 
tended application of reference in a proposition, and 
hence might more properly be called applicateves or 
selectives. Now a general name is distinguished as that 
to which any applicative can be significantly prefixed: 
thus the applicative, on the one hand, requires a general 
name, while, on the other hand, it follows from the 
essence of the general name that to it any applicative is 
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significantly attachable. And a further and connected 
characteristic of the general name is that it can always 
be used in the plural, or, in fact, with any numerical 
prefix. 

If now we further consider the typical applicatives 
‘every’ and ‘some,’ we find that in the last analysis 
they entail the conception of unlimited generality, and 
language reflects this unlimited reference by uniting these 
applicatives with the substantival term ‘thing’ to form 
the single words ‘everything’ and ‘something,’ where 
the word ‘thing’ stands only for abstract generality 
without any such limitation as could possibly be defined 
by adjectival characterisation. If any account of the 
name ‘thing’ here could be given in philosophical ter- 
minology, we should have to say that ‘thing’ stands 
for the category of all categories; or more precisely, 
that the generality implied in this use of the word 
‘thing’ is so absolute that it must include all logical 
categories, such as proposition, adjective, substantive, 
etc. On the other hand, the general term with which 
ordinary logic is almost exclusively concerned, is re- 
moved by two steps from this absolute generality: for 
example, the general term ‘man’ comes under the 
logical category ‘substantive,’ which itself is a limitation 
of the absolute generality peculiar to the word ‘thing.’ 
Thus in philosophical logic we ought to be prepared 
to define the category ‘substantive’ by some limiting 
characterisation within the absolute general ‘thing’; 
and similarly of the category ‘adjective’ or ‘proposition,’ 
etc. And again, in ordinary logic, any general name 
is understood to be defined first, as coming under an 
understood category—in particular the category sub- 
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stantive—and secondly as delimited by a certain adjec- 
tival characterisation. As regards any specified general 
substantive-name, its nature as general is brought out 
by showing its meaning to be resolvable into some 
specific adjective or conjunction of adjectives, juxtaposed 
to the category ‘substantive’ itself. 

The consideration that to the general name any 
applicative can be prefixed, distinguishes it from the 
singular name, whether descriptive or proper. We have 
now tobring out a characteristic shared incommon bythe 
general name and the singular descriptive name, which 
distinguishes them both from the proper name: namely 
that the two former always (except in the case of the 
absolute general name ‘ thing’) contain in their meaning 
an adjectival factor, whereas the strictly proper name 
contains in its meaning no adjectival factor. This 
account may seem a somewhat arbitrary way of settling 
the prolonged controversy initiated by Mill as to whether 
proper names are non-connotative. In default of a 
definition of a proper name, however, it is impossible 
to decide whether any given name, such as London, is 
to be called proper. I propose, therefore, to define the 
word proper as equivalent to non-connotative, non-de- 
scriptive or non-significant (since these three terms are 
themselves synonymous), and the only debatable point 
which remains is as to whether any names can properly 
be called ‘proper’. A similar remark applies to the 
question whether all general names are connotative, 
since it would seem necessary to define a general name 


1 This brief account of the Proper Name has been discussed and 
qualified in the preceding chapter; but for the present purpose it is 
adequate. 
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(except the absolutely general name ‘ thing’) as equi- 
valent to one which is connotative. 

§ 2. At this point we must enquire into the precise 
meaning of the word connotatzon, and this enquiry 
necessitates the introduction of the more general notions 
of intension and extension. While extension stands for 
a set of substantives, intension stands for a set of adjec- 
tives; and moreover the two terms are used in correlation 
with one another, the substantives comprised in the 
extension being characterised by the adjectives com- 
prised in the intension. Now of all the adjectives that 
may characterise each of a set of substantives, a certain 
sub-set will have been used for determining the appli- 
cation of the general name, and the range of extension 
thereby determined constitutes the denotation of that 
name. Thus the specific function of connotation is that 
it is used to determine denotation; and hence any other 
adjectives that may characterise all the substantives 
comprised in the denotation, do not determine the 
denotation, but rather are determined by it. The entire 
and often innumerable conjunction of adjectives deter- 
mined by the denotation has been called by Dr Keynes, 
the Comprehension. Thus Dr Keynes’s exposition may 
be summed up in the statement that connotation in the 
first instance determines denotation, which in its turn 
determines comprehension. The controversy on the 
question of what adjectives should be included in the 
connotation of the general term, has arisen from the false 
supposition that the logician starts witha known range 
of denotation, and that with this datum he has to dis- 
cover, amongst the known commoncharacters peculiar to 
the members of the class, those which shall constitute the 
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connotation. But this is reversing the order of priority, 
since there is no means of delimiting the range of de- 
notation of a term otherwise than by laying down a finite 
enumeration of adjectives which, taken together, con- 
stitute the test for applying the name. This test, which 
is provided by the connotation, may have remained 
unchanged, or have varied in the course of time, or 
again have been technically determined by science in 
such a way as to conflict more or less with common 
usage; but in every case what constitutes the connotation 
is invariably a conjunction of adjectives which, within 
these limits of time or context, is used to determine 
the application of the name. 

We are indebted to Mill for an elaborate and com- 
plete treatment of connotative names, including the 
connection between connotation and definition; but the 
formula that the definition of a general name is the un- 
folding of its connotation, must be corrected by the 
added reference to the substantival element, since con- 
notation by itself is purely adjectival. It is obviously 
impermissible, for instance, to substitute for the sub- 
stantival name ‘a man’ a mere adjective ‘human’ or 
the abstract term ‘humanity’; rather ‘a man’ should 
be defined as ‘a human being’ or ‘a being characterised 
by the attribute humanity.’ In other words, a substan- 
tive-name must be so defined as to show that it is sub- 
stantival. The word ‘being’ here has the force of the 
word ‘substantive,’ so that pushed to its logical con- 
clusion, ‘a man’ should be defined as ‘a human sub- 
stantive’; and it is the adjective ‘human’ which alone 
may require further analysis in our definition, not the 
word ‘being’ or ‘ substantive.’ 
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The same principle will apply to the definition of a 
general adjectival name, if it is admitted that certain 
adjectives and relations (which may be called secondary) 
can be properly predicated of other adjectives (which in 
this connection might be called primary). For example, 
in the proposition: ‘the unpunctuality of his arrival 
was annoying,’ we appear to be predicating of the 
primary quality or adjective represented by the abstract 
name ‘unpunctuality’ the further or secondary adjective 
‘annoying.’ By a secondary adjective we mean an 
adjective of an adjective, and if the primary adjective is 
expressed grammatically as a substantive, the secondary 
adjective would be expressed grammatically as an ad- 
jective, but if the primary adjective retains its gram- 
matical form as an adjective, then its secondary adjective 
is expressed by an adverb, which is logically equivalent 
to an adjective of an adjective. Thus the following 
series of propositions: “4 is moving,’ ‘the movement 
of A is rapid, ‘the rapidity of the movement of 4 is 
surprising "—involve the primary adjective ‘moving,’ 
the secondary adjective ‘rapid,’ and what we must here 
call the tertiary adjective ‘surprising.’ When the primary 
adjective ‘moving’ retains its adjectival form, the 
secondary adjective predicated of it would be expressed 
as an adverb; thus ‘4 is moving rapidly’; or when 
the secondary adjective ‘rapid’ retains its adjectival 
form, the tertiary adjective predicated of it is again 
expressed as an adverb, as in ‘4’s movement was sur- 
prisingly rapid.’ These examples seem to confirm the 
view that adjectives can properly be predicated of ad- 
jectives as such. If this analysis is correct, we should 
expect to find certain general adjectival names (ana- 
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logous to general substantival names) whose meaning 
could be elicited in terms of the secondary adjectives 
implied in their use. Thus to take Mill’s example, the 
name ‘fault’ which is predicable of such primary qualities 
or adjectives as ‘laziness,’ ‘unpunctuality,’ ‘ untidiness,’ 
is predicable of such qualities of conduct on the ground 
that these are characterised by the further or secondary 
quality ‘faultiness.’ In this way the definition of a 
general adjectival name would be formulated in terms 
of the secondary adjective or conjunction of adjectives, 
constituting its connotation, juxtaposed to the category 
adjective itself. 

§ 3. Turning now to another aspect of our topic, 
we shall consider the nature of definition only in the 
form of bi-verbal substitution, where the reference is 
restricted to words or phrases; in contradistinction to 
ideas or things, which some philosophers have under- 
taken to define. The question of the definition of 
words requires a wider treatment than that generally 
accorded to it in logic; for under the influence, I pre- 
sume, of scholastic doctrine, definition has been tacitly 
restricted to the case of substantive terms, to which the 
traditional formula ‘per differentiam et genus’ is alone 
applicable. It seems, indeed, as if logicians had shrunk 
in terror from the task of defining other than substantive- 
terms, setting aside preposition words, conjunction words, 
pronominal words and even adjectives, as if these, as 
such, were outside the scope of logical definition. The 
problem of definition, it is clear, must extend to axyword, 
however it may be classified by grammar. We must 
certainly come to some mutual understanding of the 
meanings of such words as ‘and,’ ‘or,’ ‘if,’ inasmuch as 
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these and many other such words have a meaning, the 
understanding of which is essential in the pursuit of 
logic. It is frequently impossible, however, to define a 
word taken in isolation, and in such cases, we must 
construct, as that which is to be directly defined, a verbal 
phrase containing the word. We should not perhaps go 
far wrong if in every such case we took the completed 
proposittonal phrase as that which is to be defined, 
although it is often possible of course to take only some 
part of a proposition and succeed in meeting the re- 
quirements. We repeat then that our problem is how 
to define a given verbal phrase; and the answer is to 
substitute for it another verbal phrase. This is the 
complete and quite universal account of the procedure 
of definition, which justifies our restriction of the topic 
to bi-verbal definition; its obvious purpose is fulfilled 
if the substituted phrase is understood. (Cp. preceding 
chapter.) 

In this connection it is worth noting that, when 
what has to be defined is a verbal phrase rather than 
a single word, we may italicise—so to speak—that part 
of the phrase for which an explanation is asked. In 
such cases the remaining components of the phrase 
may be, and generally ought to be, repeated in the 
phrase constituting the definition. In symbols, let us 
say that the phrase ‘adcd’ requires definition, where 
the components ‘dc’ are combined in the whole ‘aéca@’ in 
such way that the combination ‘aécd’ is not understood. 
Suppose the symbol ‘afgd@’ to represent our definition; 
then we shall have defined ‘adc’ (where the component 
‘éc’ required explanation), by the phrase ‘afgd’ in 
which ‘fg’ explicitly replaces ‘dc,’ and is offered in expla- 
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nation. A definition such as that symbolised above is 
rejected in current logical text-books on the ground 
that it commits the sin of tautology; for it repeats 
verbatim the symbol ‘ad’ in the definition given as 
explanation of ‘adcd.’ But this mode of definition, so 
far from being a ground of condemnation, exactly 
answers in the most adequate sense the requirements. 
The more exactly we repeat in our definition the 
actual words and their form of combination, used in the 
phrase to be explained, the more precisely do we meet 
the demands for an explanation. Typical instances of 
this principle will occur to anyone who reflects on the 
subject. It follows that no general or merely formal 
criticism of a definition can be made by any logical rule; 
the question whether any proposed definition is good 
or not being entirely relative to the enquirer’s knowledge 
and ignorance of meanings. This by no means precludes 
the possibility of definitions which would be generally 
useful, because any obscurity or ambiguity which one 
person might feel is likely to be felt by others; a little 
common sense is in general all that is necessary. 

This account leads at once to one conclusion, which 
is perhaps tacitly understood by all logicians and philo- 
sophers; i.e., that, inasmuch as the only way to explain 
one verbal phrase is to substitute another, therefore no 
successive chain of explanatory phrases can serve the 
purpose of ultimate explanation, if that chain is endless. 
Hence perhaps the important point in the theory of 
explanatory definition is that it must stop. In other 
words, by a shorter or longer process, every definition 
must end with the indefinable. A certain misunder- 
standing as to what in logic is meant by the indefinable 
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must here be removed; for it has been frequently sup- 
posed that theindefinable means fhat which is admittedly 
not understood. But so far from meaning the ‘not- 
understood,’ the indefinable means that which zs under- 
stood; and philosophy or logic may ultimately adopt a 
term as indefinable only where, because it is understood, 
it does not require a further process of definition. Phi- 
losophy must never stop with the indefinable, in the 
sense of reaching a component of thought expressed 
obscurely or with an admitted margin of doubt as to 
meaning. The indefinable does not therefore mean that 
which is presented as having no understood meaning, 
but that whose meaning is so directly and universally 
understood, that it would be mere intellectual dishonesty 
to ask for further definition. 

§ 4. There has been practical unanimity in re- 
garding definition as a process which essentially in- 
volves analysis. We have above reached the idea of 
an indefinable; and it has been almost universal, | 
believe, to regard the indefinable as equivalent to what 
is incapable of analysis—a view which is obvious if 
definition and analysis coincide. But, if definition is 
not to be merely equated to analysis, then we may pause 
before we regard anything as being indefinable on the 
ground of its being, in some proper sense, unanalysable. 
In my own view, definition assumes so many varied 
forms that its equivalence to analysis seems to be highly 
dubious. 

Before entering into further detail on this point it will 
be well to consider what is meant by the word analysis 
in philosophy and logic. Associated with it we often 
find a reference to parts and wholes: thus, analysis is 
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often said to mean the separation of a whole into its 
parts. But ‘separation’ does not adequately repre- 
sent the process. For instance, grammatical analysis 
does not mean taking the several words of a sentence 
and determining the part of speech and inflection, etc., 
of each word, but its object is to show how the signifi- 
cance of the sentence is determined by the mode in 
which the several words are combined. Similarly the 
analysis of a psychosis is not merely the cataloguing of 
such elements as knowing, feeling, acting, but rather 
the representation of the essential nature of a given 
psychosis as determined by the mode in which these 
factors combine. What holds of grammatical and psy- 
chological analysis holds of every kind of analysis; and, 
since the important process is—not the mere revelation 
of the parts contained—but rather the indication of their 
mode of combination within the whole, analysis is better 
defined as the exhibition of a given object in the form 
of a synthesis of parts intoa whole. In this way we can 
say that any process of analysis can also be described 
as a process of synthesis; but this does not amount to 
saying that analysis means the same as synthesis, any 
more than that the relation ‘grandfather’ is the same 
as the relation ‘grandson,’ although the fact that 4 is 
the grandfather of B is the same fact as that 2 is the 
grandson of A. In short, analysis is the inverse of syn- 
thesis ; i.e. when the whole X is analysed into its several 
components a, 4, ¢, d; then a, 6, ¢c, d have to X the in- 
verse relation which X has to a, 6, c and d. In this 
way it is clear that to analyse X simply means the same 
as to exhibit X as a synthesis. 

Now instead of taking X as a term to be defined, 
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and exhibiting it as a synthesis of a, 4, ¢ and d, let 
us take the term a and define it by showing how it 
functions in a whole X where it is combined with 4, ¢ 
and @. This points to two modes of definition, viz. 
analytic and synthetic. In analytic definition we pass 
from an unanalysed—i.e. an apparently simple—to an 
analysed equivalent; in synthetic definition we exhibit 
the nature of what is simple, not by representing it as 
a complex, but by bringing it into synthetic connec- 
tion in a complex of which it is a component. Or more 
shortly: analytic definition is explaining a complex in 
terms of its components, and synthetic definition is 
explaining components in terms of a complex. A few 
illustrations will help to make clear exactly what we 
mean by synthetic definition. Take, in arithmetic, the 
definition of ‘factor’ or ‘multiple.’ We first construct 
a certain complex, involving integers illustratively sym- 
bolised by a, 4, c;—namely, the proposition axd=c; 
this complex, dezng understood, is used to define the 
terms that require definition, and the definition assumes 
the following form: @ is said to be a factor of ¢, or 
¢ is said to be a multiple of a, when the relation ex- 
pressed in the proposition ax 6=c holds. Here we do 
not resolve the meaningsof the terms ‘factor’ or‘ multiple’ 
into their simple components of meaning, but define 
them by showing in what way they enter as components 
into the understood construct—viz. the particular equa- 
tional proposition. Again taking the algebraic definition 
of ‘logarithm’: we begin by constructing a certain 
whole—expressed for convenience in terms of general 
illustrative symbols 4, /, p,—viz. the proposition that 
‘6to the power /equals Z.’ This constructed complex— 
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the nature of which is presumed to be understood—is 
the medium in terms of which the notion of a logarithm 
will be defined as follows: ‘Z is the logarithm of Z to the 
base 6’ means what is meant by the proposition: ‘dé to 
the power 7 equals Z.. Again take the definition of 
‘sine’: here, starting with an angle 4 bounded at the 
point O by the lines OX, OR, we make the following 
construction; taking some point ? in OR, and dropping 
the perpendicular PZ upon OX, then the sine of 4 
means the ratio of 1ZP to OP. The constructed com- 
plex here, namely of a certain right-angled triangle, has 
first to be indicated and understood, and by its means 
we are enabled to define what may be called a component 
of this complex. Another example of this form of de- 
finition is afforded in any attempt to define the words 
‘substantive’ and ‘adjective.’ Here we may presuppose 
that the notion of ‘proposition’ is understood—e.g. as 
that of which ‘true’ or ‘false’ may be significantly pre- 
dicated—and further presupposing that the notion of 
characterisation is understood, the first account of sub- 
stantive and adjective will be that they are combined 
in a proposition in a mode expressible either in the 
form that ‘a certain substantive is characterised by a 
certainadjective,’ or that ‘acertain adjectivecharacterises 
a certain substantive.’ Here we give at the same time 
the definitions of substantive and of adjective by showing 
how, as components in the whole, i.e. the proposition, 
they have to be combined’. 

§ 5. The general notions of analysis and synthesis 


1 All the definitions occurring in a symbolic system, whether 
Logical or Mathematical, should in my view be synthetic (in the 
above sense) and never analytic. 
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are often explained in terms of parts and whole; but 
these latter terms should be used for a process essen- 
tially different from analysis. At least three processes 
which are commonly confused are here to be carefully 
distinguished, viz., partition, resolution, and analysis 
proper; probably other more subtle variations must 
finally be recognised. 

By partition is meant transforming what is first 
presented as a mere unit by exhibiting it in the form of 
a whole consisting of parts; it is perhaps more generally 
defined as the process of dividing a whole into its part; 
but it is of the first importance to point out that until a 
thing is presented as having parts, it cannot be said to 
be a whole. This conception of part and whole should 
be strictly limited to three types of cases: (1) to an ag- 
gregate, and toa number asthe adjective of an aggregate; 
(2) to what occupies space and to the space which it 
occupies ; (3) to what fills time and to the time filled. 
These three cases bring out the essential nature of the 
conception, viz., that the parts must.always be conceived 
as homogeneous with one another and with the whole 
which they constitute; and furtherthat a certain character 
called magnitude is predicable of any whole, the measure 
of which is equal to the sum of the magnitudes predicable 
of the parts’. 

Next, consider the term resolution. This is very 
shortly explained as the process of exhibiting a com- 
posite in terms of its components; but such a definition 
is open to the same kind of criticism as we have levelled 


1 No intensive or qualitative characteristic of an object can be 
regarded as a ‘whole’ of which a magnitude can be predicated by 
addition of the magnitudes of its ‘parts.’ 
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against the popular definition of partition, and by a 
parallel emendation we shall say that resolution means 
the exhibition of what is presented as simple in the form 
of a composite of which the components are assigned. 
An example of psychological interest is the resolution 
of a chord heard into its component notes, or again of 
a note into its component tones, where in either case 
the combination describes or accounts for the sound as 
heard. While, on Helmholtz’s theory of auditory sensa- 
tions, the physiological process here involved would be 
represented as a whole capable of partition, it remains 
none the less true that psychological apprehension pre- 
sents the sound as a composite to be resolved. 

Then thirdly, I should restrict the word analysis to 
a process which is distinctively logical, and which as- 
sumes its simplest form when we combine various 
adjectives as predicable of one and the same substantive, 
by means of the mere conjunction ‘and.’ A simple ex- 
ample will bring out the distinction between resolution 
andanalysis. We have shown what is meant by resolving 
a note into its component tones. Now the character of 
the note is described under certain aspects, such as 
pitch, intensity and timbre, and this constitutes an 
analysts of its character. These three characteristics 
are predicated of the sound, not in the sense of re- 
solving the sound into various component sounds, but 
in the sense of characterising the sound itself, whether 
it be composite or simple. Thus taking timbre for 
instance as one of the constituent characters, if a note 
contains three partial tones this would count as 3 in its 
resolution but 1 only in its analysis; if on the other 
hand the note were simple—i.e. contained only one 
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component tone—this would count as 1 in the resolution, 
while the analysis of this single note yields the same 3 
characters (pitch, timbre and intensity) as that of the 
composite note. The value of this illustration is that it 
conclusively disposes of the assumption that a plurality 
of predications characterising an object depends at all 
upon its partition or resolution; that is, upon regarding 
the object either as a whole consisting of parts or as 
a composite resolvable into components. 

So far we have considered that form of analysis 
which exhibits its object as a synthesis of constituents 
conjoined by the conjunction ‘and,’ and yielding what 
will be termed a compound. In contrast toa compound 
synthesis we must consider also what must be called a 
complex synthesis—namely one in which the material 
constituents are heterogeneous, including substantives 
of different kinds and adjectives of different order— 
monadic, diadic, triadic’-—which, gua heterogeneous, 
are united in different modes from that of simple con- 
junction. Thus the word ‘courageous’ yields the complex 
synthesis ‘not flinching from danger’; where the material 
constituents are ‘danger’ and ‘flinching from,’ of which 
the former is expressed substantivally and the latter as 
a diadic adjective. From this fairly simple example it 
will be seen that the possible forms of complexity that 
analysis may yield are inexhaustible. The discussion of 
this topic will be continued from a somewhat different 
aspect in a subsequent chapter on relations. 


? See Chapter IX. 
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ENUMERATIONS AND CLASSES 


§ 1. AN enumeration is an assignment of certain 
items ‘which may be said to be comprised in the enumera- 
tion. We attach therefore to an enumeration the con- 
ception of unity as applied to the whole along with 
plurality of the items comprised in this whole. In naming 
the items to be comprised in an enumeration as 4a, 8, ¢, 
da, e, for instance, it will generally be implied that we 
shall not repeat any item previously named; also, that 
the order of assignment is indifferent. For the purposes 
of elementary illustration, we shall consider that a// the 
items ultimately to be enumerated have a finitely as- 
signed number (say) 12: which may be named respec- 
tively a, 6,¢,d,¢,f, g, 2, k, 4, m,n. Such an enumeration 
might be called our enumerative wzzverse. Thus taking 
any assigned enumeration zxcluded in this universe, we 
may speak of the vemaznder to this enumeration—by 
which will be meant the items comprised in the universe, 
but zof comprised in the first assigned enumeration. 
The notion of vemaznder is therefore associated with 
the notion of zo¢; although the two must be strictly 
distinguished. The remainder to an assigned enumera- 
tion is the simplest function of a single enumeration 
with which we shall be concerned. We next consider 
the typical functions of two enumerations—F, F say: 
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namely ‘ £ into /,’ and ‘£ with F.’ By the former is 
meant the largest enumeration which is included both 
in & and F; by the latter, the smallest enumeration 
that includes both & and /. Thus, let Z be [a, 4, ¢, a, 
é, f| and let F be [d, e, f, g, 2]; then ‘Z into F” will be 
[a@, e, f]; and ‘Z with Ff” will be [a, 46, ¢,d,e,f,g, 4]. 
Anticipating elementary arithmetical notions, we may 
at once assert the generalisations: first, that the number 
for ‘£ into F’ cannot be greater than the number for 
£ or the number for 7; and secondly, that the number 
for ‘£ with /’ cannot be less than the number for & 
or the number for /. If 4 and / are identical, then in 
every sense of the word equals, & into F=£ with & 
=F=F, This represents one limiting case. If, on 
the other hand, some items comprised in & are com- 
prised in 7, the number for ‘/ with 7” is less than the 
sum of the numbers for £ and F respectively, and if 
there are no items comprised both in & and in F, then 
the number for ‘4 with /” will equal the sum of the 
numbers for & and F respectively, while the number 
for ‘£ into /’ is zero. In the former case F and F 
would be said to be ot exclusive, and, in the latter, ex- 
clustve of one another. For the general case: 

The number for (Z into) + the number for (Z with F) 

=the number for &+the number for /. 

For the purpose of further development, we will 
abbreviate the term remainder into A’. The syméol R’, 
i.e., remainder to, and the prepositions wth, ato may 
be called ‘operators, because each indicates a certain 
operation to be performed upon one or upon two 
enumerations by means of which another related single 
enumeration of the same order is to be constructed. 
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The relation of the given operation to the enumeration 
which is to be constructed will be called the relation of 
ytelding. Now, noting that 7 [a, 4, ¢, d, e, f] yields 
[g, 2, &, 4 m, m| and that A’ [de f, g, 2] yields [a, 4, ¢, 
k, 2, m, n|, we may illustrate the import of these 
operators in the eight following formulations where the 
symbol = stands for yzedds: 


(1) [aqdeflinto [hehe h=[d 6/1] 
(2) R’ [a, 4, ¢, d, e, f] into RF’ [d, ¢, f, g, A\=[2, 4, m, 2] 
(3) #[a,4,¢,d,e,fljinto [def 2, 24)=[¢, 4] 
(4) [a,4,¢,d,e, flinto R’[d, ef g, Al=[a, 4, ¢] 
where (1) with (2) with (3) with (4)=the enumerative universe. 
(5) & [a, 4, c, d, e, f| with R’ [d, e, f, g, hl=[a, 4, ¢, h, R, 4, m, n] 
(6) [a,4,c,d,e,f|with [d¢, fg, A)=[4, 4,6, da, 2 fg, 2] 
(7) [a, 4, c, d, e, f| with R’[d, e, f, g, Al=[a, 4, ¢, d, 6, f, 2, 2, m, n] 
(8) R’[a, 4,c,d,e,flwith [degfzg,zl=[d, 47,2, 2, 2,4 m, n] 


where (5) into (6) into (7) into (8)=the enumerative zero. 


As regards these eight formulae we observe that 
each of the pairs (1) and (5), (2) and (6), (3) and (7), 
and (4) and (8) give two enumerations related the 
one to the other as remainder. What holds in one 
illustration can be formulated in general terms. Let 
£ and F be any two enumerations, then: the operation 
‘£ into 7” yields-the-enumeration-yielded-by the opera- 
tion XR’ (RZ with &’F). Since the relation ‘remainder 
to’ as also the relation ‘ yields-what-is-yielded-by’ are re- 
versible or symmetrical, this single formula includes all 
the eight formulae which have been illustrated above. 
But, we may for the sake of emphasis, express the 
principle again in eight formulations where = will now 
stand for ‘yields-what-is-yielded-by.’ 
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(1) £ into F =the remainder to A’Z with RF 
(2) RE into RP’ F= , - » £ with F 
(JEREZ into 7 tae, - » £ with RF 
(4) Z£intoRF =, si » RE with & 
where (1) with (2) with (3) with (4)=the enumerative universe. 
(5) RE with RF= ,, “ » £ into F 
(6) 2 with 2 -—!ey. 3 ,» WE into RF 
GAZ IW HAR. 5 » RE into F 
(8) RE with F =, 3 Pad ae shal ny Paes e 


where (5) into (6) into (7) into (8) =the enumerative zero. 


From any one of the above eight formulae we can 
read off any other. Where any one mode of constructing 
an enumeration is equivalent in the above sense of = 
to a certain other mode of constructing an enumeration, 
it is obvious that the equivalence will imply equality of 
number, although the reverse does not hold: that is, 
we may have equality of number for two enumerations 
while the items comprised in them are not necessarily 
the same. 

§ 2. We have now to consider how a single enumera- 
tion may be taken as an item to be enumerated along 
with other enumerations so as to constitute an exumera- 
tion of enumerations, that is an enumeration comprising, 
as its items, units which are themselves enumerations. 
This conception of an enumeration comprising enumera- 
tions must not be confused with an enumeration zxcluding 
enumerations. Thus: if ‘/ includes Z’ then the items 
comprised in & are the same as some of the items com- 
prised in /, and here £ and / comprise the same types 
or kinds of items. But if ‘/ comprises Z,’ then the 
items comprised in / will be of a higher order or type 
than the items comprised in &. Using the term item 
(in the first instance) to stand for an entity of order 
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zero, 1.e., one which is not itself an enumeration, an 
enumeration comprising such items will be of the first | 
order, and an enumeration comprising enumerations of 
the first order will be of the second order; and so on. 
In passing from enumerations of the first order, viz., 
those which comprise mere items, to enumerations of 
the second order which comprise enumerations of items, 
we may symbolise the distinction by using square 
brackets. Thus an enumeration of the first order may 
be illustrated thus: [a, 4, ¢, d, e, f, g, h, &, 2, m, | in- 
volving one size of bracket. Now, with these same 
twelve items we may illustrate several enumerations of 
the second order which will involve ¢wo sizes of brackets 
as follows: 


[[4 4) [adefeh [44 4m), []] 


where the item-enumerations are exclusive and four in 
number. 
Again: 


[Ca b, cl, [ede f], [af & & 2], [d, m, n)] 


where the item-enumerations are not exclusive of one 
another and again are four in number. 


Or again: 
[la 4], [4% eh (AA [a 4), [e, m, 2] 


where some pairs of the item-enumerations are exclusive 
and others not, the total number being five. 

In all these illustrations, a comma is used to separate 
the items to be enumerated in constituting an enumera- 
tion, and the square brackets are used where required 
to indicate what is to be taken as an item. Similarly, 
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using the same twelve items we may illustrate an 
enumeration of the third order; which will involve three 
sizes of brackets thus: 


[[f@ 4) [adel], [6A 4) a Al], [Lem nl], 


where there are three items which are enumerations of 
the second order, of which the first two comprises as 
items two first order enumerations, while the third com- 
prises only one first order enumeration. Comparing 
our illustration of a first-order enumeration with the 
first illustration of a second-order enumeration, we must 
note that the item x which is of zero order is to be dis- 
tinguished from the item [z] which is of the first order, 
and comparing this last with our third order enumera- 
tion, we must distinguish the item [¢, #, 2] which is of 


the first order from [Le Mm, n\| which is of the second 


order. The distinction between x and [x] is, therefore, 
that the former is to count as one along with other items 
in constituting an enumeration of the #vs¢ order, while 
[~] is to count as one along with other items in consti- 
tuting an enumeration of the second order. Similarly, 


the distinction between [e, , 2] and [Le, mM, n)|, is that 


the former is to count as one along with other items 
in constituting an enumeration of the second order, while 
the latter is to count as one along with other items in 
constituting an enumeration of the ¢hzrvd order. On 
precisely similar grounds we must distinguish between, 


say, [[a, bln eed, e|| and [a 6], [¢ a, el] ; for the 


former represents an enumeration of the second order 
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comprising ¢wo items which are enumerations of the 
first order, while the latter represents an enumeration | 
of the third order comprising oe item of the second 
order. In the above treatment we have in effect defined 
the notions ‘item’ and ‘enumeration,’ not as having 
absolute significance, but as having relative significance, 
in the sense that the two notions are indicated by the re- 
lative term ‘comprising’ and its correlative ‘comprised 
in.” In other words our proper topic has been the 
development of the kind of relation expressed by the 
verb comprise. 

Further to illustrate the principle that the operators 
znto and wth yield an enumeration of the same order 
as the enumerations operated upon, we will apply these 
operators to enumerations of the second order. When 
abbreviating the expression for an enumeration by sub- 
stituting a single letter Z or F, we shall use as indices 
I, 2, 3, ... to indicate the different ovders to which any 
enumeration may belong. Thus: 


Let £* stand for [[a, 4,¢], [4,4], [ae Ae) [a b4, ‘| 
and F* stand for [[4, 4,¢], [4 %e], [se fg], [4,4 4 m)| 
then the operation ‘Z" into F” yields|[a, 4, ¢], [a,eA2]| 
and the operation ‘Z? with F”’ yields 


[[a, 8 Ise, (ed €], [a Aas [ash #2), [4, & 2m] 


Thus the operation £? into F” yields G’ and the opera- 
tion E? with F? yields 7’, where it may be seen that 
G? and H’ stand for enumerations of the second order. 
We shall also require a symbol for the result of using 
the operator zx¢o, where the enumerations are exclusive 
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of one another. According as the enumeration yielded 
in this case is of the first, second, or third order, it will 


be symbolised by [o], or fel or [te] . ae DUS: 
The operation [a, 4, ¢] into [d, e] yields [o]; and the 
operation [[a, Defi eal e a]| into [[a, Dy Clete de 1] yields 


[fo]]. Thus amongst all possible enumerations of the 
first order we must include [0]; and amongst all those 
of the second order we must include [fo] | . An enumera- 


tion characterised as being o may be called an empty 
enumeration, the symbol o having in every case the 
same meaning: the single, double, etc., bracket adds a 
further character to the character zero. The symbol o 
is obviously selected to indicate that the number of 
items in an empty enumeration is zero. As regards 
items of zero order none can be called empty; and there- 
fore none can be symbolised as o. 

§ 3. At this point we must explain more precisely 
the distinction between being comprised in and being 
included in. Thus, each of the three items a, 4, ¢ is 
comprised in the enumeration [a, 4, c], and no others. 
The relation of comprising thus always correlates an 
item or an enumeration of a certain order with an enu- 
meration of the xext higher order. On the other hand 
[a] is included in [a, 4, c], thus showing that the relation 
of inclusion is a relation between enumerations of the 
same order. 

The above account suggests the elementary problem, 
how many enumerations are included in the enumeration 
[a, 4, c] (taken to be an enumeration of the first order). 
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Since [0] being of the first order is included in every 
first order enumeration, the following first order enu- 
merations will exhaust all those that are included in 
[@, 4, c], namely: 

First, that which comprises no item: [o]: 

Secondly, those which comprise one item: 

[a] and [4]and [c]: 
Thirdly, those which comprise two items: 
[@, 6] and [a, ¢] and [4, ¢]: 

Fourthly, that which comprises three items: [a, 4, c]. 
Thus, within the enumeration [a, 4, c] the number of 
distinct enumerations included is 8; for, in selecting 
any enumeration which shall be included in [a, 4, c], 
we have, with respect to each of these three items, 
the zwo alternatives of admitting or omitting it. Hence 
the number of our choices is 2x2x2. Similarly in any 
enumeration comprising (say) ~ items, 2” enumera- 
tions will be included. Thus, we may write down an 
enumeration of the second order which shall comprise 
all the enumerations of the first order included in [a, 4, c]. 


Thus: {fo} [a], [4], [e], {@, 4], La, ¢], [4 €], La, 2, cl]. In 


general terms then: The enumeration of the second 
order, that shall comprise as its items all the enu- 
merations of the first order included in a gzven enu- 
meration of the first order comprising items, will 
comprise 2” items of the first order. 

§ 4. Having treated of enumerations we may now 
consider the relation between an enumeration and a 
class. Whether a class may or may not be considered 
as an enumeration of a special kind, it will be agreed 
that there is involved in the notion of a class an element 
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entirely absent from that of a mere enumeration. In 
the language of Mill, the denotation of a class may be 
said to be determined by connotation; i.e. by a certain 
conjunction of adjectives. But here it is of the utmost 
importance to note that, on the one hand, the substan- 
tival items constituting the denotation are united merely 
by the exumerative ‘and’; but, on the other hand, the 
adjectival items constituting the connotation are united 
by the conjunctional ‘and’. In fact, what is common to 
every logician’s employment of the term céass is that 
its limits are determined—not merely, if at all, by a 
mere enumeration of items—but essentially by the 
character or conjunction of characters that can be truly 
predicated of this and of that item that isto be comprised. 
The distinction between an enumeration and a class is 
closely connected with that between an extensional and 
an intensional point of view, so that logicians have con- 
trasted the extension of a class with its intension or the 
intensional conception of a class with its extensional 
conception. Phrases of this kind have in fact been in- 
troduced in various parts of this work; but a more 
direct way of attacking our problem would be to speak 
—not of the extension and the intension of a class— 
but of the extension of an intension and of the intension 
of an extension, where the preposition of requires to be 
logically defined. More explicitly I propose to speak 
of an intension as determining a certain extension, or 
conversely of an extension as being determined by a 
certain intension. Thus the relation determining and 
its correlative determined-by will indicate the required 
connection and distinction. We shall not generally 


1 See Chapter ITI. 
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speak of an extension determining an intension or of an 
intension being determined-by an extension, but the 
relation of determining will be always from the intension 
to the extension. In short, it is this direction of deter- 
mination which justifies Mill’s use of the term con- 
notat~on, and when we are conceiving the converse 
case of an extension determining an intension, then we 
may adopt for the intension in this case the convenient 
term comprehension as introduced by Dr Keynes. The 
word determining as used above is of course elliptical. 
In speaking of a given intension or conjunction of 
adjectives as determining an extension, what of course 
is always understood is that this or that item is or is 
not to be comprised in the extension according as it is 
or is not characterised by the given conjunction of 
adjectives. Now it will be found that the larger and 
more familiar part of logical theory is actually concerned 
—not with the notion of extension—but solely with 
that of intension, and that it is only when arithmetical 
predicates come into consideration that the notion of 
extension seems to be required. Thus, taking the pro- 
position: ‘Everything having the character m has the 
character ~, we may, for any English letter standing 
illustratively foran adjective, introduce the corresponding 
Greek letter in a purely symbolic sense to stand for the 
class determined by that adjective. Thus the above 
distributively expressed proposition may be rendered: 
‘the class p is included in the class 7.’ Again, if we 
conjoin with the above proposition: ‘Everything having 
the character f has the character ™,’ we reach the form 
of proposition: ‘The class coincides with the class 
a. Now the relation cozucides is analogous to the relation 
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of co-implication, in that both are transitive, symmetrical 
and reflexive; i.e., they have the properties of equi- 
valence or identity. In this way we may speak of the 
identity of a class determined by one adjective with 
that determined by another (merely as expressing a 
symbolic or abbreviated formula) without implying that 
there is any real entity to be called an extension or a 
class to which the strict relation of identity could be 
applied. All this is assumed in the next chapter, where 
we shall represent the force of propositions by means 
of closed figures. In spite then of the prominent em- 
ployment of the word céass both in the treatment of 
propositions and still more in that of the principles of 
syllogism, it may be maintained that there is no real 
reference in thought to the class as an extension, but 
only a figurative or metaphorical application of the 
word which serves tobring out certain analogies between 
such notions as inclusion, exclusion, and exhaustion 
which apply primarily to parts and wholes and are 
transferred as relations between propositions and their 
constituent elements. Some logicians have even gone 
so far as to say that the spatial relations amongst plane 
closed figures represent the actual mode of thought by 
means of which we are able to comprehend logical 
relations. I, however, reject this extreme point of view, 
but suggest that the mere fact that we are able to 
represent logical relations by analogy with relations 
amongst spatial figures almost justifies our maintaining 
that the idea of an extension determined by an intension 
is a logically valid concept. The full significance of 
such a scheme as Euler’s diagrams for representing 
class-relationships has, in my view, been inadequately 
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recognised. It should be pointed out that the boundary 
line of a closed figure may be taken as the proper ana- 
logue of theintension, while the area within that boundary 
is the proper analogue of the extension. This suggestion 
brings out the following analogies: firstly, that it is 
intension which determines extension in the same way 
as a boundary line determines the enclosed area and 
separates this area from the remaining area outside; 
secondly, that we can apprehend in thought the full | 
determining intension in the same way as we can op- 
tically grasp the single boundary in its entirety; and 
thirdly, that in general we cannot in thought enumerate 
all the items which are to be comprised in the extension, 
just as we cannot exhaustively present to the eye the 
several and innumerable points within the givenenclosed 
area. On the other hand, though the several points 
cannot be exhaustively presented to the eye and yet 
the area presents itself ocularly as a unitary whole, 
similarly it would seem that though we cannot ex- 
haustively enumerate in thought the members of a class 
yet we can conceive the class or rather the extension 
as a unitary whole. Again we may make within the 
area actual dots of a finite number which thus constitute 
a literal (though of course not exhaustive) enumeration, 
and thus the force of the diagram, as providing analogues 
to logical relations, is still further brought out, in that 
we may think one by one of the objects which we have 
selected—not arbitrarily—but on the ground that each 
of them is actually characterised by the adjectives which 
determine the class. Whether this analogy between a 
psychical image or perception of an area and the logical 
conception of a class, justifies our regarding the latter as 
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a genuine concept, is a debatable psychological problem. 
Dismissing this problem we must return to the strictly 
logical question whether a class is a genuine entity. 

§ 5. If we provisionally allow a class comprised of 
individual existents to be an existent, then as an existent 
it is of a different order from any individual comprised 
init. Similarly a class comprising adjectives—if it is to 
be called an adjective—must be an adjective of a 
different order from any adjective comprised in it. 
Similarly for a class of propositions. Therefore the 
question whether a class is a genuine entity admits at 
any rate that it is not of the same order of being as any 
item which it comprises. Whether this or that is a 
genuine entity can only be answered when we have 
provided a test of genuineness. The only general test 
which I can conceive of is as to whether the entity 
intended to be meant (in using such a word as cass) 
can serve as subject of which some predicate can be 
truly asserted’. Thus, as an illustration of the general 
question, we may ask whether a proposition is a genuine 
entity, and taking the proposition matter exzsts, the reply 
would be in the affirmative, inasmuch as we can make the 
assertion ‘that matter exists was rejected by Berkeley.’ 

Similarly with regard to the genuineness of a ‘class’ 
which is the topic under consideration. Taking for 
example the class apostles, we may assert ‘that this class 
numbers twelve.’ Inasmuch as this statement will be 
admitted to be true, the only relevant question that 
could arise would be as to whether the number ¢welve 
is predicated—wof of the kind of entity called a class— 
but rather of its determining adjective. To this it may 

Cf. the treatment of ‘Sis’ in Chapter V. 
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be replied that since different intensions may determine 
the same class, the number predicated cannot be said 
to be predicated of one of these determining intensions 
rather than of any other. In other words, we may say 
that the adjective ¢we/ve is of such a kind that, taking 
any two co-implicative determining intensions, if it can 
be truly predicated of one it can be also truly predicated 
of the other. Since then it is indifferent of which of 
these several co-implicatives the adjective ¢welve is to 
be predicated, it seems to follow that it is not predicated 
of any of them whatever. Let us take fg and ¢ to stand 
for two co-implicative intensions. This means more 
precisely that, if anything is characterised as being Z, 
it will be characterised also as being g; and conversely, 
if anything is characterised as being g, it will be also 
characterised as being g. It is then clear that the relation 
called co-implication is both symmetrical and transitive. 
Let us then assume the question at issue, namely that 
there is such an entity as aclass. Then our conception 
of a class involves the universal statement that any 
given intension determines one and only one class. In 
this way the relation of co-implication subsisting between 
p and g, may be resolved into the statement that p de- 
termines a certain unique entity which is the same as 
that which is determined by g: that entity being what 
we have taken to be aclass. Here the relation decer- 
mining, which relates an intension to its extension, 1s 
what is called a many-one relation, because there may 
be many different intensions which determine .a single 
extension. Similarly, the relation determined-by, which 
relates an extension to its intension, is what is called a 
one-many relation, because there is only one extension 
which is determined by many different intensions. 
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§ 6. We may generalise the above by taking, as a 
typical illustration, the relation of a man to the country 
which he inhabits. Since there is only one country which 
a man inhabits the relation zzhadzts is many-one, and 
its converse zxzhabtted-by is one-many. Now let us 
combine these two correlatives in the following form: ‘4 
inhabits ze country that is inhabited by B.’ The relation 
thus constructed of A to B (which may be called the rela- 
tion compatriot-of) is obviously symmetrical and tran- 
sitive. It is symmetrical because thereis only one country 
which 4 can inhabit and one country only which B can 
inhabit, so that to say that A and B inhabit the same 
country exhibits a symmetrical relation, since the terms 
A and B may be interchanged. Again, the relation is 
transitive since if 4 and # inhabit the same country, 
and & and C also inhabit the same country, it follows, 
since no one inhabits more than one country, that 4 
and C inhabit the same country. The zdexdzty of the 
country inhabited by this, that and another man is a 
symmetrical and transitive relation, and it is upon these 
properties of identity that the symmetry and transitive- 
ness of the relation compatriot-of depends. In fact, to 
speak of ¢he country inhabited by A would not be a 
legitimate expression unless there was one and only one 
country which a man could be said to inhabit. Thus 
it will be seen that, when we combine in this sort of 
way any many-one relation with its correlative (which 
is necessarily one-many), then we have constructed a 
relation which has the two properties transitive and 
symmetrical. But the reverse of this does not obviously 
hold—that is, given a transitive and symmetrical relation 
it does not obviously follow that this relation can be 
resolved into a combination of a certain many-one 
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relation with its correlative. If, however, this converse 
proposition may be taken as axiomatic, it would follow, 
from the two properties—symmetrical and transitive— 
which hold of co-implication between two intensions p 
and g, that there is a certain thing which Z determines 
and which is determined by g. To this kind of entity 
we apply the name céass. It is therefore only by 
assuming the theorem that any given relation that is 
symmetrical and transitive can be resolved as above in 
terms of a many-one relation and its converse that we 
can prove that the notion of a class represents a genuine 
entity. But, in making use of the analogy between 
(a) ‘the country inhabited by any of the men that are 
compatriots of one another’ and (0) ‘the class determined 
by any of the intensions that are co-implicants of one 
another,’ it must be further pointed out that, just as the 
‘country’ under consideration is not the same as the 
compatriots taken in their totality, so the ‘class’ under 
consideration is not the same as the co-implicants taken 
in their totality. Since, then, the ‘compatriots’ or the 
‘co-implicants’ taken in their totality would constitute a 
class, the attempt to prove the above theorem would 
entail a petztzo principiz, when applied to the question 
of the genuineness of the notion ‘class.’ Merely from 
the symmetry and transitiveness of the relation (§) 
compatriot, we cannot prove that there is a certain 
many-one relation (#) inhabit, or (an entity x) viz. a 
certain country dzstznct from the class of compatriots all 
of whom inhabit (7) that country (x). Our certainty that 
‘when a is § to 6, then a is ? tox and x is # to 6 for some 
x’ is due to the fact that, in order to construct any S$, we 
must first have been given #. 
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CHAPTER IX 


THE GENERAL PROPOSITION AND ITS 
IMMEDIATE IMPLICATIONS? 


§1. We may define a general proposition as one in 
which the subject is constructed by prefixing an appli- 
cative to a general name. According to this definition, 
the only kind of proposition which is not general would 
be that in which the subject is expressed by a proper 
name; and the general proposition would include two 
forms of singular proposition: namely, where the general 
subject-term is prefixed by ‘a certain’ or by ‘the.’ 

We must first point out that there are what may be 
called Aure general propositions, where the general term 
is represented by the word ‘thing’ in its absolute univer- 
sality: for example ‘Everything is finite,’ ‘some things 
are extended.’ In these propositions the subject-term has 
merely substantival without any adjectival significance. 
But ordinary propositions in every-day use apply to 
subjects adjectivally restricted; in other words, there is 
an adjectival significance in the subject-term as well as 
in the predicate term. 

§ 2. Using the capital letters P and Q for general 
or class terms and the corresponding small letters Zand g 
to represent their adjectival significance, then the correct 


' This Chapter should be read in close connection with Chapter ITI. 
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expression for the affirmatives, universal and particular, 
would be: 
Every P is g, 
Some FP is g, 
which brings out the substantival significance in the 
subject-term and the adjectival significance of the predi- 
cate term. Now these forms are at once seen to be 
equivalent respectively to 
A. Everything that is Z is g, 
f. Something that is Z is g’, 
where the adjective # occurs as predicate in the sub- 
ordinate clause, and the introduction of the word ‘thing’ 
indicates an ultimate reference to the absolutely general 
substantive. The xegatzve general categoricals may first 
be expressed in the forms: 


Everything that is Z is-not g, 
Something that is Z is-not g, 


where, in attaching the negative to the copula, it is to 
be understood that the adjective g is denzed, in the first 
case, of everything that is 4; and, in the second case, 
of something that is Z. But these negatives are ex- 
pressed less ambiguously as the contradictories of 7 and 
A respectively, thus: 


£. Nothing that is / is g, 
O. Not-everything that is / is g, 


1 The subject-terms in these two readings are often contrasted as 
being the one in denotation and the other in connotation. This 
disregards the fact that the meaning of the term / contains a con- 
notative as well as a denotative factor, while the phrase ‘thing that 
is f’ contains a denotative as well as a connotative factor. Hence 
the two readings are not properly to be contrasted. 
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where the negative is prefixed to the propositions as a 
whole, and must not be falsely supposed to qualify the 
subject-term. 

By expressing the propositions 4, /, Z, O, in the 
above forms the true logical nature both of obversion 
and of conversion can be explained. Thus the negative 
that is introduced or omitted by the process of obversion, 
is to be attached to the adjectival factor alone in the 
predicate; and hence the four propositions: 


A te ENety. 
LaeNo 

Jo jRSome 

O. Not-every 


-thing that is J is g 


become (respectively) by obversion 


LNG 

A,. Every 
O,. Not-every 
I,. Some 


where £,;, A;, O;, 7;, are of the forms FE, A, O, J, 
but having in each case non-g for predicate in place 
of g. Here the suffix 4 indicates that the proposition 
is obtained by obversion. Applying again the process 
of obversion to &;, A;, O;, 7,, we obtain 


-thing that is J is non-g 


Ay. Every 
Len : ey een) 
po Riki -thing that is J is non-non-g. 


O,,. Not-every 


Now, by the principle of double negation, non-non-g 
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is equivalent to g. Hence A,;,, Fy, Zs, On, are re- 
spectively equivalent to 4, £, 7, O—showing that the 
propositions obtained by obversion are equipollent, i.e. 
formally coimplicant. 

The process of simple conversion may be exhibited 
by interpolating intermediate steps, where first the ad- 
jectival factor in the subject is removed to the predi- 
cate; then, by the commutative law for conjunctives, 
the adjectives are transposed; and finally, the first ad- 
jectival factor in the predicate is removed back to the 
subject: 

£. Nothing that is Z is g 

= Nothing is Z and ¢ 
= Nothing is g and p 
= Nothing that is ¢ is p. 
f. Something that is J is g 
= Something is p and g 
= Something is g and p 
= Something that is ¢ is Z. 

The forms A and O, not being directly convertible, 
must first be obverted and then converted, giving the 
contrapositive, i.e. the converted obverse, thus: 

A. Everything that is / is g 

= Nothing that is J is non-g 
= Nothing that is non-g is Z. 
O. Not everything that is p is 7 
= Something that is Z is non-g 
= Something that is non-g¢ is f. 

We have so far taken £, ‘No FP is q’ to be equiva- 
lent to ‘Nothing is fg’; and J, ‘Some FP is g’ to be 
equivalent to ‘Something is fg.’ In other words we 
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have reformulated the Z and J propositions, in which 
the subject-term is restricted by the adjective , by using 
as subject-term the unrestricted reference expressed by 
the word ‘thing.’ In the same way, 4, ‘Every P is g’ 
and O, ‘Not-every P is g’ may be reformulated thus: 
A, ‘Everything is # or g’; and O, ‘Not-everything is 
p or q’; since ‘f or g’ is equivalent to ‘g iff.’ In these 
reformulations, the form of the proposition as universal 
or particular and as negative or affirmative is unaltered: 
the #-proposition is expressed as an £-proposition, the 
Zasan/J/, the 4 as an A, the Oasan O. We have, in 
short, merely reduced all the propositions to the same 
common denominator (so to speak) by using the nar- 
rowest reference for our subject-term which will be suf- 
ficiently wide to include all the subject-terms that may 
occur in any given connected system of statements. 
This kind of transformation has been called ‘existential,’ 
but since the term ‘existential’ has been so persistently 
misunderstood, it will be preferable to speak of ‘instan- 
tial’ instead of ‘existential’ formulation. In this mode 
of formulation, a further question arises, namely that of 
enterpretation: in particular, as to whether the propo- 
sition—given to be reformulated—is to be understood 
to include (implicitly or explicitly) the statement that 
there are instances characterised by 4, where / is the 
adjective connoted by the subject-term: i.e. to include 
the affirmative statement ‘Something is Z. Here it is 
to be observed that the instantial statement ‘Some- 
thing is f’ is implicitly contained in ‘Something is Zg,’ 
but zo¢ in ‘Nothing is fg.’ 

§3. Wewilldistinguish the proposition which contazns 
the instantial affirmation of its subject-adjective from 
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the (otherwise) same proposition which does zo¢ contain 
this affirmation by using the suffix / for the former, and 
m for the latter. In order to change (say) 7, into Zj, 
where 7 stands for any proposition having an adjectival 
factor (say #) in its subject-term, we must add to T,, 
the statement ‘Something is 7,’ i.e. we must conjunc- 
tively combine with 7, the instantial affirmation. And, 
in order to change (say) 7; into 7,, we must subtract 
from T,the statement ‘Something is Z,’ i.e. we must a/- 
ternatiely combine with 7;the instantial denza/. Thus: 
given 7,,, Z;will be expressed ‘ 7;, and Something is J’; 
given 7;, 7, will be expressed ‘ 7; or Nothing is Z.’ 


Applying these expressions to theforms Z,, ,, A,,, O; 
we have: 
£,, means ‘Nothing is fg.’ 


fy 5, ‘Something is fg.’ 

Axi; SNothingus Z92 

O, 4, ‘Something is £9.’ 
E;, means ‘Nothing is g and Something is 2.’ 
I, 5, ‘Something is fg or Nothing is 7.’ 
A, ,, ‘Nothing is 7 and Something is Z.’ 
On 5, ‘Something is £7 or Nothing is f’ 


From the meanings of the symbols, as thus shown, 
the following rules will be evident: 

(a) for obtaining the co-opponent: interchange / 
with z and A with O; or f with x and £ with J (with- 
out any other change); 

(6) for obtaining a sub-implicant; change either / 
into 2, or A into /, or & into O (without any other 
change). 

Since super-implication is the reverse of sub-impli- 
cation, rule (6) reversed shows how to obtain a super- 
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implicant. Moreover, since a sub-opponent is a sub-im- 
plicant of the co-opponent and a super-opponent is a 
super-implicant of the co-opponent, rules (@) and (4) 
combined show how to obtain a-sub-opponent or super- 
opponent. Lastly, since a sub-implicant of a sub-im- 
plicant is a sub-implicant, and a super-implicant of a 
super-implicant is a super-implicant, all the several sub- 
implicants, super-implicants, sub-opponents or super- 
opponents can be found. In the following mnemonic 
diagram, an arrow is used to point from a super-impli- 
cant to a sub-implicant, and co-opponents are placed 
diagonally opposite. The diagram is required in place 
of the ordinary square of implication and opposition, 
because of the distinction introduced between two pos- 
sible interpretations of 4, £, /, or O. 


A; E; 


1, 


Here, 


£,, E,, O; are super-implicants of O,, and are .*. super-opponents of 4,, 
Ay, An, J; are super-implicants of /,, and are .*. super-opponents of E,, 
Ln; 17, A, are sub-implicants of A,, and are.*. sub-opponents of O,, 
O,, Of, E, are sub-implicants of Z,, and are.*. sub-opponents of J,. 
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But, taking the laterally outstanding rectangle 4,, Z,, 
O,, Z,, it must be observed that zo relation of implica- 
tion or opposition holds of 4, to £,,of £, to O,, of 
O, to /,, or of Z,, to A,; i.e. the sides of this rectangle 
exhibit the relation of zxdependence. 

The general nature of these results is that where 
any proposition is interpreted as having less determin- 
ate significance, it will be a super-implicant or super- 
opponent of fewer propositions and a sub-implicant 
or sub-opponent of a larger number. Thus 4, is su- 
per-implicant to 4, and /, and /,, but A, is super- 
implicant only to /,; and A, is super-opponent to Z, 
and £, and O,, but 4, (being sub-opponent to O,) is 
super-opponent to none of the propositions in the octa- 
gon. Conversely where any proposition is interpreted 
as having more determinate significance, it will be 
sub-implicant or sub-opponent to fewer propositions 
and super-implicant or super-opponent to a larger 
number. 

Similar modifications of the traditional scheme are 
required for inferences involving conversion. It will be 
found that equipollent conversion holds for £, and /, 
but not for £, and /,; and that sub-altern conversion 
holds in passing to 7 from A, but not from 4,; and in 
passing from £ to O, but not to O,. 

Since each of the propositions A, £, /, O can be 
interpreted in two ways, there are several possible 
schemes of interpretation of the four together, in accord- 
ance with which a square can be extracted from the 
above octagon. Of these combinations, the following 
are the most reasonable. 
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Here the universals are interpreted as containing 
no instantial affirmation, while the par- 
ticulars implicitly contain instantial 
affirmation of the subject-term. This 
is the simplest interpretation, since 
each proposition is expressed as uz- 
compounded, the universals being 
1, independent 0, | merely instantial denials, and the par- 
ticulars, merely instantial affirmations. 
A, contrary —=E, (2) Ay Eyl jOM 
Here all the four propositions are 
interpreted as containing instantial 
affirmation of the subject-term; so 
that the wxzversals have to be ex- 
|, inkpentesr 0, | Pressed in a compound form. 


A, independent E, (3) wal Oe 

Here all the four propositions are 
interpreted as containing no instantial 
affirmation, so that the partzculars 
have to be expressed in a compound 
oUt fon. 

(4) 4,£,1,0,,. 

This is the reverse of the first 
interpretation, each proposition being 
expressed as a compound: the uni- 
versals containing instantial affirma- 
tion of the subject-term, and the 
I, sub-contrary 0, particulars containing no _ instantial 

affirmation. 


(5) 4,4,1,0,. 

Here the affirmatives contain in- 
stantial affirmation of the subject- 
term, and the negatives contain no 
instantial affirmation. 


A, independent E, 


independent 








wleie-redns 





Ay contrary E, 


usoye -Jodns 





A, contrary Es 


ulaiye -lodns 





nw. 
I, sub- contrary O,, 
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§4. These five selected schemes must be compared 
with the traditional doctrine on the relationsof 4, Z, /, O. 
Special explanation is required to justify the application 
of the terms contrary, contradictory, etc., in the tradi- 
tional scheme, where all the four general propositions 
are to be understood to assume that there are instances 
of the subject-term. This interpretation differs from 
interpretation (2) given above, where each proposition 
is interpreted as containing this affirmation; for, in case 
there were no instances of the subject-term, either of 
the four forms of proposition would, on the traditional 
scheme be meaningless, whereas ‘on interpretation (2) 
they would be false. Thus /, and O, would both be 
false, i.e. A, and £, would both be true, supposing 
there to be no instances of the subject-term; whereas 
the traditional scheme, precluding this possibility from 
the outset, asserts that 7 and O cannot both be false, 
i.e. that 4 and & cannot both be true. This presuppo- 
sition of traditional logic is concealed from the ordinary 
reader by the universal employment of Euler’s diagrams, 
in which the subject-class is indicated by an actual 
circle, so that the limiting case, where the class vanishes, 
is never represented. Furthermore, the conversions 
authorised on the traditional scheme derive their validity 
from the assumption that there are instances not only 
of Z, but also of g and of non-f and of non-g, where p 
and g are the adjectival factors in the subject and predi- 
cate terms. These assumptions again are tacitly involved 
in Euler’s diagrams, where the circles for P and Q are 
not allowed to vanish or to exhaust the universe. 

§ 5. In what follows we shall adopt the traditional 
view that there are instances of #, of non-/, of g, and of 


140 CHAPTER IX 


non-g; and on this assumption we proceed to consider 
all the formal relations amongst the propositions in- 
volving # or non-g with g or non-g. The symbols 
A’, E’, I’, O' will stand respectively for the propositions 
A, £, I, O when modified by negating both the subject 
and the predicate adjective. Thus, using the following 
abbreviative substitutions, viz., ‘All’ for ‘every,’ ‘A’ for 
‘thing that is Z,’ and ‘Z’ for non-g, we have 


A= All pisg A’= All pisg 
E= No Pisg E’'= No pisg 
7 = Some fis g I’ = Some #is 7 
O=Not all Z is g O' =Not all f is 7 


giving a list of eight advzstenct (i.e. non-equipollent) 
general categoricals, as an extension of the usual four. 
Adding to this list the propositions whose subject and 
predicate terms are f-7, p-9, 9-2, 9-6, 9-2, 9D we obtain 
in all 32 categoricals; of non-equipollents, however, 
there are only 32+ 4, since by means of obversion and 
simple conversion, each proposition may be expressed 
in four eguzpollent forms. This is shown in 


TABLE I 


By Obversion By Conversion By Obversion 
(i) <= (ii) <> (iii) <> (iv) 
A All pisg= No fisg= No GZisp= All GJispf 
A’ All fisJ= No pisg= No gisf= All gqisp 
E All pisg= No fisg= No gisp= All gisp 
E’ All pisg= No pisg= No GZisp= All Jispf 


O Not all J is g=Some is 7=Some 7 is J=Not all J is p 
O' Not all Z is 7=Some # is g=Some g is =Not all g is p 
I Not all is 7=Some g is g=Some g is = Not all g is f 
I’ Not all Z is g=Some Z is 7=Some 7 is J=Not all 7 is p 
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In this table column (i) gives propositions of the 
form A or O (which admit of simple contraposition); 
the second column is derived by obversion, giving pro- 
positions of the form £ or / (which admit of simple 
conversion) ; the third is next derived by (simple) con- 
version, giving again propositions of the form & or J; 
and the fourth is derived again by obversion, giving 
propositions of the form 4 or O. The processes of 
obversion and simple conversion being reciprocal, give 
equipollents, i.e. formal co-implicants. The relation of 
contradiction (i.e. formal co-opposition) is seen in the 
first instance from the predesignations ‘All’ versus ‘Not 
all’ and ‘Some’ versus ‘No,’ and, on account of the 
equipollences tabulated, each of the four universal pro- 
positions in any the same row is related as contradictory 
to each of those in the ordinally corresponding row of 
particulars: i.e. 4 to O, A’ to O17, Eto Tl, E’ tol. 

















TABLE II 

A E Li O 
Verse vf All \ pisg uv isg| Some fisg | Notalldis¢g 
Obverse... bri No fisg| All fisgJ| Notallfisg | Some Jisg 
Contrapositive .. . gisf | Som aS isp Some 7isp 
Obverted Contrapositive ‘al ah All ' Zisp | Not Ao Ugisp Notall Zisp 
Inverse ... Some is7 | Notall pis 7 ie? 
Obverted Inverse Sa otall Z is g idah pisg 
Obverted Converse Not at gisf| All ' gisp | Notallgisp 
Converse mat Some gisp am gisp| Some gisp 
Verses 5... : cell yi isg| No aly isg| Some fisg Notall f is q 


Table II gives all the implications amongst the 
given propositions that can be drawn by alternate ob- 
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version and conversion, beginning first with obversion, 
and next with conversion. The arrows in the table 
show the direction of the inference, and where there is 
no arrow there is no inference. This table includes the 
equipollents of Table I ; and contains also the sub-altern 
conversions which are required for the form 4. When 
a proposition of the form O is to be converted the 
process must stop. The same table could be written out 
for A’, Z’,/', O’. Having in this way given exhaustively 
the relations of equipollence, contradiction, sub- and 
super-implication and opposition, it remains to deal 
with the relation of zxdependence. This will hold between 
the following pairs: 4 and A’, EF and £’, A and O, 
A’ and O, Zand /’, Z’ and J, for which we shall use 
the technical terms complementary for independence 
between universals, sub-complementary for independ- 
ence between particulars, and contra-complementary for 
independence between a universal and a particular. 

All these results are expressed in the following 
octagon of implication and opposition. 
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§ 6. The above account of the processes of sub-alter- 
nation, obversion and conversion of general categorical 
propositions is based upon the logical relations amongst 
compound propositions explained in Chapter III, by 
applying these latter without modification in the form 
of logical relations amongst adjectives. Now this corre- 
spondence may be further developed by bringing out 
the analogies between the universal and particular forms 
of categorical proposition on the one hand, and what 
was called in Part I Chapter III the necessary and pos- 
sible forms of the ébmpound proposition on the other 
hand. Thus, the form ‘Z implies g,’ where the relation 
asserted of the two component propositions is irrespec- 
tive of their truth or falsity, is naturally contradicted in 
the form ‘Z does not imply g,’ where again the relation 
is asserted irrespectively of the truth or falsity of these 
components. Analogously, taking Z and g to be adjec- 
tives (instead of propositions) the categorical ‘Every- 
thing that is Z is g, where a relation of ~ to g is 
asserted irrespectively of any gzvex thing being / or g, is 
naturally contradicted in the form ‘Not everything that 
is # is g, where again a relation is asserted of p tog 
irrespectively of any gzven thing being or g. Express- 
ing the compound propositions in terms of possible or 
impossible, the proposition ‘p with not-g is impossible,’ 
contradicts ‘f with not-g is possible,’ these compounds 
being respectively analogous to the universal ‘ Nothing 
that is A isnon-g’ and the particular ‘Something that is 
pis non-g. Thus there is a literal equivalence in the 
relations subsisting amongst the ‘necessary composites’ 
and ‘possible conjunctives’ on the one hand, and those 
subsisting amongst the ‘universal’ and ‘particular’ cate- 
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goricals on the other hand. Some logicians indeed have 
demanded that Logic should zxterpre¢ the universal and 
particular categoricals to stand respectively for neces- 
sary implication and possible conjunction; this view, 
however cannot be accepted. The analogy that properly 
holds demands equivalence—not in the forms of pro- 
position themselves—but in the logical relations amongst 
them. The basis for these analogies is shown in the 
following fundamental forms, where g and ¢ are to stand 
for adjectives: 


General Adjectivally 
Categorical Form Compound Form 
A. Every / is g = p implies g 
A’. Every gis p = % isimplied by g¢ 
EE. Nopisg = £ isco-disjunctto g 
£&’. Everything is Zorg = # isco-alternateto ¢g 
O. Not every 2 is g = p doesnotimply g¢ 
O'. Not every g is p = £ isnotimplied by ¢g 
I. Some fis g = fis not co-disjunct to g 


I’. Noteverything is for g = # is not co-alternate tog 


The four relations and their contradictories here 
exhibited lead by combination to seven possible rela- 
tions corresponding exactly to those shown in Part I 


Chapter III. Thus: 


Aand J’. Every 7 is g and Every g isp =~ isco-implicant to g 
Aand O’. Every 7 is g and Noteverygisf = fissuper-implicant tog 
A’and O. Every gis ~ and Notevery fisg = fis sub-implicant to g 
O and O' and /and J’. = p is independent of ¢g 


EF’ and /. Everything is d or g and Some 7 is g = # is sub-opponent to g 
Eand/'. Nof/is g and Not everything is J or g = fis super-opponent tog 
EandZ£’. No/ is g and Everything is org = isco-opponent to g 


Thus the same seven relations in which propositions 
may stand to one another hold of the relations in which 
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adjectives may stand when entering into the subject 
and predicate of universal and particular propositions. © 

If ~ is formally independent of g, then all the rela- 
tions tabulated above are material, but if # is formally 
related to g, then it must be related in one or other of the 
six ways, which remain when the relation of independ- 
ence is excluded. For example, taking the five adjec- 
tives useful, harmful, useless, harmless, and expedient, 
which are formally related, and adding pleasant which 
is formally unrelated, we find that: 


(i) expedient is equipollent to useful, 
(ii) useful is super-altern to harmless, 
(iii) useless is sub-altern to harmful, 
(iv) [useful is independent of pleasant], 
(v) useless is sub-contrary to harmless, 
(vi) useful is contrary to harmful, 

(vii) useful is contradictory to useless. 


The same relations hold for the five numerical adjec- 
tives—greater than 7, less than 4, less than 8, less than 
3, not less than 8, to which we may add ‘even’ in place 
of ‘pleasant.’ Thus: 
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§7. Yet another way of representing the categorical 
proposition is in terms—not of the adjectives p and g— 
but of the substantive classes P and Q which these 
adjectives determine. Any class must be conceived in 
extension as a part of the universe of substantives, where 
the universe is sufficiently widely extended to include 
all the classes which occur in any set of interconnected 
propositions. The absolutely widest substantive uni- 
verse is that which we have represented by the word 
‘thing’; and corresponding to any more restricted uni- 
verse, the same word ‘thing’ can be used with a corre- 
spondingly understood restriction. 

The following three technical terms may now be 
introduced: (a) the part of the universe which remains 
when any given class is subtracted will be denominated 
the remainder (or co-remainder) to the class; (4) the 
smallest class that zzc/udes both of two given classes 
P and Q will be denominated ‘P with Q’; and (c) the 
largest class that zs excluded zn both of two given classes 
P and Q will be denominated ‘P into Q*.’ With the 
help of these three class functions, the following funda- 
mental relations between the class functions and the 
adjectival functions which determine them may be 
expressed : 

(1) The class determined by the negative not-p=the 
remainder class to P. 

(2) The class determined by the adjectival alternation 
‘org =the class “/ with OF 

(3) The class determined by the adjectival conjunction 

‘p and g’ =the class ‘P into Q.’ 

These two functions of P and Q have many of the properties of 

the arithmetical L.c.M. and H.c.F. See also Chapter VIII. 


~ 
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Thus the notions ‘not,’ ‘or,’ ‘and’ which must be ap- 
plied to predications (and here to adjectives) correspond 
respectively to the notions ‘remainder,’ ‘with,’ ‘into,’ 
which apply to substantive classes. Traditional logic 
has encouraged confusion between these two types of 
notion by employing the terms which are only proper 
for adjectival functions, for class functions also. This 
usage, while it has the advantage of brevity and facili- 
tates the logical transformations that the learner has to 
carry out, suffers from the serious objection of leading 
to confusion between the two types of function. Thus 
the notion of the remainder as a relation between classes 
is founded upon that of non-identity as a relation be- 
tween substantive individuals. For when the class X is 
said to be the remainder to the class Y, part of what 
is meant is that no individual comprised in the one class 
is identical with any individual comprised in the other. 
Now this relation of non-identity has been repeatedly 
confounded with that of negation; so much so, that an 
important school of philosophy seems to hold that 
diversity or non-identity involves Jv¢ma facze a contra- 
diction; in other words, that the togetherness of non- 
identical substantives in the universe of reality involves 
the joint affirmation and negation of one and the same 
predicate. 

The correspondences between adjectival relation- 
ships and class relationships will now be shown by 
first taking each of the four universals A, A’, Z£, £’. 
Thus: 

1 The reversed confusion is committed when adjectival predications 


are spoken of as ‘co-exclusive’ or ‘co-exhaustive’ instead of ‘co- 
disjunct’ or ‘co-alternate.’ 
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CHAPTER IX 





Adjectival 
Relations 


Distributive Relations 





Class Relations 








Direct Implicative 


Counter Implicative |Z is implied by g 


Disjunctive 


Alternative 


A. Every fisg 
A’. Every 7 isp 
E. Nopisg 


p implies 7 


p and g are co- 
disjunct 


alternate 


p and g are co-| Z’. Everything is Jorg 












P is-included-in Q 
P includes Q 


P and Q are co- 
exclusive 


P and Q are co- 
exhaustive 








Since O, O’, J, I’ respectively contradict A, A’, 
E, E', we derive the following combinatory results: 


(i) g is co-implicant 
tog 

(ii) Z is super-impli- 
cant to g 

(iil) @ is sub-impli- 
cant to g 

(iv) @ is independent 
of g 


(v) ~ is sub-oppo- 
nent to 7 


(vi) ~ is super-oppo- 
nent to g 


(vil) ~ is co-opponent 
tog 





(A and A’.) Every # is g and Every 


gisp 

(A and O’.) Every @ is g and Not 
every 7 is 2 

(A’and O.) Every g is # and Not 
every fis g 

(Oand C’) Some but not every @Z is | 

and \ g and Some but not 
Zand J’.) every non-/ is non-g 


(Z’ and /.) Everything is either # or 
g and Something is 

both # and g 

(Z and /’.) Nothing is both g and g 
and Not everything is | 

porg 

(Zand £’.) Nothing is both g and g 
and Everything is 
either Z or 9 





P is co-incident to Q 
P is sub-incident to Q 
P is super-incident to Q 


P is inter-sectant to Q 


P is super-remainder toQ 


P is sub-remainder to Q 


P is co-remainder to Q 


Here the class-relationships must be compared and 


contrasted with the adjective-relationships. 


In parti- 


cular a ‘super’-relation for the adjectives always yields 
a ‘sub’-relation for the classes—illustrating the general 
principle that a more determinate connotation yields a 
narrower denotation, and a Zess determinaée connotation 
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yields a wider denotation. 
may be at once expressed on Euler’s scheme. Thus: . 


(i) 


p co-implicant to ¢ 


P co-incident to Q 


(11) 


psuper-implicant to ¢ 


Cd 


P sub-incident to Q 


p super-opponent to ¢ 


(iii) 


p sub-implicant to qg 


P super-incident to Q 


p sub-opponent to g 


The above seven relations 


(iv) 
p independent of g 


ey 


 co-opponent to g 
P inter-sectant to Q 


Psub-remaindertoQ § Psuper-remainder to 0 
P co-remainder to 0 - (v) 
(vil) 

These diagrams, due to Euler, illustrate the adapta- 
tion of diagrammatic representation to propositions ex- 
pressed, as above, in terms of classes. The employment 
of diagrams in Logic requires some special explanation. 
A class is represented by a closed figure, while any- 
thing that is comprised in the class may be represented 
by a point within this figure; and anything not com- 
prised in the class, by a point outside the figure. It 
is further requisite that the all-inclusive class (otherwise 
called the universe) whether restricted or unrestricted 
should be represented also by a closed figure within 
which all the specific classes adjectivally delimited should 
fall. Thus the boundary line may be taken to represent 
theadjective by whichthescope of the classis determined, 
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while the area within this boundary-line represents the 
class itself. In the figure below the class is represented 
as determined by the adjective 4; the universe is repre- 
sented by the square, and what is outside the circle 
represents the class-remainder to P, which will be sym- 
bolized as P’, the boundary of which is indicated by Z. 
For two adjectives 4 and g, we must use two areas 
having a part in common with a remainder to both. 
The thickened outline in (3) separates the class ‘P with 
Q’ from ‘P’ into Q’’; and the thickened line in (4) 
separates the class ‘P into Q’ from ‘P’ with Q’.’ The 
diagram shows to the eye the correspondences between 


(3) (4) 


the adjectival and the class functions; viz., that the class 
determined by the adjectival al/ternatzon ‘f or g’ is the 
class ‘P with Q,’ and that determined by the adjectival 
conjunction ‘p and g’ is the class ‘P into Q.’ These 
diagrams, first employed by Dr Venn, do not represent 
any proposition, but the framework into which proposi- 
tions may be fitted. Thus it is shown, for instance, that, 
using two determining adjectives—~ and g—the uni- 
verse is divided into 2x 2 classes, namely: P into Q, 
P into Q’, P’ into Q, and P” into Q’, determined respec- 
tively by the adjectival conjunctions ‘f and g,’ ‘f and 7,’ 
‘p and g,’ ‘fand 9.’ Again: taking three determining 
adjectives 2, g, 7, we must draw three closed figures 
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in such a way that every resulting sub-class shall be 
represented; namely the 2 x 2 x 2 classes 

fF into Q into &, P into Q into FR’, P’ 

into Q into &, /” into @ into R&’, P into 

Q’ into RX, P into Q’ into &’, P’ into QO’ 

into &, P’ into QO’ into A’, as determined 

by the corresponding adjectival conjunctions. 

Into these frameworks propositions are fitted in the 
following manner. Beginning witha single determining 
adjective Z, consider the four propositions: A. Every- 
thing is 4; &. Nothing is 4; 7. Something isZ; O. Not 
everything is g. These four propositions can be ex- 
pressed in terms of the classes P and P’ thus: A. P 
exhausts the universe or ?’ is empty; Z&. P is empty or 
FP’ exhausts the universe; /. P is occupied or P’ does 
not exhaust the universe; O. P does not exhaust the 
universe or ?’ is occupied. The import of each of these 
propositions may therefore be expressed by means of 
the opposite conceptions of occupzed and empty: crowded 
horizontal shading will be used to indicate empty, and 
a single straight line to indicate occupied: 


I O 





Everything is 2 Nothing is Something is Not everything is 


This shows that the universals may be expressed 
as denying and the particulars as affirming occupation. 
Taking now two adjectives / and g, we have eight dis- 
tinct propositions A, A’, Z, £’, O, O%, J, /’, where 
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again the universals deny and the particulars affirm the 
occupation of certain sub-classes. 





P is included in QO P includes P and Q are co-exclusive P om Q are co-exhaustive 


Tr _ i - 
a ee 
posed, 


A, Every pis q A, Every q is p E, Nopisg E, Everything i is 9 org 



































These are respectively contradicted by 


Gace 


O; Not all pis q Of Notall gis p Ig Something is pandg Ig uasraniee 
is pory 

In this system the strict relation of contradiction is 
indicated as of O to A, O’ to A’, J to £, 1’ to EZ’, by 
the single straight line and the shading occurring in the 
same sub-class, namely PQ’, P’Q, PQ, P’Q’. 

It must be observed that in Venn’s system (1) the 
circles are drawn in every case as overlapping one 
another without exhausting the universe, and (2) that 
the specific proposition is represented by marking some 
sub-class as occupied or as empty. 

Next let us combine the diagrams representing the 
several universals, which contain zo instantial affirma- 
tion, with the diagram representing ‘Something is /’ 
for A and £, and ‘Something is not-g’ for A’ and £’; 
or again with the diagram representing ‘Something is 9’ 
for A and £’, and ‘Something is g’ for A’ and £. 
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A Nothing is pg E. Nothing is pq A Nothing 1s 5g E’ Nothing 1s 3g 
and something is p and something is p and something is and something is p 





A Nothing is pq E Nothing is pq A’ Nothing 1s 3q 
and something is 7 and something is g and something is g 





Now since a single line means that something is 
to be found in one oy other of the two sub-classes which 
it crosses, and since the shading denies it for oxe of the 
two, it follows that something is to be found in the 
other. Thus the first four diagrams prove to the eye 
respectively that: 


From ‘Everyfisg and Something is p’wecaninfer/. ‘Some? is g’ 
From‘No fisgand Something is ’ we can infer O. ‘Some 7 is non-g’ 


From ‘Every- 


. . . . ? 
From ‘Every g is and Something 1s non-Z’ we can infer /’. ‘Some non-/ is non-g 


die is B oF i} and Something is non-g’ we can infer O’. ‘Some non-f is g’ 
And similarly for the second four, where the affirmative 
instantial involves non-g or g. 

These inferences illustrate the general principle that 
in order to infer a proposition giving instantial affirma- 
tion, we must have a premiss giving instantial affirma- 
tion. From 4, alone we cannot infer /,, but from A, 
jointly with ‘Something is p’ we can infer J,. 
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Finally let us use Venn’s diagrams to represent the 
seven relations which result from the possible com- 
binations of the eight elementary propositions 4,, 4,’, 
es Bay Lead ee ee, 


(i) 
(ii) 


(iv) 








A and A’ and J and J’ 





Aand O’ andJand/’ A’and Oand / and I’ 


(vi) 


T and J’ and O and 0 

















EandZ’andOandO’ &’ and/ and O and O’ 























E and’ and O and O’ 


In comparing this scheme with that of Euler (pre- 
viously given) two points arise. Eulerdraws these figures 
from the outset so as to represent the class-relationships 
both as regards instantial affirmations and instantial 
denials, so that the figures directly express propositiona 
information. But in Venn both these factors in the 
proposition have to be specifically marked and in order 
to represent a completely determined class-relationship 
all the four sub-classes must be marked. In spite of this 
apparent difference, an optical comparison of this last 
scheme with the Eulerian scheme on p. 149 will disclose 
their essential equivalence. The practical distinction, 
however, remains that in Euler’s scheme each uncom- 
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pounded categorical must be represented by an adter- 
native of figures, viz.: 


A by (i) or (ii); and O by (iii) or (iv) or (v) or (vi) or (vii) 
A’ by (i)or (iii); and O” by (ii) or (iv) or (v) or (vi) or (vii) 
£ by (vi) or (vii); and Z by (i) or (ii) or (iii) or (iv) or (v) 
£" by (v) or (vii); and Z’ by (i) or (ii) or (iii) or (iv) or (vi) 
and conversely, 


each diagram represents a conjunction of propositions 

(i) =A and A’, (ii)=A and O’, (iii) =A’ and O, 

(iv) =Z and 7’ and O and O’, 

(v) =£’ and /, (vi) =£ and /’, (vii)= Zand Z’. 

On the other hand Venn’s diagrams represent each of 
the uncompounded propositions by its appropriate ‘mark- 
ing’ of the proper sub-class, and are thus immediately 
adapted to the conjunction of two or more affirmatively 
or negatively instantial pieces of information. 

§ 8. All the above inferential operations are per- 
formed upon adjectival factors, these occurring always 
as predicates in a principal or subordinate clause; and, 
as is impressively brought out in the so-called ‘ exist- 
ential’ formulation of the proposition, a_ residual 
substantival factor always remains in the subject, though 
for linguistic convenience it may appear also in the 
predicate. The importance of this feature may have 
been obscured owing to the complicated detail with 
which the inferences have been treated ; and, in con- 
clusion, it is therefore to the point to emphasize the 
connection between the account of inference in this 
chapter and that of the functioning of substantive and 
adjective given in Chapter I. 
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CHAPTER Xx 


EXISTENTIAL, SUBSISTENTIAL AND NARRATIVE 
PROPOSITIONS 


§ 1. Berore directly approaching the topic to be 


dealt with in this chapter, it will be necessary to con- 
sider the general question of the classification of pro- 
positions. In previous chapters, several classifications 
of propositions under different fundamenta divzstonts 
have been given: for example they have been divided 
into simple and compound, the latter being subdivided 
into conjunctive and composite; and again into uncer- 
tified and certified, the latter being subdivided into 
formally and experientially certified; even the distinc- 
tion between true and false yields an exclusive and 
exhaustive division of propositions. On the other hand, 
many well-known so-called classifications of proposi- 
tions break the purely formal rules of logical division, 
in that the sub-classes are not mutually exclusive, and 
often can hardly be regarded as collectively exhaustive. 
The most notorious example of this is the classification 
of propositions upon which Kant based his enumeration 
of the categories, and which comprised such sub-classes 
as singular, particular, universal, affirmative, negative, 
hypothetical, categorical, assertoric and problematic. 
Regarded as a classification of propositions this involves 
a flagrant violation of the formal rules of division; for 
a categorical proposition may be singular or universal, 
negative or affirmative, problematic or assertoric, etc. 
What is of real logical value, and was indeed intended 
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by Kant, is a classification not of propositions, but of 
the several formal relations which may enter within the 
structure of a proposition more or less simple or com- 
plex. For example, ‘If the American harvest is bad, 
the European prices of corn are high’ is properly 
enough denominated hypothetical because the central 
or principal relation asserted is that of implication; but 
further analysis discloses the categorical nature of the 
two implicationally related clauses, and the universality 
of the statement as understood to refer to any or every 
year; and furthermore such relations as contemporaneity 
and causality may be taken as implicitly asserted in such 
a proposition. Of distinctions amongst the different 
forms of relation that may enter into a proposition we 
may select as one of the most important that between 
the relation of characterisation and the relation of im- 
plication, which, properly speaking, should take the 
place of the distinction amongst propositions between 
categorical and hypothetical. Of these two relations— 
characterisation and implication—the former holds only 
of an adjective to a substantive, the latter only of one 
proposition to another proposition. Again, the distinc- 
tions of modality are not, properly speaking, distinctions 
between propositions, but distinctions between the dif- 
ferent adjectives that can be significantly predicated of 
propositions. In short the sole logical purport of a 
so-called classification of propositions is, by means of 
an analysts of propositions of various forms of com- 
plexity, to disclose the different modes in which their 
components are bound into a unity. 

With special reference to the topic of this chapter 
we may pass to such logicians as Lotze, Bosanquet 
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and others who have attempted to classify propositions 
on philosophical rather than purely formal principles. 
In particular Sigwart has distinguished propositions 
under three—not necessarily exclusive or exhaustive— 
heads corresponding to what, in the title, we have called 
existential, subsistential and narrative. 

§ 2. We proceed then to examine in the first place 
what is meant by an existential proposition. The most 
general and appropriate sense in which the word ‘exist- 
ential’ is predicated of a proposition is where the pro- 
position refers to existence in that narrower sense in 
which existence is distinguished from subsistence, as two 
sub-divisions of reality. Thus the proposition ‘3 plus 
4 equals 7’ must be regarded not as existential, but as 
subsistential, if that terminology be permitted. From 
an examination of the illustrations given by philosophers 
of the existent (as distinct from the subsistent) it may 
be gathered that the term is equivalent to that which is 
manifested in time or space. This interpretation may be 
justified by considering the etymology of the word 
‘existent’ which is closely connected with ‘external,’ 
and is further confirmed by the fact that the typical 
so-called external relations are temporal or spatial. On 
the other hand it has been maintained, for example, 
that the number 3, or the relation of equality between 
3 plus 4 and 7, or the relation of causality subsists 
rather than exists. If this conception is to be general- 
ised what subsists is primarily an adjective, whether 
ordinary or relational; whereas what in the more exact 
sense may be said to exist is a substantive proper. We 
may therefore regard the terms ‘existent’ or ‘substan- 
tive proper’ as meaning ‘what is manifested in time or 
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space.’ Thus an existential proposition is distinguished 
from a subsistential proposition in that the latter makes 
predications about adjectives (including propositions) 
as such. It may, however, be maintained that such a 
proposition as ‘3 plus 4 equals 7’ should properly be 
interpreted as existential on the ground that it applies 
to all possible existent groupings of classes numbered 
3, 4, and 7; or again that the proposition ‘Unpunctu- 
ality is irritating’ is existential on the ground that it 
means nothing more nor less than that ‘All unpunctual 
arrivals are irritating,’ where the term arrival, with its 
implicit temporal and spatial reference, obviously stands 
for an existent. Or yet again that the proposition ‘Heat 
causes wax to melt’ is existential on the ground that it 
merely expresses the universal proposition that ‘All 
cases in which heat enters wax, are cases in which the 
wax is melted,’ where merely temporal and spatial rela- 
tions of possible occurrences are involved. If then a 
subsistential proposition is to be distinguished from an 
existential, it must be on the ground that propositions 
in which the exf/iczt predications concern adjectives or 
relations, have a special significance beyond what they 
undoubtedly imply existentially’. 

§ 3. But turning from the more philosophical to 
the strictly formal usage of the term existential, we find 
that by such logicians as Venn, Keynes and Russell, 
existential and subsistential propositions are indiffer- 
ently denominated exzstentza/, and that the term exist- 
ential is used without any reference to the sudstance of 
the proposition, but rather to a certain mode in which 


» This question will be treated in more detail in a subsequent 
chapter. 
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any general proposition (particular or universal) may be 
formulated. This entirely distinct and peculiar use of 
the term ‘existential’ has given rise to endless confu- 
sion; and, on this account, the term should be entirely 
discarded and replaced by some such term as zustantzad, 
or, more accurately, indeterminately instantial. At this 
point we must explain the distinction between determin- 
ately instantial and indeterminately instantial. While the 
former corresponds roughly to narrative propositions, 
of which we shall treat later, the latter are most natur- 
ally prefixed by the phrase ‘there is’ or ‘there are’; 
e.g. there is a God; there are horses; there are no 
sea-serpents ; there is an integer between 3 and 5; there 
are prime integers between 4 and 15; there is no in- 
teger between 3 and 4. Of these, the first three would 
be called existential, in the philosophical sense, the last 
three subsistential. A minor distinction amongst such 
indeterminately instantial propositions, the disregard 
of which has not infrequently led to confusion, is that 
between the affirmatively instantial and the negatively 
instantial. In short, the essential nature of a particular 
or of a universal proposition is expressed by formulating 
the former as affirmatively instantial, and the latter as 
negatively instantial’. 

The further development of the topic of such pro- 
positions, or rather of such propositional formulations, 
requires us to introduce the phrase ‘universe of dis- 
course,’ to which frequent reference is made in formal 
expositions of the so-called existential import of pro- 
positions. There are two applications of this phrase, 
which demand different criticisms. One quite harmless 

* See Chapter VIII. 
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application of the expression ‘universe of discourse,’ 
points merely to the familiarly elliptical nature of con- 
versation. Thus the reference of such a proposition as 
‘All voters are males’ is understood to be limited, say, 
to the present time (1914), the English nation, and 
election to Parliament. In spite of the fact that some 
nations now and all nations will confer the franchise 
upon women, in spite of the fact that for the Board of 
Guardians and other offices women take part in voting, 
the proposition ‘all voters are males’ is perfectly intel- 
ligible in its context. The phrase, though elliptical — 
like all phrases in discussion or conversation—does not 
require the explicit introduction of every well-under- 
stood qualification. In our view, therefore, logicians have 
unnecessarily paraded this application of the notion of 
a universe of discourse, where it means merely that the 
ordinary reader is expected to supply the restrictions 
intended by the writer. A limited universe understood 
as indicating the subject-matter of a single work, such 
as geometry, which refers exclusively to spatial figures, 
illustrates the same simple relation to the universe as a 
whole. Understood in this general sense, the universe 
of discourse has to the universe the relation of part to 
whole, and the notion is certainly harmless if trivial. 
But the other application of the phrase requires 
more serious criticism. Here ‘the universe of discourse’ 
is presented to the reader, not as inside, but as out- 
side what is commonly called ¢#e universe. In this usage 
the phrase seems to imply that there are several uni- 
verses related to one another as Europe is to Africa 
rather than as France is to Europe, taking Europe in 
both cases to stand for ¢ke universe. The distinction 
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between the two uses of the phrase is evident when we 
pass from such an example as ‘All voters are males’ to 
‘Some fairies are malevolent’ which well illustrates the 
use now under consideration. The former is understood 
to refer to a limited part of the universe of persons, 
whereas the latter refers to no part whatever of this 
universe, and on this account is said to be concerned 
with the ‘universe of imagination’ conceived as outside 
and separate from the universe of reality. Now if,when 
speaking of specific universes, such as the universe of 
imagination, the universe of ideation, and the universe 
of physical reality, we meant merely universes comprising 
images, ideas, or physical realities, then all these three 
are in the strictest sense included within the one single 
universe of existents, to which they are related merely 
as parts to whole. Anything that is comprised in the 
universe of images must be an image; anything that 
is comprised in the universe of ideas must be an idea 
(both of these being psychical); and similarly, anything 
comprised in the universe of physical realities must be 
physical. What logicians seem to have confused, and 
requires only common sense to distinguish, is between 
a horse and either the idea of a horse or the image of 
a horse; and accordingly a proposition about horses is 
concerned with different material from any proposition 
about ideas or images of horses. When then a proposi- 
tion is spoken of as being false in the universe of reality 
and yet true in the universe of imagination or ideation, 
this involves the tacit assertion that the same proposi- 
tion can be both true and false; whereas in fact the 
contents of the two propositions, one of which is said to 
be true and the other false, are different. The affirmation 
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or denial that there are sea-serpents is different from 
the affirmation or denial that there are images of sea- 
serpents; which again is different from the affirmation or 
denial that there are ideas of sea-serpents. It is absurd 
to say that the same things exist in one universe and do 
not exist in another: wherever this appears to be the 
case the things asserted or denied to exist are different. 
What is here said of sea-serpents holds equally of horses 
or of dragons; as regards the latter, it is supposed that 
because dragons are acknowledged not to exist in the 
universe of physical reality, there must be some uni- 
verse in which they do exist in order that we may 
intelligently use the term ‘dragon.’ Now it is a purely 
psychological question whether at this or that moment 
of time an image of a horse or equally of a dragon is 
in course of mental construction; it may be that we 
may intelligently read or think about dragons or horses 
without mentally constructing any images of such crea- 
tures. Properly speaking there is no such thing as ¢he 
image of a horse or ¢he image of a dragon, because the 
constructing of images by one person at one time is, 
as an occurrence, distinct from such a construction by 
another person at another time, however closely these 
images may agree with one another in character. Hence, 
if existence is predicated of any image of this or that 
kind, it must be remembered that by existence is here 
meant manifestation in time, and that therefore there 
exist as many images of any kind of thing as there are 
occurrences of the constructive act. 

What holds of images holds, strictly speaking, also 
of ideas, though not so obviously; the existence or 
non-existence of the idea of any object, if idea stands 
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for mental process, must mean the occurrence or non- 
occurrence of an act of thinking about the object during 
this or that period of time. The term ‘idea,’ however, 
may be understood ina less literally psychological sense: 
thus intelligently to entertain a proposition in thought 
would seem to entail our entertaining ideas correspond- 
ing to the several terms in the proposition. But in this 
connection we may refer to Mill’s pronouncement in 
regard to the import of propositions in relation to ideas. 
His dictum is that propositions are not about ideas, but 
about things; and by this he intended to assert that a 
proposition is concerned with the things which it ex- 
pressly talks of, and not with any mental process that 
may be involved in the assent to or understanding of 
the proposition. In short, although any genuine act of 
assertion requires as a preliminary process the under- 
standing of the terms and combination of terms that 
constitute a proposition, yet it is not this process to 
which the proposition refers. This, of course, holds, 
whether the matter of the proposition is physical reality 
or mental reality: we must understand what is meant 
by the association of ideas or by an emotion of anger 
in a psychological proposition, just as we must under- 
stand what is meant by dragons or horses in proposi- 
tions describing such creatures; while, on the other 
hand, the propositions in neither case are concerned 
with these processes of understanding. 

§ 4. We next proceed to consider in what sense 
truth and falsity can be predicated of propositions such 
as ‘Some fairies are malevolent’ or ‘No Greek gods 
are without human frailties.’ These may be otherwise 
rendered: ‘There are malevolent fairies,’ ‘There are no 
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Greek gods without human frailties.’ If these be taken 
literally, as merely primary propositions, nothing can be 
said but that the first is necessarily false and the second 
necessarily true, because there are actually no fairies and 
no Greek gods in the real universe. But within the real 
universe there are to be found descrzptzons of fairies 
and of Greek gods in stories or legends, and hence it 
may be ¢rue that some fairies have been described as 
malevolent, and it may be fadse that no Greek gods have 
been described as without human frailties. If then we 
distinguish these secondary propositions—to be recog- 
nised as such by the introduction of the word ‘describe’— 
from the original primary propositions, the establish- 
ment of their truth or falsity is seen to depend upon 
special evidence. The universe of descriptions is simply 
part of the universe of reality; indeed it seems strangely 
to have escaped logicians that books and the persons 
who wrote them belong to one real world, and that 
therefore the universe to which we refer for verification 
of propositions concerning the descriptions of fairies or 
of Greek gods is simply and precisely the same universe 
as that to which we refer for verification of propositions 
concerning Frenchmen and geologists. It is therefore 
evident that, only when we have transformed such pri- 
mary propositions into their secondary correspondents, 
any question of interest arises as to their truth or falsity. 
This contention finally forbids us to speak of various 
universes of discourse which are outside the one uni- 
verse of reality. The briefest mode of indicating the 
peculiarity of propositions of the type illustrated is to say 
quite simply that they are elliptical; not elliptical in the 
sense of limiting the subject-term to a narrower sphere 
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included in the universe, but elliptical in the sense of 
being expressed as primary propositions and understood 
as secondary. Thus our first example should properly be 
expressed ‘Story-books describe some fairies as being 
malevolent,’ and our second ‘Homer describes all the 
Greek gods as subject to human frailties’; and in these 
transformed shapes the propositions are seen at once 
to be verifiable in exactly the same way as any other 
propositions; namely by reference to the one real uni- 
verse of books and persons. 

§ 5. We pass now to the logical significance of the 
term narrative in its application to propositions. The 
notion of a narrative proposition is not restricted to the 
type of proposition characteristic of a work of fiction or 
history, since it includes statements made in ordinary 
conversation etc., where there may be no intention to 
develop the account of an incident into a connected 
story. Moreover histories and novels are composed of 
others besides narrative propositions—the non-narrative 
propositions being generally what we may call comments 
on the incidents, characters, situations or emotions de- 
scribed. Novels (or even histories) might indeed be 
classified according as their narrative or commentary 
elements predominate; compare for example Scott with 
Thackeray, or S. R. Gardiner with Macaulay. A nar- 
rative proposition may be more precisely defined as one 
whose subject-term is prefixed by introductory or refer- 
ential applicatives; whereas non-narrative propositions 
are prefixed by such distributives as ‘every,’ ‘some’ or 
similar phrases. Now distributives serve as predesigna- 
tions of adjectivally significant subjects, while com- 
mentary propositions may be distinguished from such 
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narrative propositions as may happen to use subjects con- 
taining an adjectival element because in the datter case 
the adjective has no general reference. For example, 
in the course of a narrative the proposition may occur 
‘A shabbily-dressed gentleman entered the room,’ and 
this may be followed later on by ‘the shabby gentleman 
withdrew,’ where the adjective ‘shabby’ enters in the 
context merely first as introductory and later as refer- 
ential. In fact it is not by the consideration merely of 
the grammatical structure of a sentence, but rather by 
the logical nexus of the propositions that the distinction 
can be established; the narrative and non-narrative 
elements in any literary work being not necessarily ex- 
pressed in separable sentences. Hence the reader may 
easily pick out the commentary elements, these being 
recognisable by their reference to persons and things in 
general as distinct from the persons and things entering 
directly into the plot. 

My account of narrative propositions covers a wider 
range than is apparently intended by Sigwart; but for 
both of us the distinction between narrative and non- 
narrative rests upon that between the substantive and 
the adjective. In Sigwart’s definition the subject in the 
Narrative proposition is merely substantival, while the 
subject as well as the predicate in the non-narrative 
proposition contains adjectival elements. My applica- 
tion of the term ‘narrative’ on the other hand, includes 
cases in which the subject term maycontain an adjectival 
element the significance of which is purely introductory 
or referential. 

§ 6. A new problem, bearing upon the existential 
import of propositions is raised when we contrast 
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fictitious with historical narratives. We may take for 
illustration the proposition ‘Mr Pecksniff is a hypocrite’ 
and first ask what is meant by Mr Pecksniff. Nowa 
provisional answer to this would be ‘A certain archi- 
tect, living near Salisbury, in the beginning of the nine- 
teenth century.’ The term by which we have replaced 
Mr Pecksniff seems to have an obvious reference to 
the universe of reality, and more particularly to the 
universe of things happening and existing in time and 
place. But the question as to whether there was any 
architect in Salisbury at that time would be irrelevant, 
and therefore the proposition would appear not to be 
about any architect then living near Salisbury. The 
difficulty here points to a peculiarity in the use of the 
predesignation ‘a certain.’ If for Pecksniff we had 
substituted ‘some architect’ instead of ‘a certain archi- 
tect, the proposition ‘Some architect living then near 
Salisbury was a hypocrite’ would have been amenable 
to the ordinary modes of verification. But the form of 
statement ‘A certain architect was a hypocrite’ appears 
not to represent a proposition, inasmuch as it cannot 
be either affirmed or denied, since the architect to 
whom the writer refers is not indicated. What holds 
then of the reader or hearer of such a proposition does 
not hold of the writer or speaker’. Though the hearer 
is unable to give the direct contradictory of the proposi- 
tion, yet the speaker may propound the two alternatives 


1 According as logicians exclusively interpret propositions from 
the point of view of the speaker (writer) or hearer, they are to be 
classed respectively as conceptualists or nominalists. The difference 
between these two points of view lies at the root of many logical 
controversies. 


EXISTENTIAL, SUBSISTENTIAL AND NARRATIVE 169 


that a certain S is or is not P, provided that he 
has his own individual means of identifying the S to 
whom he is referring in thought. In fact the most 
common usage of the phrase ‘a certain’ involves de- 
liberate concealment for various harmless purposes on 
the part of the speaker. Thus, when I say ‘A certain 
boy now in this room has stolen my purse,’ I deliber- 
ately preclude any hearer from strictly contradicting or 
agreeing with me, though of course he could deny the 
proposition by asserting not the contradictory but a 
contrary, namely: ‘No boy in this room has stolen the 
purse.’ 

As regards a narrative, fictitious or historical, how- 
ever, where any substantival reference must always be 
interpreted in accordance with its nexus with the intro- 
ductory ‘a certain’ (coupled or not with a proper name), 
the writer and reader are so far in the same position 
that neither the one nor the other is concerned with 
the question of ultimate identification. The referential 
‘the’ is prefixed to an object identical with that to which 
the introductory ‘a’ was first prefixed, but outside and 
beyond this nexus there is no further possibility of identi- 
fication. Hence the whole body of propositions in a fic- 
titious narrative is not entertained with a view to the 
consideration of their truth or falsity,and might be called 
pure suppositions. The scholastic logicians introduced 
the phrase ‘suppositio materialis’ which would illustrate 
the sense in which ‘supposition’ has just been used; 
but modern logicians have interpreted this phrase as 
equivalent to what they call the universe of discourse.’ 
It is obvious, however, that the two conceptions are 
totally distinct, inasmuch as the former consists of 


170 CHAPTER X 


classes of propositions included in the universe of all pos- 
sible propositions, whereas the latter consists of classes 
of substantives included in the universe of all possible 
substantives. In contrasting a work of fiction with an 
historical work, the propositions laid down in the latter 
are put forward as to be accepted as true on the authority 
of the writer. But in both cases, whether history or 
fiction, it still holds that there is no means for ulti- 
mately identifying the characters introduced either on 
the part of the reader or the writer; we can only say 
that in history it is believed that these characters are 
identifiable with persons who have actually existed, 
whereas in fiction no such belief is involved. 

§ 7. Within propositions which are fictitious, the 
distinctions between those which introduce beings to 
which there are, and to which there are not, similar 
beings in the world of reality, gives rise to a further 
problem’. Thus we may contrast the various statements 
about the architect Mr Pecksniff in MZartin Chuzzlewit 
with the various statements that might be made about 
the fairy Puck in a fairy-tale. It will be noted that in 
the former case the general class (architect) to which 
reference is made, actually exists, whereas in the latter 
the class (fairy) to which reference is made, does not 
exist; while neither the individual Pecksniff nor the 
individual Puck does or ever did exist. This imme- 
diately gives rise to the question of the distinction or 


” Of course there is a further distinction between fictions (novels, 
dramas) which describe characters and incidents such as might occur 
in the real world, and fairy-tales (myths, legends) which give descrip- 
tions such as never can occur, in that judgments as to their natural- 
ness or ‘realism’ in the former case are more often relevant than in 
the latter. 
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relation in the significance of the word ‘exist’ as applied, 
firstly toa class,and secondly to an individual. We have 
abovepointed out the peculiar and comparatively modern 
application of theword ‘exist’ on the part of formal logi- 
cians, who express the proposition: ‘There are archi- 
tects’ in the form ‘The class architect exists’; and the 
proposition ‘There are no fairies’ in the form ‘The class 
fairy does not exist.’ A more precise formulation of 
these propositions is obtained by taking C to stand 
illustratively for any class, the affirmation of whose 
existence is thus rendered: ‘There is at least one indi- 
vidual, say P, which is comprised in C’; or rather, 
since a class is determined by connotation: ‘There is 
at least one individual, say P, which is characterised by 
the conjunction of adjectives constituting the connota- 
tion of the name C.’ Now here, I maintain, that the 
symbol P stands for a proper or uniquely descriptive 
name, and hence that the conception of the existence 
of a class—indicated by a connotative name—requires 
the conception of the existence of an zxdzvzdua/—indi- 
cated by a proper or uniquely descriptive name. Now 
we may agree that there is no such individual as Peck- 
sniff, and that there is no such individual as Puck; 
although in the first case the class ‘architect’—which 
might be used in the description of Pecksniff—would 
be said to exist, while the class ‘fairy’—which might 
be used in the description of Puck—would be said 
not to exist. If then we brought forward Sir Christo- 
pher Wren and Mr Pecksniff as instances of architects, 
or Oliver Cromwell and Mr Pecksniff as instances of 
hypocrites, would this substantiate the affirmation that 
there are at least ¢wo individuals comprised in the class 
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architect, or in the class hypocrite? If this question is 
answered in the negative it must be on the ground 
that, in some sense of the term ‘exist’ which is not ap- 
propriate to classes, Mr Pecksniff does not and never 
did exist, and hence he cannot count as one when we 
are enumerating the members comprised in any given 
class. Furthermore, since the numerical predication ‘at 
least one’ is highly indeterminate and could be in this 
or that case replaced by the relatively determinate ‘at 
least 2’ where x stands for this or that number, the 
affirmation that ‘the class C exists’ is only a special and 
less determinate case of the affirmation that ‘the class C 
comprises at least z items,’ and the number z cannot 
be counted as such unless all the ~ items exzst. The 
conclusion therefore follows that the sense of the word 
‘exist’ when predicated of a class is dependent upon 
that of the word ‘exist’ when predicated of an item or 
individual indicated by a proper or uniquely descriptive 
name’. 


' This contention is directed against the position held in the 
Principia Mathematica, where E! is ultimately defined in terms of 4, 
whereas in my view @ is to be ultimately defined in terms of E! 
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CHAPTER 2! 
THE DETERMINABLE 


§ 1. In this chapter we propose to discuss a certain 
characteristic of the adjective as such, which perhaps 
throws the strongest light upon the antithesis between 
it and the substantive. Here it will be apposite to con- 
sider the traditional account of the principles of logical 
division where a class (of substantives) is represented 
as consisting of sub-classes. This process is governed 
by the following rules: (1) the sub-classes must be 
mutually exclusive; (2) they must be collectively ex- 
haustive of the class to be divided; (3) division of the 
class into its co-ordinate sub-classes must be based upon 
some one ‘fundamentum divisionis.’ The first two of 
these rules may be said to be purely formal, and do 
not raise any problem of immediate interest; but the 
technical term fundamentum divisionis—though per- 
haps readily understood by the learner—is actually in- 
troduced without explicit account of its connection with, 
or its bearing upon, ideas which have entered into the 
previous logical exposition. To illustrate the notion 
we are told, for instance, that, when a class of things is 
to be divided according to colour, or to size, or to some 
other aspect in which they can be compared, then the 
colour, size, or other aspect constitutes the fundamen- 
tum divisionis. Now although, grammatically speaking, 
words like colour and size are substantival, they are in 
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fact abstract names which stand for adjectives; so that 
the fundamentum divisionis is, in the first place, an 
adjective, and in the second, an adjective of the par- 
ticular kind illustrated by ‘colour’ when considered in 
its relation to red, blue, green, etc. Superficially this 
relation appears to be the same as that of a single object 
to some class of which it is a member: thus two such 
propositions as ‘Red is a colour’ and ‘Plato is a man’ 
appear to be identical in form; in both, the subject ap- 
pears as definite and singular, and, in both, the notion 
of a class to which these singular subjects are referred 
appears to be involved. Our immediate purpose is to 
admit the analogy, but to emphasise the differences 
between these two kinds of propositions, in which com- 
mon logic would have said we refer a certain object to 
a class. 

I propose to call such terms as colour and shape 
determinabées in relation to such terms as red and cir- 
cular which will be called determinates; and, in intro- 
ducing this new terminology, to examine the distinction 
between the relation of ved to colour and the relation 
of Plato to man. To predicate colour or shape of an 
object obviously characterises it less determinately than 
to predicate of it ved or czrvcular; hence the former 
adjectives may be said negatively to be indeterminate 
compared with the latter. But, to supplement this nega- 
tive account of the determinable,.we may point out that 
any one determinable such as colour is distinctly other 
than such a determinable as shape or tone; i.e. colour 
is not adequately described as indeterminate, since it 
is, metaphorically speaking, that from which the specific 
determinates, red, yellow, green, etc., emanate; while 
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from shape emanate another completely different series 
of determinates such as triangular, square, octagonal, etc. 
Thus our idea of this or that determinable has a distinctly 
positive content which would be quite inadequately re- 
presented by the word ‘indeterminate.’ Further, what 
have been assumed to be determinables—e.g. colour, 
pitch, etc.—are ultimately adzferent, in the important 
sense that they cannot be subsumed under some one 
higher determinable, with the result that they are in- 
comparable with one another; while it is the essential 
nature of determinates under any one determinable to 
be comparable with one another. The familiar phrase 
‘incomparable’ is thus synonymous with ‘belonging to 
different determinables,’ and ‘comparable’ with ‘belong- 
ing to the same determinable’; not that this is the actual 
meaning of the terms, but that enquiry into the reason 
for the comparability or incomparability of two qualities 
will elicit the fact that they belong to the same or to dif- 
ferent determinables respectively. This phrase ‘belong- 
ing to’ is also more usually, used of a member of a class 
in relation to its class: we have, then, to contrast the 
significance of the relation ‘belonging to’ when applied 
in one case to a determinate and its determinable, and 
in the other to an individual and its class. If it is asked 
why a number of different individuals are said to belong 
to the same class, the answer is that all these different 
individuals are characterised by some the same adjec- 
tive or combination of adjectives. But can the same 
reason be given for grouping red, yellow and green 
(say) in one class under the name colour? What is most 
prominently notable about red, green and yellow is that 
they are different, and even, as we may say, opponent 
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to one another; is there any (secondary) adjective which 
analysis would reveal as characterising all these differ- 
ent (primary) adjectives? In my view there is no such 
(secondary) adjective; in fact, the several colours are 
put into the same group and given the same name 
colour, zo¢ on the ground of any partial agreement, but 
on the ground of the special kind of difference which 
distinguishes one colour from another; whereas no such 
difference exists between a colour and ashape. Thus red 
and circular are adjectives between which there is no 
relation except that of non-identity or otherness; whereas 
red and blue, besides being related as non-identical, 
have a relation which can be properly called a relation 
of difference, where difference means more than mere 
otherness. What is here true of colour is true of shape, 
pitch, feeling-tone, pressure, and so on: the ground for 
grouping determinates under one and the same deter- 
minable is not any partial agreement between them 
that could be revealed by analysis, but the unique and 
peculiar kind of difference that subsists between the 
several determinates under the same determinable, and 
which does not subsist between any one of them and 
an adjective under some other determinable. If this is 
granted, the relations asserted in the two propositions 
‘Red is a colour’ and ‘Plato is a man,’ though Jormally 
equivalent, must yet be contrasted on the ground that 
the latter but not the former is based upon an adjectival 
predication. For the latter is equivalent to predicating 
the adjective ‘human’ of ‘ Plato,’ while, without denying 
that some adjectives may properly be predicated of 
(the adjective) red, yet the proposition ‘Red is a colour’ 
is zo¢ equivalent to predicating any adjective of red. 
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§ 2. Bearing in mind this distinction, the question 
arises whether what are called abstract names can be 
divided in the same way as concrete names into singular 
and general; in other words, whether adjectives can be 
divided into these two classes. The answer seems to be 
that adjectives can be divided into two classes more or 
less analogous to the singular and general which dis- 
tinguish substantives, but that the two different kinds of 
adjectives are preferably distinguished as determinate 
and indeterminate. When, in considering different de- 
grees of determinateness, the predication of oneadjective 
is found to imply another, but not conversely, then the 
former we shall call a super-determinate of the latter 
and the latter a sub-determinate of the former. Thus 
the relation of super-determinate to sub-determinate 
means not only that the former is more determinate than 
the latter, but also that the predication of the former 
would imply that of the latter. A simple example can 
be taken from the determinable ‘number’: thus 7 is 
super-determinate to ‘greater than 3’; the adjective 
‘greater than 3,’ though not itself a summum determin- 
able, may be called determinable, inasmuch as it is not 
merely indeterminate but capable of being further de- 
termined in the sense that it generates a definite series 
of determinates. To illustrate more precisely what is 
meant by ‘generates’; let us take the determinable ‘less 
than 4’; then ‘less than 4’ generates ‘3’ and ‘2’ and ‘1’ 
in the sense that the understanding of the meaning of 
the former carries with it the notion of the latter. Now 
no substantive class-name generates its members in this 
way; take, for instance, ‘the apostles of Jesus,’ the under- 
standing of this class-name carries with it the notion 
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‘men summoned by Jesus to follow him,’ but it does 
not generate ‘Peter and John and James and Matthew 
etc., and this fact constitutes one important difference 
between the relation of sub-determinate to super-deter- 
minate adjectives and that of general to singular sub- 
stantives. 

§ 3. Another equally significant difference is brought 
out by considering that aspect of substantive-classes in 
which—to use the terminology of formal logic—increase 
of intension is accompanied by decrease of extension. 
The phrase ‘increase of intension’ conjures up the 
notion of adding on one attribute after another, by the 
logical process called conjunction; so that, taking 4, g, 7, 
to be three adjectives, increase in intension would be 
illustrated by regarding ~, g, ~ conjoined as giving a 
greater intension than Z, g; and /, g as giving greater 
intension than ~ We have now to point out that the 
increased determination of adjectival predication which 
leads to a narrowing of extension may consist—not in 
a process of conjunction of separate adjectives—but in 
the process of passing from a comparatively indeter- 
minate adjective to a comparatively more determinate 
adjective under the same determinable. Thus there is 
a genuine difference between that process of increased 
determination which conjunctivally introduces foreign 
adjectives, and that other process by which without in- 
creasing, so to speak, the number of adjectives, we define 
them more determinately. 

In fact, the foreign adjective which appears to be 
added on in the conjunctive process, is really not intro- 
duced from outside, but is itself a determinate under 
another determinable, present from the start, though 
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suppressed in the explicit connotation of the genus. 
We propose to use a capital letter to stand for a de- 
terminable, and the corresponding small letter with 
various dashes to stand for its determinates. Thus, 
in passing from the genus 7 to the species fg, we are 
really passing from £Q to gg; or again the apparent in- 
crease of intension from # to fg to pgr is more correctly 
symbolised as a passing from pOR to gg to pgr. In 
the successive process of dividing a summum genus into 
the next subordinate sub-genera, and this again into 
sub-sub-genera, the summum genus ought to be repre- 
sented by a conjunction of determinables, say PORS7T; 
the genera next subordinate tothis, byAORST\p'ORST, 
p ORST, etc., and the genera next subordinate to the 
first of these by pg RST, pg RST, pa" RST, and so on 
down to the zzfima spectes represented by determinates. 


Thus: 
PORST 


PORST POQORST Pp"ORST........ 

WRST p¢RST pq’ RST..... 

In this way we represent from the outset the nature 
of the ultimate individuals under the summum genus, 
as being characterisable jointly by the determinables 
PQRST, while any genus or species is represented by 
these same determinables, one or more of which are 
replaced by determinates. This meets a criticism which 
has often been directed against the formal account of 
the inverse variation of extension and intension, since 
we see now that the same xumber of adjectives should 
be used in giving the connotation of the wider as of the 
narrower class. To illustrate these symbols from a 
botanical classification of plants: let the determinable 
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P stand for the number of cotyledons, Q for the dis- 
position of the stamens, A for the form of the corolla, 
S for the attachment of the petals and sepals, and 7 for 
the divisibility of the calyx. Then PQRST represents 
the summum genus ‘f/ants’ as describable under these 
five heads, but otherwise undetermined in character. 
Then 4, 7’, ”, might stand respectively for having no 
cotyledons, having 1, and having 2, thus representing 
the defining characteristic of each of the three classes— 
acotyledon, monocotyledon, and dicotyledon—by the 
symbols ZORST, p/ORST, p/ORST. Again g, 7,9”; 
might stand respectively for the stamens being under, 
around or upon the carpels, thus representing the three 
sub-divisions—hypogynous, perigynous, epigynous—of 
dicotyledons, as p’gRST, p"q'RST, p"q" RST. Taking 
regular and irregular to be the two possible forms of 
corolla, then the next sub-division under f’¢’/RST will 
be p’q'rST and p"g’r ST. Again s and s’ may stand 
respectively for separability and inseparability of the 
calyx and corolla, and yield the further sub-divisions, 
say p"9'rsT, p"g'rs'T. The calyx may contain only one 
part or 3 or 4o0r 5 or 6, and if these are represented 
respectively by 4, t’, 2”, #’”, ¢’””, a relatively determinate 
characterisation is finally symbolised by p’g'rs’¢’” say. 
There are cases for which a modification of this 
general scheme is required. The cases are those in 
which one particular sub-division is definable by the 
absence of an element upon which the predication of 
other determinables depend, while in the sub-divisions 
co-ordinate with this the element in question is present. 
For example, the class of plants called acotyledons 
might be defined by the absence of any corolla, etc., and 
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hence such variations as that of the form of the corolla 
or the disposition of the stamens, etc., are inapplicable 
to this particular sub-division. 

§ 4. Now adjectives under the same determinable 
are related to one another in various ways. One rela- 
tional characteristic holds in all cases; namely that, if 
any determinate adjective characterises a given sub- 
stantive, then it is impossible that any other determi- 
nate under the same determinable should characterise 
the same substantive: e.g. the proposition that ‘this 
surface is red’ is incompatible with the proposition ‘this 
(same) surface is blue.’ It has been usual to modify the 
above statement by adding the qualification—at the 
same time and at the same place; this qualification 
applies where the substantive extends through some 
period of time and over some region of space, in which 
case the existent substantive, having temporal or spatial 
parts, may be said to be extended. For this reason 
the qualification would perhaps better be attached to 
the substantive itself, and we should say that, where 
opponent adjectives are predicated, reference is made to 
different substantives, since any one part of an extended 
substantive is existentially o¢fer than any other part. 

A second characteristic of many determinates under 
the same determinable is that the differences between 
different pairs of determinates can be compared with 
one another; so that if a, 4, c, are three determinates, 
there are cases in which we may say that the differ- 
ence between @ and ¢ is greater than that between a 
and 4; e.g. the difference between red and yellow is 
greater than that between red and orange. In this 
case the several determinates are to be conceived as 
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necessarily assuming a certain serial order, which de- 
velops from the idea of what may be called ‘adjectival 
betweenness.’ The term ‘between’ is used here in a fa- 
miliar metaphorical sense derived from spatial relations, 
and is figuratively imaged most naturally in spatial form. 
Thus if 4 is qualitatively between @ and ¢, and ¢ qualita- 
tively between é and d,and so on, the whole series has its 
order directly determined by the nature of the adjectives 
themselves. The further distinctions amongst series as 
interminable or as cyclic, and again of series of more 
than one order of dimensions, lead to logical complexi- 
ties which need not be entered into here. Suffice it to 
say that this characteristic, which holds of so many 
determinates, gives significance to another well-known 
rule for logical division: dzvzszo non faciat saltum: one 
meaning of which appears to be that we contemplate 
not merely enumerating a set of coordinate sub-classes, 
but enumerating them in a certain order. The rule pre- 
scribes that the order in which the sub-classes are enu- 
merated should correspond to the order of ‘betweenness’ 
predicable of their differentiating characteristics. 

The order of betweenness which characterises the 
determinates just considered may be either discrete or 
continuous. In the case of discrete series there is one de- 
terminate that can be assigned as next after any given 
determinate; but, in the case of a continuous series, a 
determinate can always be conceived as between any 
two given determinates, so that there are no two deter- 
minates which can be said to be next to one another in 
the serial order. It follows from this account of continuity 
that, between any two determinates which may be said 
to have a finite adjectival difference, may be interpolated 
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an indefinite number of determinates having a finite dif- 
ference, and this number becomes infinite as the differ- 
ences become infinitesimal. Amongst continuous series 
further differences between the interminable and the 
cyclic, and again between those of one or more order 
of dimensions, hold as in discrete series. 

The reference here to determinables of higher or 
lower dimension requires explanation. Our familiar ex- 
ample of colour will explain the point: a colour may 
vary according to its hue, brightness and saturation; so 
that the precise determination of a colour requires us 
to define three variables which are more or less inde- 
pendent of one another in their capacity of co-variation; 
but in one important sense they are not independent of 
one another, since they could not be manifested in se- 
paration. The determinable colour is therefore szngde, 
though complex, in the sense that the several consti- 
tuent characters upon whose variations its variability 
depends are inseparable. 

§ 5. Returning to the conception of the absolutely 
determinate adjective, we have to note an important 
distinction between absolutely determinate and com- 
paratively indeterminate predications. The distinction 
may thus be formulated: If, of two substantives the 
same determinate adjective can be predicated, then a// 
the adjectives and relations definable in terms of the 
determinable, that can be predicated of the one, could 
be predicated of the other. But if, of two substantives 
the same zudeterminate adjective can be predicated, then 
only certain of the adjectives and relations definable in 
terms of the determinable, that can be predicated of 
the one, can be predicated of the other. To illustrate 
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first the case of an indeterminate predication; let us 
take the numerical adjective ‘greater than 7’; then of 
any collection of which this numerical adjective could 
be predicated, other adjectives such as ‘greater than 5’ 
and ‘greater than 3’ could also be predicated; but some 
collections that are ‘greater than 7’ such as the apostles, 
are greater than 11 and divisible by 4 for instance, 
whereas other collections that are ‘greater than 7,’ such 
as the muses, are less than 11 and are not divisible by 
4: hence it is only some of the numerical adjectives that 
are predicable of the muses that are also predicable of 
the apostles, although the adjective ‘greater than 7’ is 
predicable of them both. Turning now to the case of 
determinate predication; if, instead of defining a col- 
lection by the indeterminate adjective ‘greater than 7,’ 
we had defined it by the determinate adjective ‘twelve,’ 
then any numerical adjective that is predicable of one 
collection of twelve, say the apostles, would be predic- 
able of any other collection of twelve, say the months 
of the year or the sons of Israel; for example, ‘greater 
than 11,’ ‘divisible by 4,’ ‘a factor of 96.2 What we 
have here seen to hold of determinate and indetermi- 
nate number holds of any other determinable. The case 
of colour lends itself easily for illustration on account of 
the specific names which have been assigned to its 
determinates: thus, if the colours of two different objects 
are the same shade of yellow, then though these two 
objects may differ in any number of other respects such 
as shape and size, yet we may say that any colour- 
property of the one object will agree with the colour- 
property of the other; if the colour of one is more 
brilliant or less saturated than the colour of an orange, 
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then the same will hold for the colour of the other. 
In fact, whatever sensational determinable we take, 
whether it be colour, or sound, or smell, the determinate 
characterisations under any such determinable would 
lead to the same forms of generalisation that have been 
developed by science only in the sphere of quantity. 
It is agreed that in the sphere of sense perception, dif- 
ferences of quality strictly speaking hold only of the 
mental or sensational, and that the physical can only 
be defined in quantitative terms. Thus in the Weber- 
Fechner experiments the experient judges of equiva- 
lence or difference in the intensity or quality of his 
sensations, with which are correlated quantitative dif- 
ferences in the stimuli. The attempts that psycholo- 
gists have made to discover formulae of correlation 
between the stimuli on the one hand and the sensations 
on the other hand show that determinateness in a quali- 
tative or intensive scale carries with it the same logical 
consequences as does determinateness of magnitude for 
physically measurable quantities. Furthermore deter- 
minateness in either case is only approximately attain- 
able, whether we rely upon the immediate judgments of 
_ perception or are able to utilize instruments of measure- 
ment. The practical impossibility of literally determi- 
nate characterisation must be contrasted with the uni- 
versally adopted postulate that the characters of things 
which we can only characterise more or less indetermi- 
nately, are, in actual fact, absolutely determinate’. 


* The notion of the Determinable will be shown in later chapters 
to have importance in a large number of applications. 
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CHAPTER XII 


THE RELATION OF IDENTITY 


§ 1. THe occasion for using the relation of identity 
is where a common term appears in different connec- 
tions; thus we use the idea of identity always along 
with the idea of difference. The logical relation between 
difference—or more properly otherness—and identity, 
is that of co-opponency: that is, taking 4d and B as 
any two terms, it cannot be that 4 is both identical 
with and other than BZ, and it must be that 4 is either 
identical with or other than &. Thus the relation 
between identity and otherness is reciprocal. It must 
therefore be explained that we cannot defime otherness 
as meaning non-identity any more than we can define 
identity as meaning non-otherness. The conceptions 
of identity and of otherness must be separately and 
independently understood before we can assert the 
above axioms. 

The most trivial and apparently insignificant use of 
the relation of identity is expressed in the formula ‘x 
is-identical-with x,’ where what is primarily meant is 
that in repeated occurrences of the word %, either in 
a special context or irrespective of context, the word 
shall mean in any later occurrence what it meant in an 
earlier occurrence. Thus, even in this very elementary 
usage, the idea of identity goes along with the idea of 
otherness ; for identity applies to what is meant by 
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the word, and otherness to its several occurrences. 
Underlying this characteristic of language there is the 
corresponding characteristic of thought; thus, in using 
‘x is-identical-with x’ in reference to entities and not 
mere words, we return in thought to the object pre- 
viously thought of, so that identity applies to what 
constitutes the od7ect of thinking, and otherness to the 
several recurrent acts of thought. 

A less elementary usage of the relation of identity 
occurs in the definition of words or phrases; thus, if x 
and y stand for two different phrases, we may speak of 
x being identical with y, although the phrases are 
palpably different. Here otherness applies to the 
phrases and identity to what is meant by the phrases. 
Verbal identification of x with y may be contrasted 
with factual identification ; here the relation of identity 
applies (as before) to the objects denoted by the 
words ; but the profosition asserting identity in the 
one case is of a different nature from the pvoposztzon 
asserting identity in the other case: for in the first 
case it is verbal, in the second factual. The relation of 
identity asserted in the two propositions: ‘Courage is 
the mean between timidity and foolhardiness’ and 
‘Courage is the one virtue required of a soldier’ is the 
same: but the natures of the propositions differ, since 
the first—being put forward as a definition—is verbal, 
and the second is factual. More generally, we may 
distinguish the different grounds—such as rational, ex- 
periential or linguistic—upon which the assertion of any 
specific logical relation is based; but these differences in 
the grounds of assertion, do not affect the nature of the 
relation asserted. Thus, abbreviating ‘is identical with’ 
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into ‘2,’ from the verbal statement xzy together with the 
factual statement yzz we may correctly infer the factual 
statement xzz. This inference uses the transitive’ pro- 
perty of identity, and would therefore be impossible 
unless the relation of identity asserted in a verbal 
statement was the same as that asserted in a factual 
statement. 

§ 2. We have shown the proper sense in which 
difference can be said to be involved in identity, but 
many philosophers have laid down the dictum that 
identity implies difference, in the sense, apparently, 
that when we assert that 4 is identical with B we 
are also involved in the assertion that 4 is different 
from B. The plausibility of this dictum depends upon 
a certain looseness in the application of the word ‘im- 
plies’; thus the statement that identity implies difference 
is correct in the sense that the asserting of identity 
between one pair of terms implies our having implicitly 
or tacitly asserted difference between another pair of 
terms. This follows from what has been said above ; 
e.g. when identifying the colour of this with the 
colour of that, we are implicitly differentiating ‘this’ 
from ‘that’; and thus the identification and the dif- 
ferentiation may properly be said to be component 
parts of a single mental act. But, to give a more pre- 
cise statement of this implication, it would be necessary 
to say that, when 4 is identical with B zm a certain 
respect, then A is different from B zx some other respect. 
In common language it is of course perfectly legitimate 
to say of two things that they are identical in respect 


’ For the term ‘transitive’ as a property of the relation of identity 
see Part 1, Chapter XIV. 
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of colour and different in respect of shape. But here 
the term ‘identity’ should be used more precisely : we 
ought properly to say that, while the colour of this is 
identical with the colour of that, the shape of this is 
different from the shape of that. When then identity 
and difference go together in this way we ought to say, 
not that the ¢Azmgs are both identical and different, but 
that one of their qualities is identical and another 
different. To complete the account of the modes in 
which identity and difference mutually involve one 
another without confusion, we need only take four such 
typical elementary propositions as : 


(i) this is J, 

(ii) this is g, 

(iii) that is J, 

(iv) that is g, 
where # and g stand for different qualities, and ‘this’ 
and ‘that’ for different things. Then, comparing (i) 
with (ii) or (iii) with (iv), we have identity of thing and 
otherness of quality; and, comparing (i) with (iii) or 
(ii) with (iv), we have otherness of thing and identity 
of quality ; finally, comparing (i) with (iv) or (ii) with 
(iii), we have both otherness of thing and otherness of 
quality. 

§ 3. The relation and distinction between thing 
and quality may be generalised in terms of the correla- 
tive notions of substantive and adjective, the latter 
admitting of further resolution into determinates and 
their determinables. Thus, when predicating the same 
adjective ~ of this and of that substantive, we shall say 
that this and that agree as regards the determinable 
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P; and when predicating # of this and #’ of that 
substantive, we shall say that this and that adzsagree as 
regards the determinable P. Here the term ‘disagree’ 
is used in place of ‘differ,’ for, strictly speaking, ‘ dif- 
ference’ is a relation between adjectives under the 
same determinable ; and in measuring different degrees 
of difference amongst such adjectives, we may speak 
of the substantives as being szm#z/ar when the degree 
of difference between the adjectives characterising 
them is small, and as being @zsszmz/ar when the degree 
of difference is great. Further we may say that two 
substantives partially disagree when they are charac- 
terised by the same determinates under certain deter- 
minables and by dzfferent determinates under certain 
other determinables. But partial agreement must be 
distinguished from approximate agreement, otherwise 
called similarity ; and partial disagreement must be 
distinguished from remote disagreement, otherwise 
called dissimilarity. The distinction between similarity 
and dissimilarity involves reference to adjectives under 
the same determinable, and is obviously a matter of 
degree; while partial agreement or disagreement in- 
volves reference to adjectives under different deter- 
minables. 

§ 4. Adjectives under the same determinable are 
usually said to be comparable; whereas those under 
different determinables are said to be incomparable or 
disparate. This point raises a question of considerable 
psychological interest as to the possibility of comparing 
two such disparate characters (say) as red and a trumpet- 
blast. The possibility of such comparison may perhaps 
be accounted for by association; or it may be that some 
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real deep-rooted form of connection underlies the two 
characters, which, if it could be explicitly rendered, 
would have its logical place amongst relations such as 
those which we are now discussing. But apart from 
this possible topic of psychological interest, it is not 
usual to speak of ‘red’ and ‘a trumpet-blast’ as 
being either like or unlike; and it is more usual to 
restrict the use of the terms /zke and unlike to qualities 
belonging to the same determinable, such as colour or 
sound. If this is admitted, the conclusion at once 
follows that like and unlike are not proper logical con- 
tradictories, but are relatzons of degree; so that to say 
of two comparable qualities that they are more or less 
like is equivalent to saying that they are less or more 
unlike ; we cannot define the point at which the rela- 
tion of difference changes from likeness to unlikeness, 
their opposition being only one of degree. When we 
compare different degrees of difference between deter- 
minates under a determinable whose variations are 
continuous, and judge, for instance, that the difference 
between 4 and C is greater than that between 4 and 
8, such differences between the determinates may be 
said to have distensive magnitude. When this distensive 
magnitude is too small, we fail perceptually to dis- 
criminate (say) between A and 4; and some psycho- 
logists have virtually taken ‘identity’ to be equivalent, 
in such cases, to minzmum discernible difference. This, 
however, entails logical contradiction ; for the concep- 
tion of a ‘minimum discernible difference’ implies that 
we fail to discriminate between qualities, which really 
are different and not identical ; and that:strict identity 
can only be predicated when difference has reached the 
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absolute limit zero. On this ground, it might be urged 
that identity when applied to qualities susceptible of 
continuous variation means zero difference; and has, 
therefore, a different significance from identity when 
applied to things or to qualities which vary discretely. 
This contention would, in my view, be fallacious ; for 
it would appear to involve a confusion between the 
objective conception of identity itself and the subjec- 
tive limitations in our power of judging identity. On 
the other hand, dzfference when applied to adjectives 
under the same determinable has a certain meaning 
which is distinct from any meaning of difference ap- 
plicable to substantives or to adjectives under one and 
another determinable. As regards the latter, difference 
can only mean mere otherness; but as regards the 
former, difference may mean more than mere otherness ; 
viz. something that can be measured as greater or 
smaller. Thus Socrates is merely other than Plato, red 
is merely other than hard; but round and square, red 
and yellow, five and nine are not merely non-identical, 
but are also such that the difference between them can 
be apprehended as greater or smaller (say) than that 
between oblong and square, orange and yellow, seven 
and nine. 

§ 5. There is yet another aspect of the dictum: 
identity (of adjective) implies difference (of substan- 
tive) according to which it could equally well be ren- 
dered: difference (of adjective) implies difference (of 
substantive). For, where identity applies to the adjec- 
tive and difference to the substantive, identity may 
properly be said to imply difference, in the sense that 
the identity predicated of an adjective is used along 
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with otherness as predicated of compared substantives; 
but, in this sense, we may also say that difference im- 
plies difference; i.e. that difference predicated between 
two adjectives is used along with otherness as predi- 
cated of the compared substantives. The dictum should 
therefore be expressed in more general terms to include 
identity and difference in respect of the adjectives char- 
acterising one and another substantive. Thus: Com- 
parison with respect to any determinable character, 
whether it yields identity or difference, presupposes 
otherness of the substantives characterised by the de- 
terminable in question, In this connection we may 
examine the contrast commonly drawn between quali- 
tative difference and numerical difference. This termin- 
ology is incorrect, for ‘numerical difference’ simply 
means otherness—the very notion ‘numerical’ owing its 
origin to the conception of mere otherness, which is the 
basis of number. Again in contrasting qualitative with 
numerical difference there is the suggestion that other- 
ness does not apply to qualities or adjectives, whereas 
in its developments into number otherness is clearly seen 
to apply precisely in the same way to adjectives as to 
substantives. In our view the required distinction is that 
which was drawn above between the word difference as 
meaning merely otherness, and the word difference in 
its exclusive application to adjectives under the same 
determinable. 

§ 6. Under the head of difference and otherness a 
special problem to be discussed is that involved in the 
famous Leibnizian principle ‘the identity of indiscern- 
ibles.’ This phrase signifies that ‘indiscernibility im- 
plies identity,’ which is an awkward way of saying that 
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‘otherness implies discernibility.’ Here the term ds- 
cernibility has not a psychological but a purely onto- 
logical significance. More explicitly, the phrase sig- 
nifies that a plurality of existent objects is only possible 
so far as there is some difference in the qualities or 
relations which can be predicated of them. If, in this 
phrase, the term relation is interpreted to include such 
external relations as space or time, then no reasonable 
criticism of the Leibnizian formula could be maintained; 
for, as has been contended from another point of view 
in Chapter II, ‘existential otherness’ implies difference 
in spatial or temporal relations. But this interpretation 
can hardly be taken to represent Leibniz’s meaning, since 
he denied external relations, and held that this denial 
demonstrates the non-reality of space. But whereas he 
pretends to base the denial of space upon his dictum, in 
reality his dictum would have no plausibility unless it 
had been previously agreed that space was unreal. What 
Leibniz certainly meant was that ¢wo existent objects 
could not agree in all their zz¢evna/ characters and rela- 
tions. The difficulty that here arises in regard to the 
number of respects and the remoteness of difference 
that are abstractly necessary for the possibility of two- 
ness of existence exhibits more emphatically the purely 
dogmatic nature of the Leibnizian principle, which seems 
to me in any case to have no logical justification what- 
ever’. 


* Much the same considerations were brought forward in the 
criticism of Bradley’s dictum that ‘distinction implies difference’ 
(see Chapter II). If the Leibnizian and the Bradleyan principles 
can be in any way distinguished, it is that the former is ontological 
and the latter epistemological. 
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§ 7. Having discussed the notion of identity in its 
contrasts and connections with difference and otherness, 
we must finally examine the nature of the relation of 
identity itself, apart from its connections with other re- 
lations. The problem may be indicated by discussing 
whether identity is or is not definable. For this purpose 
it will be desirable to begin by considering the formula 
atx, rather than xzy. For xzy can only be interpreted 
by explicitly distinguishing the word, phrase or symbol 
which denotes an entity from the entity itself that is 
denoted; and moreover the proposition xzy (until defi- 
nite equivalents for x and y are substituted) can only be 
adopted hypothetically or illustratively. On the other 
hand, the straightforward proposition xzx is to be as- 
serted on rational grounds for azy value of x Elimi- 
nating the symbol x, what is to be universally asserted is 
that ‘Any entity is identical with itself.’ Unfortunately 
the term z¢sedf can only be defined as ‘ what is identical 
with z¢’; and hence any explication of the formula 
seems to lead to an infinite regress. This difficulty can 
be removed by expressing the formula in the negative 
form: ‘No entity is zdentzcal with any entity other 
than itself.’ This is to be understood as a brief way of 
asserting: ‘No entity (%) is zdentical with any entity 
other than what is tdentzcal with x. This axiom ex- 
presses a universal and rationally grounded truth, ex- 
pressed in terms of the two relations, identity and 
otherness. I shall attempt to show that the conceptions 
of identity and of otherness are two independent inde- 
finables, the understanding of which is required in order 
intelligently to accept the truth of the above axiom or 
of any other proposition which explicitly or implicitly 
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involves the notions of identity or of otherness. Now 
the above axiom of identity (zx) is never explicitly 
used anywhere but in an abstract logical or philosophi- 
cal context; on the other hand xzy is explicitly used in 
concrete logical and mathematical formulae; and its 
usage in such cases always involves the process of 
substituting y for x. The connection between identity 
and substitution is roughly expressed in the rule: Given 
avy, we may always substitute y for 2 More exactly, 
taking ~ to be any predication, ‘If x is identical with y, 
then x is would imply y is ~.. The converse of this 
is also generally admitted: viz. that ‘If for every value 
of 2, x is p would imply y is Z, then x must be identical 
with y.’ From these two assertions conjoined it follows 
that the proposition ‘x is identical with y’ is equipollent 
or co-implicant with the proposition that ‘For every 
predication Z, x is would imply y is Z.’ The problem 
thus arises whether this equipollence or co-implication 
can serve as a definition of identity. My ground for 
rejecting such a view is that the equipollence asserted 
could not be understood or utilised unless we under- 
stood what is meant by the assertions ‘x is identical 
with x,’ ‘y is identical with y’ and ‘fis identical with 2,’ 
and had accepted these assertions as true, because of 
our independent understanding of what is meant by the 
relation of identity. 

In the converse form of the identity formula we have 
admitted that if all the adjectives that characterise a 
substantive x also characterise a substantive y, then x 
and y are identical. But the hypothesis here is really 
impossible, for the adjective ‘other than y’ cannot 
characterise y. Hence there is one adjective at least 
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that must characterise x but not y. What then is the 

one relational adjective that must characterise any one 

existent and not any other? It must be existence itself. 

For to exist means to stand out from amongst other 

things. Otherness is thus presupposed by existence. In 

short, if the existent is what is manifested in time and 
space, and if time and space are wholes divisible into 
parts, then the only necessarily differentiating mark of 
one existent must be its temporal and spatial osztzon. 

This brings us back to the Leibnizian formula, but at 

the expense of admitting the reality of time and space 

as the condition of otherness—a condition which is both 
necessary and sufficient. 

Although in the sense explained identity always 
implies the legitimacy of substitution, we cannot say 
conversely that the legitimacy of substitution always 
implies identity. For whenever two predications are 
co-implicative, the one may always be substituted for 
the other in the same way as for substantives which are 
wdentzcal. Thus, for substantives x and y, we have the 
formula: 

If x is identical with y, then ‘x is pf’ is co-implica- 
tive with ‘y is Z,’ where Z is any predication appli- 

cable to x and y. 

Corresponding to this, for predications g and 7, we have: 
If g is co-implicative with 7, then ‘g is x’ is co- 
implicative with ‘7 is z,’ where z is any predication 
applicable to g and ». 


Thus, given the co-implication of the two predications 
(7) human being, and (7) featherless biped, we can infer 
that the proposition ‘the number of human beings is x’ 
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is co-implicative with the proposition ‘the number of 
featherless bipeds is x.’ And again given the co-impli- 
cation of the two propositions (g) ‘There is a righteous 
God’ and (7) ‘The wicked will be punished,’ we can 
infer that the proposition ‘That there is a righteous God 
is problematic’ is co-implicative with the proposition 
‘That the wicked will be punished is problematic.’ These 
examples show that the relation of co-implication be- 
tween predications has some of the same properties as 
that of identification between substantives, and therefore 
co-implication is apt to be conceived (and even by some 
symbolic logicians has actually been symbolised) as 
equivalent to identification. It appears to me that it is 
theoretically possible that the conception of co-implica- 
tion could be shown to correspond to factual identifica- 
tion; but this indeed is doubtful, because the relation of 
co-implication is compound, i.e. it denotes the conjunc- 
tion of the two correlatives implying and implied by, 
whereas it seems impossible to reduce the notion of 
identification to the conjunction of two correlatives. 
Before dismissing this subject, it must be admitted 
that both as regards substitution for identified substan- 
tive terms, and substitution for co-implicative predica- 
tions, certain limitations seem to be required. For 
example Mr Russell has familiarised us with illustra- 
tions for the necessity of this limitation by such ex- 
amples as that, from the identification of ‘Scott’ with 
‘the author of Waverdey,’ we cannot, by substituting the 
one term for the other in such a proposition as ‘George I V 
believed Scott to have written J/armzon’ infer that 
‘George IV believed the author of Waverley to have 
written Marmion.’ Or again that the number of the 
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apostles is identical with the number of months in the 
year, does not necessarily imply that anyone who doubts 
that the number of apostles is 12, would necessarily 
doubt that the number of months was 12. It appears 
that the only statements for which such substitutions 
are invalid are secondary propositions predicating of a 
primary proposition some or other relation to a thinker. 

§8. To complete the account of identity, it is neces- 
sary to anticipate what will be elaborated in a later part 
of the work; and for this purpose the discussion will be 
restricted to identity of substantives proper, excluding 
any further reference to the identity of adjectives or 
predications. A substantive proper I have defined as 
what is manifested in space and time, or otherwise an 
existent; and the category existent has been divided 
into the two sub-categories called respectively occurrent 
and continuant. Now identity as applied to an occur- 
rent could be illustrated thus: ‘The flash of lightning 
to which I am pointing is identical with the flash of 
lightning to which you are pointing.’ A continuant, on 
the other hand, means that which continues to exist 
while its states or relations may be changing; identity 
of continuant may therefore be illustrated by some such 
examples as ‘The body which illuminates the earth is 
identical with the body that warms the earth’; ‘The 
person who was experiencing the tooth-ache is identical 
with the person who intends to go to the dentist.’ This 
last conception we find discussed at some length under 
the heading ‘Identity’ by the earlier English writers 
Locke, Hume and Reid, who used the term to signify 
personal identity instead of giving to it the merely rela- 
tional significance of the more modern conception. In 
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effect, for them the assertion or denial of identity is 
equivalent to the assertion or denial that there is a 
person who continues to exist throughout a period of 
time in which his various experiences may be altering 
in character. The destructive view represented by Hume 
regarded experiences as what I call occurrents, any one 
of which is merely replaced by another in the course of 
time. This destructive view is equivalent to the denial 
of any psychical continuant. Necessarily an occurrent 
experience is as such identical with itself; what Hume 
denied was that kind of connection between one such 
occurrent and another which constitutes them into alter- 
able states of one individual self. Hence it was not the 
general conception of identity, but the reality of the 
psychical continuant that Hume denied and that Reid 
maintained. When this old problem is revived at the 
present day, it is usually formulated as the question 
whether there is any ultimate philosophical justification 
for regarding one and another experience as belonging 
to the same self. This phraseology, however, is mis- 
leading ; for it appears to assume the existence of a self, 
and to raise only the question as to whether we can 
refer different experiences to the same self; whereas 
the real problem is whether there is a self at all. In 
discussions, by Hume and others, connected with that 
of ‘personal identity,’ we find the same problem raised as 
to the validity of the more general notion ‘substance’— 
i.e. in my terminology, a continuant (whether psychical 
or physical). Now we might interpret Kant as admit- 
ting the validity of the conception of a physical con- 
tinuant while denying that of a psychical continuant. 
On the other hand, Berkeley more obviously supported 
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the notion of a psychical continuant and rejected that 
of a physical continuant. At the present day, most 
philosophers who reject these notions regard them as 
reached by a constructive process, and therefore as 
being merely convenient fictions. To assume that a 
notion is necessarily fictitious because it owes its origin 
to a constructive process is fallacious, especially for those 
who accept the central Kantian position according to 
which the objective validity of any conception is estab- 
lished by showing it to be the result of a synthetic, 
i.e. constructive act of pure thought. The same relation 
between identity and the notion of a continuant applies 
to the physical as to the psychical continuant. In the 
physical sphere, those who reject the physical continu- 
ant maintain that any physical event is a mere occur- 
rent which is replaced by another occurrent; and that 
a so-called change is merely the temporal succession of 
one and another occurrent. Those, on the other hand, 
who accept the notion of a physical continuant maintain 
the validity of the notion of change as distinct from 
mere alternation, and as therefore presupposing the con- 
ception of a physical continuant. 

We may indicate more positively the distinction 
between the two views which respectively reject and 
accept the notion of a continuant, while agreeing in the 
application of the relation of identity. Those who deny 
continuance of existence as well as those who affirm it 
can legitimately collect all the experiences, occurring 
during some part or the whole of what we call an indi- 
vidual’s total experience, to constitute a class and assert 
that this collection is identical with itself. On the other 
hand, for those who affirm the continuant, the collection is 


202 CHAPTER XII 


not a mere plurality but a specific kind of unity; in other 
words, they hold that an intimate bond of causality 
subsists between the experiences attributable to one 
individual of a kind which does not subsist between 
experiences arbitrarily selected from the histories of 
different individuals. The notion of this unique kind 
of bond is, on this view, the product of a constructive 
act, but ot to be dismissed on this ground as merely 
fictitious. 
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RELATIONS OR TRANSITIVE ADJECTIVES 


§ 1. So far we have treated the adjective solely in 
its reference to the substantive which it characterises. 
We have now to consider a type of adjective whose 
meaning when analysed exhibits a reference to some 
substantive other than that which it characterises. Thus 
we may characterise a certain child by the adjective 
‘liking a certain book,’ or a certain book by the adjec- 
tive ‘ pleasing a certain child.’ These adjectives predi- 
cated respectively of the child and of the book, are 
complex; and when we take the substantival reference 
out of this complex, there remains the term ‘liking’ or 
‘pleasing.’ Such terms do not function as completed 
adjectives, and will be called relational adjectives. 
Propositions involving adjectives of this type may be 
ranged in a series according to the number of substan- 
tives to which they refer. Thus, in the following ex- 
amples: ‘A is wise, ‘A likes B, ‘A gives X to B,’ 
‘A accuses B& at time J of C,’ the number of substan- 
tival references are respectively one, two, three and 
four, and the corresponding adjectives or propositions 
may be called monadic, diadic, triadic and tetradic. 

Taking first the two-termed relation, let us con- 
sider the proposition ‘X likes Y’ or ‘X is greater 
than VY.’ The notion of ‘X as liking Y’ or of ‘X as 
being greater than Y’ is to be distinguished from the 
notion of ‘ Y as liking X’ or ‘ Y as being greater than 


204 CHAPTER XIII 


X. At the same time the thought of any assigned 
relation of X to Y involves the thought of a definitely 
assignable relation of Y to X ; for example, the thought 
of X as liking Y involves the thought of Y as pleas- 
ing X; and X as greater than Y involves Y as being 
less than X. Two relational adjectives such as liking 
and pleasing, or greater than and less than—each of 
which in this way involves the other—are called cor- 
relatives, and either one is said to be the converse of 
the other. When the relation is expressed by a transi- 
tive verb, the opposition between active and passive 
expresses the mutual implication of correlatives : thus, 
‘X likes Y’ means ‘ Y is liked by X,’ or ‘Y pleases X’ 
means ‘X is pleased by Y.’* Except in the case of 
the active and passive voice, there is no general rule 
of language according to which the converse of a given 
relative can be expressed, and therefore a special know- 
ledge of words in current use is required in order to be 
able to express a relation in its converse form; as 
when we pass from ‘X is greater than Y’ to ‘Y is less 
than X,’ or from ‘X likes Y’ to ‘Y pleases X.’ How- 
ever, the fact expressed in terms of a relative is the 
same as the fact expressed in terms of its converse, 
whether the terms employed are philologically cognate 
or not. 

It must be pointed out that ‘liking VY’ or ‘liking 
someone, etc., is a completed adjective; and, in general, 
out of a relational adjective we may construct a com- 

* Comparing ‘x sleeps’ or ‘x is sleeping’ with ‘x hits y’ or ‘x is 
hitting y,’ and noting that ‘s/ceps’ is an intransitive and /z¢s a transitive 
verb, we ought properly to call s/eepimg an intransitive and Acting a 


transitive adjective. Thus a redation is properly defined as a ‘transitive 
adjective, the ordinary adjective being distinguished as zx¢ransttive. 
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pleted adjective by supplementing the substantival 
reference. And conversely most ordinary adjectives in 
use can be analysed so as to elicit a relational element 
as a component. For instance ‘amiable’ contains the 
relational element ‘liked by,’ and may be roughly defined 
‘liked by most people.’ Again, substantive words are 
constructed out of relational adjectives, e.g. ‘a shep- 
herd’ which means ‘a person who takes care of sheep.’ 
It is noteworthy, however, that to take the substantives 
‘shepherd’ and ‘sheep’ as examples of correlatives 
involves a double error, since the true correlatives 
involved in the meaning of shepherd are ‘taking care 
of’ and ‘taken care of by,’ which are adjectival and not 
substantival ; while the meaning of the word ‘sheep’ 
contains no relational element at all. 

§ 2. Our immediate concern will be with diadic 
adjectives, otherwise called coupling. Given any two 
substantives—say « and y—we may construct what will 
be termed a substantive-couple expressed by the phrase 
‘x to y, which is to be distinguished from the substan- 
tive couple ‘y tox.’ Similarly, given any two correlative 
coupling adjectives—say greater-than and less-than— 
we construct what will be termed an adjective-couple, 
expressed by the phrase ‘greater-than to less-than.’ 
The significance of a substantive-couple is to be ex- 
plained by defining it as that which may be characterised 
by an adjective-couple; and the significance of an 
adjective-couple, by defining it as that which may 
characterise a substantive-couple. Thus the relation of 
substantive-couple to adjective-couple is the same as 
that of an ordinary adjective to an ordinary substan- 
tive; and just as the latter are united through the 
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characterising tie, so are the former. Again, just as 
the extension determined by an ordinary adjective 
comprises the substantives of which the adjective may 
be truly predicated, so we may say of an adjective- 
couple that the extension which it determines comprises 
the substantive-couples of which the adjective-couple 
may be truly predicated. This relation between the 
substantive-couple and the adjective-couple is brought 
out by expressing the proposition ‘x is greater than y’ 
in the form 


‘x to y is-as greater than to less than,’ 


and the proposition ‘y is less than x’ in the form 


‘y to x is-as less than to greater than.’ 


This mode of formulation helps perhaps to explain the 
process of relational conversion, which may be illus- 
trated as follows: 


(1) x is greater than y, 
*, (2) x to y is-as greater than to less than, 
.*. (3) y to x is-as less than to greater than, 


.*. (4) y is less than x, 


In passing from (1) to (2), the introduction of the 
term ‘less than’ depends merely upon knowledge of 
the arbitrary usage of language ; but the logical validity 
of the step rests upon the fundamental principle of 
thought that every relation has its converse. Each step 
also requires that the order in which the adjective 
terms are mentioned is to be understood to correspond 
to that in which the substantive terms are mentioned. 
Similar reformulations could be applied to triadic and 
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higher orders of adjectives: thus ‘x receives 6 from y 
will be rendered } 
x:b:y | is-as | receiving: given by: giving to; 

and ‘y gives 6 to x’ becomes 

y:6:x | is-as | giving: given to: receiving from ; 
where ‘:’ stands for ‘to,’ and the ordering of the words 
is to be interpreted cyclically. 

§ 3. The general notion of an adjective-couple that 
can be predicated of‘a substantive-couple is familiarly 
illustrated in what is called analogy. Take the proposi- 
tion ‘England to Australia is-as parent to child’; here 
the predicate is what I call an adjective-couple, consti- 
tuted by taking the relation ‘ parent-of’ and its converse 
‘child-of’; while the subject is a substantive-couple 
composed of the two substantives England and Aus- 
tralia. The copula ‘is-as’ marks a statement of analogy. 
Another example with the same adjective-couple is 
‘France to Algiers is-as parent to child. From these 
two predications of the same adjective-couple we should 
infer that ‘France is to Algiers as England is to 
Australia. This form of proposition, however, differs 
importantly from that which predicates an adjective- 
couple of a substantive-couple. For in affirming the 
equivalence of the relation in which France stands to 
Algiers with that in which England stands to Australia, 
there is no indication of the kind of relation in respect 
of which the two substantive-couples agree. We might, 
in fact, compare this inference with the inference that 
‘X is like Y’ which could be drawn from the two 
propositions that ‘X is red’ and ‘Y is red’; or equally 
from the two propositions that “X is square’ and ‘Y is 
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square. We then see that such terms as similar or 
analogous when used to connect two substantives or 
two substantive-couples are quite indeterminate with 
respect to the ground of similarity or analogy ; so that 
from the assertions ‘A is similar to B’ and ‘B is 
similar to C’ it could never be inferred that ‘4 is 
similar to C.’ My formulation of the relational proposi- 
tion ‘4 to B is-as f to g’ is of course suggested by the 
arithmetical expression for a ratio and the equality of 
ratios, but here there is a danger of misunderstanding ; 
for in my phraseology we could assert that ‘8 to 6 is-as 
greater by 2 to less by 2,’ and again that ‘5 to 3 is-as 
greater by 2 to less by 2’ and hence that ‘8 to 6 is-as 
5 to 3’: but in arithmetic the phraseology ‘f to g’ is 
understood to denote exclusively a relation under the 
genus called vatzo, and could not be applied to a rela- 
tion under any other genus such as difference or dis- 
tance, etc., etc. Instead of calling such a term as ratio, 
difference or distance, etc., by the familiar name genus, 
it ought, properly speaking, to be termed ‘relational 
determinable’ in contradistinction to three-fifths, or 
minus two, or three yards distant, which are ‘relational 
determinates’ under their respective relational deter- 
minables. Whereas eve the phraseology ‘a to 0 is-as 
p to g’ is used for relational determinates under any 
relational determinable, in arithmetic this phraseology 
is limited to relational determinates under the one re- 
lational determinable called va¢zo. It must be observed 
that, when the term analogy is explicitly referred to a 
given relational determinable, such as vaézo, then, from 
the assertion that two substantive couples are analogous 
to the same substantive couple, we may infer that the 
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two are analogous to one another. This is precisely 
parallel to the case of agreement or similarity when 
explicitly referred to any given adjectival determinable, 
such as colour. 

§ 4. This account of relational adjectives leads to 
a consideration of a species of tie distinct from the 
characterising tie, which we shall call the coupling tte. 
In the phrase ‘x to y’ the word Zo has been chosen to 
indicate this tie, and hence the effect of the coupling 
tie is to construct a substantive-couple. Any prepo- 
sition or prepositional phrase such as of, by, for, at, 
with, in, in reference to, indicates the presence of the 
coupling tie. We must not, however, in general say 
that the preposition denotes merely a tie; for a dif- 
ference of preposition often stands for a difference in 
the relation predicated. For example ‘% is influenced 
to move fowards y’ has a different meaning from ‘x is 
influenced to move away from y’; where the difference 
of preposition is seen to entail a difference of relation— 
namely the difference between attraction and repulsion. 
In fact, prepositions used along with adjectives or verbs 
express determinate modzficatzons of relation. The 
essential feature of a tie, on the other hand, is that it is 
incapable of modification, and hence we frequently 
find that it does not enter as a separate verbal com- 
ponent in a sentence. 

Whenever a tie (whether it be the characterising 
tie, or the coupling tie, or any other) does not appear as 
an actual word, there are conventions of language which 
indicate its presence. In languages in which inflexion 
is largely used, such as Latin and German, there are 
two main kinds of grammatical rule; namely, the rules 
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of concordance and the rules of governance. We shall 
find that the rules of concordance point to the presence 
of the characterising tie; and those of governance to 
the coupling tie. The rules of concordance are, briefly, 
that adjectives and verbs must agree in gender, number 
and case, with the substantives that they characterise ; 
so that the characterising tie is not necessarily expressed 
by use of the verb ‘to be’ but merely by inflexion. On 
the other hand, the rules of governance always deter- 
mine the case—genitive, dative, accusative, or ablative 
—of the substantive that is introduced along with any 
transitive verb, relational adjective, or preposition. We 
find, especially in Latin, that considerable changes in 
the ovder of words (which may vary for purposes of 
rhetorical significance) are permissible because of the 
inflexions which are understood to indicate (i) by gram- 
matical agreement, how the words are to be attached 
in thought by the characterising tie, and (ii) by gram- 
matical governance, how they are to be attached in 
thought by the coupling tie. Furthermore, where 
modification of case occurs (with or without a prepo- 
sition), not only the coupling tie, but also the special 
modification of relation that is to be understood is 
grammatically indicated. The characteristic of English, 
in contrast to highly inflexional languages, is that no 
inflexions are required by rules either of concordance 
or of governance, except in the two instances: (i) for 
differences of person and number in many verbs (which 
illustrate the characterising tie), and (ii) the accusatives 
—him, her, me, us, them, whom (which illustrate the 
coupling tie). All the other instances of inflexion in 
English—for example the possessive pronouns and the 
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tenses of verbs—are used, not according to any rules 
of concordance or governance, but to express distinc- 
tions of meaning. The difference between the two 
kinds of inflexion—the one being significant and the 
other syntactic—is brought out by comparing the 
English ‘her father’ or ‘his mother,’ where the differ- 
ence of gender is significant and not syntactic, with the 
French ‘son pére’ or ‘sa mére,’ where the difference 
of gender is syntactic and not significant. In English, 
the conventional rules of concordance or governance 
are replaced—except in the two cases mentioned above 
—by the equally conventional ovderzng of the words. 
§5. The coupling tie—which might have been called 
the prepositional tie, in consideration of the grammati- 
cal rules of governance, or again the relational tie, in 
consideration of the philosophical problems that have 
been raised in regard to the nature of relation—is of 
fundamental importance in discussing one of the para- 
doxes that Mr Bradley and others have found in the 
general notion of relation. The paradox is briefly brought 
out in the following contention: when we think of x as 
being 7 to y, we have first to relate x to y by the rela- 
tion 7, and then relate the relation 7 to x by—say 7/— 
and ~ to y by—say 7”, another relation. This again 
will require that x should be related to 7 by the further 
relation 7”, which will lead to an infinite regress on the 
side of x, and a similar regress on the:side of y. This 
paradoxical contention is met by pointing out that in 
constructing an object out of the constituents ~, 7, and y, 
we do not introduce another constituent by the mere 
act of constituting these constituents into a unity. The 
pretence of paradox is due to the assumption that to 
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the act of relating or constructing there corresponds 
a special mode of relation; so that a tie is confused with 
a relation. That a tie and a relation are distinct is 
brought out by considering the fact that if, for a given 
adjective—whether ordinary or relational—we substi- 
tute another adjective, we shall have constructed a 
different unity; but, if we drop the characterising tie 
with a view to replacing it by some adjective or rela- 
tion, then either the unity itself is destroyed, or it will 
be found that the characterising tie remains along with 
the adjective or relation so introduced. Similarly, the 
coupling of terms is not a mode of relateng them for 
which another mode of relation could be substituted ; 
for, if they were uncoupled, again the unity would be 
destroyed. 

The distinction between a tie and a relation may be 
brought out from another point of view by the con- 
sideration that the specific difference between one kind 
of tie and another is determined by the logical nature 
of the constituents tied. Thus the use of an adjective 
in general involves the characterising tie, by which it 
is attached toa substantive; and the use of a relational 
adjective in particular further involves the coupling tie 
by which the two substantive-terms are attached to one 
another. On the other hand, where terms are related 
by a genuine relation, their logical nature allows any 
specific relation to be replaced by any other, this other 
being in general under the same relational determinable. 

Now just as we must distinguish between any rela- 
tion and the relational (or coupling) tie, so I have 
throughout assumed, and it is of the first importance to 
emphasise, the distinction between characterisation and 
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the characterising tie. I have, in fact, spoken repeatedly 
of the velatzon of adjective to substantive; and this is 
the relation called characterisation—a specific kind of 
relation to be distinguished, for instance, from ‘liking’ 
or ‘exceeding,’ etc. While characterisation, then, is 
a relation, the characterising tie (like any other tie) is 
a mode of connectzon, represented usually by the par- 
ticiple ‘being.’ This participle may be expanded into 
‘being-characterised-as-being,’ and it will still represent 
merely the characterising tie. Thus the following series 
of examples are seen to be but different modes of ex- 
pressing precisely the same fact: I am thinking (1) of 
this | as| tall; (2) of this |as-being| tall; (3) of this | as- 
being -characterised-as-being | tall; where the phrase 
enclosed in vertical lines represents nothing more nor 
less than the characterising tie. The equivalence be- 
tween ‘S as-being P’ and ‘S as-being characterzsed as- 
being /,’ etc., is precisely analogous to the arithmetical 
equalities: sASXLiaS XT RPS Kay xP; where 
S stands for any magnitude and P for any numerical 
multiplier, while the number ove takes the place of the 
relation ‘characterised, and the operator ‘x’ takes 
the place of the tie ‘as-being.’ We will therefore call 
‘characterisation’ the wzzt relation, because it may be 
conceived as a factor in every adjective and in every re- 
lation. The conception of ‘characterised’ as a relational 
factor, analogous to ome in the expression S x (1 x P), 
will be shown more precisely by adopting a different 
mode of bracketing (3) whereby it becomes: (4) I am 
thinking of ‘this |as-being| characterised-as-being-tall,’ 
Now this last expression is formally analogous to(5) I am 
thinking of this |as-being| taller-than-that. The phrase 
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|as-being |, occurring both in (4) and (5), represents the 
characterising tie; but in (5) the relation (with its tie) 
is expressed by ‘taller-than,’ and supplemented by the 
substantive-term ‘that,’ while in (4) the relation (with 
its tie) is expressed by ‘characterised-as-being’ and sup- 
plemented by the adjective-term ‘tall.’ Since, moreover, 
we may expand the tie in (5) into ‘as-being-character- 
ised-as-being,’ we see that ‘characterised’ is a latent 
factor in every relation, as well as in every ordinary 
adjective. Thus ‘characterised’ is a latent factor even 
in the relation ‘characterising’: for ‘I am thinking of P 
as characterising S’ may be expanded into ‘I am think- 
ing of |as-being| characterised as characterising S.’ 
This reformulation incidentally shows that, though char- 
acterised has the properties of a unit relation, yet its 
converse characterising has not these properties. 

§ 6. Now the form of proposition in which ‘character- 
ised’ is introduced explicitly as a relation, derives its 
significance and its legitimacy from our having taken an 
adjective—namely ‘tall-—as a term. We are therefore 
extending the application of the notion of a relation, 
when in this way we take an adjective as ¢evm, instead 
of (as hitherto) a substantive. Indeed no limit can be 
imposed upon the kind or category of entity which may 
constitute a ‘term’ of which adjectives or relations to 
other entities may be predicated. In particular, we must 
recognise that certain adjectives may be significantly 
predicated of adjectives and of propositions, and even of 
relations; and that certain relations may be significantly 
predicated as subsisting between a substantive and an 
adjective, or between one adjective and another, or 
between one proposition and another, or even between 
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one relation and another. The adjectives, relations, 
or propositions of which other adjectives or relations 
may be predicated must when so connected be called 
terms, in contrast with the adjectives or relations pre- 
dicated of them. The logical mode in which adjectives, 
relations or propositions enter as ¢evms into a construct, 
is reflected in language by the substantival form assumed 
by them; e.g. intolerance, hatred, the enthusiasm of the 
people, that matter exists, to be or not to be, etc. etc. 
Underlying the merely nominal question whether 
adjectives, relations or propositions when functioning 
as substantives in a construct should be cad/ed terms, 
two philosophical questions arise, which I shall here 
deal with rather summarily. First, is it literally the 
_same entity which can be treated indifferently ezther as 
an adjective in its primary or natural functioning, or 
as a quasi-substantive of which certain other adjectives 
or relations may be predicated? To this I give an 
affirmative answer; and the objections to my view are 
(I think) met by insisting that the adjectives or rela- 
tions which may be significantly predicated of przmary 
adjectives or relations (as they may here be called) 
belong to a different logical sub-category from these 
latter, and may be called secondary. Thus, it is not 
that the primary adjective changes its category when 
functioning asquasi-substantive, but it is that the second- 
ary adjective must be said to belong to a special sub- 
category, determined by the category of the primary 
adjective of which it may be predicated. But a second 
question arises: whether the relation or adjective that 
is apparently predicated of a relation, adjective or pro- 
position, is vea/ly so predicated; or whether it is pre- 
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dicated rather of certain substantives to which there is 
implicit or explicit reference. As regards this question, 
it must be pointed out that while relations, subsisting 
primarily between certain entities entail relations be- 
tween other entities involved in or connected with the 
former, yet the relations thus entailed are not identical 
with the primary relation; so that whether a relation is 
predicated of this or of that kind of entity needs separate 
discussion in each type of case. A typical example will 
be discussed in a succeeding paragraph. 

§7. We now propose to analyse relational proposi- 
tions of more complicated forms. The principles (pre- 
viously illustrated) in accordance with which a diadic 
proposition may be reduced to a monadic by hyphening 
(or bracketing) the predicate, and may be converted 
by substituting for the given relation its correlative, 
may be extended to relational propositions of higher 
orders. In such propositions any one of the substantive- 
terms may be taken as subject, and a complex containing 
the remaining substantive-terms as monadic predicate; 
or any couple of substantive-terms may be taken as 
subject and a complex containing the remaining sub- 
stantive-terms as diadic predicate; and so on. In such 
transformations, any fermutatzons that are made amongst 
the substantive-terms, will require the substitution of 
‘cognate’ modes of expressing the given relation; and, 
as in diadic relations, the order of relationality is reduced 
by constructing a complex predication indicated by a 
hyphen or bracket. For example, the triadic proposition 
‘A gives X to B’ is reduced to a diadic by transforming it 
into ‘A gives-X to B’ or ‘Bis receiver-from-A of X’ or 
‘X is given-to-B by A,’ which again may be converted, 
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respectively, into ‘B receives-X from 4,’ ‘X is given- 
by-A to B,’ ‘A is giver-to-B of X.’ Thus the single. 
radical relation represented by such a verb as ‘to give,’ 
from which a triadic proposition‘is constructed, gives 
rise to three pairs of converse forms (making six corre- 
latives), namely: giver-to and receiver-from; receiver- 
of and given-to; given-by and giver-of. And, further- 
more, each of the above six diadics becomes monadic 
by completing the hyphening of the predicate without 
any further verbal alteration. 

In the above illustrations a szmg/e radical relation 
was involved; but another kind of complication arises 
when, besides a number of subs¢antzval components, the 
proposition contains more than one adjectival or rela- 
tzonal component, these being in general indicated by 
different verbs. For example, the proposition ‘A pre- 
vented Z from hurting C’ contains the three substantive- 
terms A, £&, C, together with two verbs, of which ‘pre- 
vent’ is the principal and ‘hurt’ is sub-ordinate. Such 
a proposition, treated merely as triadic, may be trans- 
formed by permutation into (e.g.)‘Bwas prevented by 4d 
from hurting C,’ and by bracketing into ‘C was saved- 
from-being-hurt-by-2 by 4.’ But another form of ana- 
lysis may be used where—as in the case before us— 
we are dealing, not only with a plurality of substantive 
terms, but also with a plurality of radically different 
relational components. In this analysis, we take as a 
bracketed constituent a complex containing all the com- 
ponents of a complete proposition; viz. the proposition 
that contains the subordinate relation or adjective. A 
proposition in this aspect may be called a posszdzle. 
The Zossz6z/e in our illustration is ‘4’s-hurtingC,’ and 
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the proposition predicates of the person A the relation 
‘preventing, The distinction between the two modes 
of bracketing—in both of which a triadic proposition is 
reduced to a diadic—will be shown by comparing: ‘4 
is | preventer-from-hurting-C| by B’ with ‘4 |prevents| 
the-hurting-of-C-by-Z2.’ In the former the ¢erms of the 
relation are the two persons ‘4’ and ‘&,’ and the rela- 
tion may be expressed : 

‘A’ to ‘B’ zs-as ‘preventer-of-hurt-to-C-from’ ¢o 

‘prevented-from-hurting-C by’; 


in the latter the ¢evms are the person ‘4’ and the Zos- 
stbzle ‘C’s being hurt by &,’ the relation being: 
‘A’ to ‘C’s being hurt by JB’ zs-as ‘preventer-of’ 
to ‘prevented-by.’ 


The immediate purpose of this illustration is to show 
that a proposition that predicates a relation of a term 
to a possibile, entails also the predication of certain 
complex relations between this principal term and the 
various substantive constituents of the Zosszbzle. The 
example under consideration may be more fully ex- 
pressed by explicit reference to the action of 4 which 
was causally preventive: thus, ‘4’s-instructing-D pre- 
vented 4’s hurting-C.’ This more explicit form of state- 
ment is typical of the causal proposition as such which, 
properly speaking, always relates one fosszbz/e to another 
either by way of production or of prevention. For ex- 
ample, such a statement as ‘The earth causes the fall 
of the stone’ is an elliptical expression for the more 
fully analysed proposition ‘The-proximity-of-the-earth 
causes the-fall-of-the-stone.’ Since, however (as follows 
from the above remarks), a diadic relation of one Zos- 
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sz6zde to another entails certain more complex relations 
amongst the substantive constituents of the possibilia, . 
it is formally legitimate to assert that the earth stands 
in some relation to the fall of the stone, or again that 
the earth stands in some relation to the stone, though 
each of these relations is more complex than the diadic 
relation of causation, which holds between the two 
possibilia. 

§ 8. The above discussion leads to the special pro- 
blem of the nature of the relation of assertion. Consider 
the simplest case: ‘A asserts S to be characterised by 
P. This contains the three terms 4, Sand P, together 
with the two verbs or relations ‘assert’ and ‘character- 
ise,’ of which ‘assert’ is the principal, and ‘characterise’ 
the subordinate. Taking the complex as expressing a 
triadic relation of 4 to S to P; it may be reformulated 
in several ways: such as, ‘4 asserts-P-to-characterise S’; 
‘P is asserted-by-A4-to-characterise S,’ which predicate 
diadic relations of A to S, and of P to S respectively. 
But the more natural mode of expressing the relation 
is as one of the thinker 4 to the Josszbzle ‘S being 
(characterised by) P.’ My account of the relation of 
causation as holding primarily between possibilia but 
also as entailing relations (of a higher order than diadic) 
amongst the component terms of the possibilia, must be 
applied to any such relation as that of interrogating, 
doubting, considering, affirming, denying, etc.,in which 
a thinker may stand to a fosszbele or assertzbile. The 
relation of the thinker to the proposition as a whole 
does not preclude—it rather entaz/s—trelations to the 
constituents of the proposition. Thus, the relation of 
the thinker to the subject S is expressible in terms of P, 


220 CHAPTER XIII 


viz., ‘asserts-P-to-characterise’; and that of the thinker 
to the predicate P is expressible in terms of S, viz., 
‘asserts-.S-to-be-characterised-by.’ 

This principle—that assertion or judgment involves 
a relation of the thinker to each of the constituents of 
the proposition as well as to the proposition as a unitary 
whole—is familiarly (but misleadingly) expressed in 
some such form as that ‘in judgment the thinker asserts 
a relation of one idea to another.’ If by idea was really 
meant ‘the object of a thought’ rather than ‘the thought 
of an object,’ this statement would, in my view, be 
essentially correct. Or more briefly: I agree that judg- 
ment relates the object of one thought to the object of 
another thought; but I deny that judgment relates the 
thought of one object to the thought of another. That 
is to say, though judgment requires us to think about 
objects, the judgment isadouz these objects, and not about 
our thinking about them. The account of judgment that 
is to be rejected involves a confusion between a primary 
proposition which is about objects, and a secondary 
proposition (as it may here be termed) about our ideas 
of objects; and, if this identification of a primary with 
a secondary proposition is consistently carried out, we 
should have to interpret a secondary proposition as a 
tertiary; namely, as being about our ideas about our ideas 
of objects, and so ad znjinztum. But admitting,as I have 
done, that in judgment we assert a relation of one 
object of thought to another, say of S to P, it is neces- 
sary further to consider what sort of zdea we have of 
S or of P when we judge that ‘S is P’; and here I pro- 
pose to distinguish between the specific and the generic 
idea of Sor of P. The speczjfic idea of S that is involved 
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in doubting or asserting the proposition, isthe idea of Sas_ 
‘characterised by /’; and this idea includes the generzc 
idea of S as ‘characterisable,’ i.e. as of the nature of a 
substantive. Similarly the speczfc idea of P is the idea 
of P as ‘characterising S’ and this includes the generic 
idea of P as ‘characterising’; i.e. as of the nature of an 
adjective. But here it is to be observed that the ve/atzon 
that may be said to be predicated, viz. that of character- 
isation, does not subsist between the idea of S and the 
idea of P, since each of these ideas is specifically com- 
pleted in the single complex idea of ‘.S-as-characterised- 
by-?’ or of ‘P-as-characterising-S’ or again of ‘the- 
characterisation-of-S-by-P’; and I hold that these three 
phrases express different modes of constructing one and 
the same construct or complex object of thought. No 
difference of principle is involved when dealing with an 
explicitly material relational proposition, such as ‘S is 
Rto TZ’ Here the sfecific idea of S is the completed 
idea of S as ‘being R to 7’; that of Tis the completed 
idea of 7 as ‘being R to S’; that of &, as ‘relating S 
to 7’; and that of R as ‘relating Tto S.’ These specific 
ideas include such generic ideas as that of S and of 7 
as being substantives and of R and R as being a 
pair of relations correlative to one another. As in our 
simpler illustration, the completed idea is of a complex 
object of thought constructed out of three constituents 
(S, 2, 7) bound together in a certain form of unity. 
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CHAPTER XIV 


LAWS OF THOUGHT 


§ 1. Ir has been customary to apply the phrase 
Laws of Thought to three specific formulae ; but the 
application of the phrase should be extended to cover 
all first principles of Logic. By first principles we mean 
certain propositions whose truth is guaranteed by pure 
reason. It is often too hastily said that logic as such is 
not concerned with truth but only with consistency ; as 
if a conclusion were guaranteed by formal logic merely 
because it is consistent with any arbitrarily assumed 
premisses. But this entirely misrepresents the function 
of formal logic, which is not permissive, but rather 
prohibitive. It guarantees the truth—not of any pro- 
position that is consistent with the premisses—but only 
of the proposition whose contradictory is inconsistent 
with the premisses. And even this statement goes too 
far ; for logic does not allow any arbitrarily chosen pre- 
misses to be taken as true; and thus the only conclusions 
that it can be said in any sense to guarantee are those 
which have been correctly inferred from premisses that 
are themselves true. When consistency is placed in a 
kind of antithesis to truth, it seems often to be assumed 
that logic is indifferent to truth. That the reverse is 
the case is shown by the consideration that to say that 
a conclusion is validly drawn from given premisses is 
tantamount to asserting the truth of a certain composite 
proposition, viz. that the premisses imply the conclusion. 
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In enunciating and formulating the fundamental — 
principles of Logic, we shall not enter into the question 
whether they are all independent of one another, nor 
into the problem as to how a selection containing the 
smallest possible number could be made amongst them 
from which the remainder could be formally derived. 
This problem is perhaps of purely technical interest, and 
the attempt at its solution presents a fundamental, if not 
insuperable, difficulty: namely, that the procedure of 
deriving new formulae from those which have been put 
forward as to be accepted without demonstration, is 
governed implicitly by just those fundamental logical 
principles which it is our aim to formulate explicitly. 
We can, therefore, have no assurance that, in explicitly 
deriving formulae from an enumerated set of first 
principles, we are not surreptitiously using the very 
same formulae that we profess to derive. If this objec- 
tion cannot be removed, then the supposition that the 
whole logical system is based on a few enumerable first 
principles falls to the ground. 

§ 2. The charge has been brought against all the 
fundamental principles of Formal Logic that they are 
trivial; or otherwise that they are nothing but truisms. 
Now a truism may be defined as a proposition which is 
(1) true, and (2) accepted by everybody on mere inspec- 
tionastrue; and theseare just the characteristics required 
of a fundamental principle of logic. Hence to charge the 
fundamental formulae with being mere truisms is not 
to condemn them, but to admit that they are fitted to 
fulfil the function for which they are intended. This 
function is to enable us to demonstrate further formulae, 
some of which, though true, are not accepted by every- 
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body on mere inspection as true. It is an actual fact 
that by means of truisms and truisms alone we can 
demonstrate truths which are not truisms. The above 
and similar criticisms directed against the fundamental 
formulae of Logic will be best met by directly examining 
this or that formula so as to bring out its precise signifi- 
cance in view of the different points of view from which 
it has been criticised ; and we shall adopt this plan as 
occasion offers. 

§ 3. Before enunciating the fundamental principles 
in detail, we will enquire into what is implied in speaking 
of them as ‘Laws.’ The word /aw is closely connected 
with the notion of an imperative ; and many logicians 
of the present day hold that the so-called laws of thought 
are no more imperatives than are the axioms of arith- 
metic or geometry. With this view I agree, inasmuch 
as the axioms of mathematics can themselves be re- 
garded as having an imperative aspect; but this is 
because all truth may be so regarded. The idea of 
truth and falsity, in my view, carries with it the notion 
of an imperative, namely of acceptance and rejec- 
tion—a corollary from the theory which insists on the 
reference of judgment and assertion to the thinker. 
For it is only so far as assertion is recognised to be a 
mental act, that the notion of an imperative becomes 
relevant. An imperative of reason implies a restraint 
upon the voluntary act of assertion—a restraint which 
does not, however, infringe the freedom that charac- 
terises every volition, since the obligation to think in 
accordance with truth is self-imposed. Any study of 
which imperativesconstitute the subject-matter has been 
called a xormaiwve science, and normative sciences have 
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been contrasted with positive sciences. But from a 
certain point of view every science may be said to 
exercise an imperative function in so far as any mistake 
or confusion in the judgments of the ordinary man is 
corrected or criticised by the scientist as such. Every 
science therefore can without any confusion of thought 
be regarded as normative ; which is only another way 
of saying that the notions of truth and falsity as pre- 
dicable of propositions carry with them the notions ‘to 
be accepted’ or ‘to be rejected’ understood as impera- 
tives. But an explanation can be given for the restricted 
use of the term normative to logic, aesthetics and ethics: 
viz., that, while each deals with a certain kind of mental 
fact, it does not deal with it merely as fact. Every 
science which deals with man, either in his individual 
or social capacity, takes as its topic the description of 
mental facts—including an analysis of how men think, 
feel and act; but such a descriptive study of our thoughts, 
feelings and actions (including their causal relations) 
treated generally, historically or speculatively, is to be 
distinguished from the study of precisely the same facts 
in relation to certain norms or standards, and from the 
critical examination of these norms or standards them- 
selves. The division of sczences en general into norma- 
tive and positive is, therefore, unsound, inasmuch as ad/ 
sciences may be regarded as normative in the sense 
that they are potentially corrective of mistaken, false or 
obscure views. This division (into normative and posi- 
tive) is therefore properly restricted to sciences dealing 
with psychological material ; thus the positive or descrip- 
tive treatment of mind—in its thinking, feeling or acting 
aspect—is (like all sciences) normative in the sense of 
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being potentially corrective of false judgments on the 
topics directly dealt with; while the treatment in Logic, 
Aesthetics and Ethics of these same processes is norma- 
tive in the morespecial sense that these sciences examine 
and criticise the norms of thought, feeling or action 
themselves. Within the range for which the antithesis 
between normative and positive holds, the distinction 
between a descriptive or causal account of psychological 
or sociological matters, and an examination of standards 
or norms, is now-a-days of the first importance, inasmuch 
as the substitution of causal descriptzon in the place of 
evaluation of standard has been woefully common in 
works which profess to found Ethics upon psychology 
or sociology. 

§ 4. To return to the consideration of the principles 
which exercise an imperative function. The funda- 
mental formulae for conjunctive and composite pro- 
positions have been given in the chapter on compound 
propositions; these must be included in the general 
consideration of the Laws of Thought. Certain of these 
laws, and in particular the Reiterative, Commutative and 
Associative laws of Conjunction are—not only the 
materials which explicitly compose the logical system— 
but are also implicitly used in the process of building up 
the system. Thus, for example, we not only explicitly 
formulate the Reiterative Law, but in making repeated 
use of this or of any other law, we are implicitly using 
the Reiterative Principle itself. This will be seen to 
hold in the same way of the Commutative and Associa- 
tive principles of Conjunction. Finally, inasmuch as the 
system is developed by means of inference, the essen- 
tial principles of implication are not only explicetly 
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formulated in the formulae for composite propositions, 
but also zmpélzcztdy used in constructing the logical 
system itself. 

§ 5. The next set of laws to be considered will be 
those which express the nature of /denézty, since this is 
a formal conception which applies with absolute uni- 
versality to all possible objects of thought whatever the 
category to which they may belong. Identity is a re- 
lation, and as such has certain properties which are 
exhibited in what we shall call the Laws of /dentzity. 
Relations in general may be classified according to the 
formal properties they possess, irrespectively of the 
terms related. It will be necessary here to introduce 
and define three of these properties, viz., transitiveness, 
symmetry and reflexiveness. Using the symbols x, y, z, 
to stand for the terms of any relation, and the symbols 
? and # for any relation and its converse, then, 


(1) the relation 7 is called transitive: when ‘x is 7 
to y’ and ‘yis # to z’ together implies ‘x is ? to 2’ for 
all cases of x, y, z; for example, ancestor, greater than, 
causing, implying ; 

(2) the relation 7 is called symmetrical: when ‘x is 
? to y’ implies ‘y is * to x’; in other words, when ‘x is 
? toy’ implies ‘x is 7 to y,’ for all cases of x and y; for 
example, cousin, encompatible with, other than; 

(3) the relation 7 is called reflexive: when ‘x is 7 to 
x’ for all cases of x; for example, compatriot of, simut- 
taneous with, homogeneous wrth. 

Now the three Laws of Identity are most simply 
expressible by the statement that identity is (1) transi- 
tive, (2) symmetrical, (3) reflexive; or otherwise, for 
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every object of thought (represented by the symbols 
tyre): 
(1) Zvransiteve Law: If x is identical with y, and y 
is identical with z; then x is identical with z. 


(2) Symmetrical Law: If x is identical with y, then 
y is identical with x. 


(3) Reflexive Law: x is identical with x. 


It will be observed that there are a host of other relations 
which have these same three properties ; e.g. contem- 
poraneous, homogeneous, compatriot, numerically equal, 
equal in magnitude, etc., but analysis of every such rela- 
tion shows it to contain a reference to some identical 
element, upon which these formal properties depend. 

§ 6. The phrase ‘ Law of Identity’ has been tra- 
ditionally used for one of the three fundamental logical 
principles, known as the Laws of Identity, of Non- 
Contradiction, and of Excluded Middle, to which the 
term ‘Laws of Thought’ has been usually restricted ; 
but, since these three laws relate exclusively to pro- 
positions, whereas the conception of identity applies to 
all objects of thought, I propose to substitute for the 
traditional terminology, the Principles ‘of Implication,’ 
‘of Disjunction’ and ‘of Alternation’ respectively ; and 
to insert a fourth, to be called the ‘Principle of Counter- 
implication.’ The four together will be entitled ‘the 
Principles of Propositional Determination.’ The four 
laws are thus brought into line with the four forms of 
composite proposition discussed in a preceding chapter. 
The composite propositions expressed in their general 
form, i.e. in terms of two zmdependent components 4, g, 
are of course not guaranteed as true by pure logic; in 
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other words, they require material or experiential certifi- 
cation as opposed to merely formal or rational certifica- 
tion. The prznczples, on the other hand, are those cases 
of the composite propositions, expressed in their quite 
general form, the truth of which is guaranteed by pure 
logic. For the purposes of formulating the principles 
on the lines of the four composite functions, we may 
slightly modify the expression of these latter as follows: 


(1) Implicative Function : If P is true, then Q is true. 
(2) Counterimplicative Function: If P is false, then Q is false. 
(3) Disjunctive Function: Not both P true and Q true. 
(4) Alternative Function: Either P true or Q true. 


The prznceples are obtained by substituting P for Q in 
the implicative and counterimplicative functions, and 
P-false for Q-true in the disjunctive and alternative 
functions. Thus: 


Principles of Propositional Determination 


(P being any proposition) 


(1) Implicative: It must be that if P is true, then P is true, 
(2) Counterimplicative: It must be that if P is false, then P is false, 
(3) Disjunctive : F cannot be both true and false, 

(4) Alternative : P must be either true or false, 


where the words ‘must be’ and ‘cannot be’ serve to 
indicate that the principles are formally or rationally 
certified. 

This formulation uses a single proposition P to- 
gether with the two adjectives true and false, in 
preference to the more usual mode of expression which 
employs two propositions, P and not-P, and a single 
adjective ‘true’; as in the following: 
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(1) If P is true, then P is true. 

(2) If not-P is true, then not-F is true. 
(3) P and not-P cannot both be true. 
(4) Either P or noi-P must be true. 


There are several reasons for adopting the former of 
these two modes of formulation in preference to the 
latter. In the first place it uses the comparatively simple 
notion of P being false instead of the rather awkward 
notion of not-P being true. Secondly it enables us to 
define ‘contradiction’ by means of the principles, which 
would be impossible without a circle if we introduced 
the contradictories P and not- into the formulation. In 
the third place, the introduction of the phrases P-true 
and P-false is in accordance with the fact that the 
adjectives true and false are the first characteristics by 
which the nature of the proposition as such is to be 
understood. A closer analysis of this formulation of 
the alternative and disjunctive principles will throw 
further light on the nature of the antithesis between 
the adjectives true and false. We have emphasised the 
point that these adjectives are predicable only of pro- 
positions; in other words ‘anything that is true or false 
is a proposition’; the principle of alternation adds to 
this statement its complementary, viz., ‘anything that 
is a proposition is true or false.’ It is clear, of course, 
that these two statements are not synonymous. Again, 
the principle of disjunction states that the adjectives 
true and false are incompatible; and this again goes be- 
yond what is explicitly involved in the statement that 
they are predicable exclusively of propositions. 

The most obvious immediate application of these 
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principles is obtained by taking P to stand for a definite 
singular proposition: ‘sis ~, where ‘s’ stands for a 
uniquely determined or singular subject, and ‘p’ for 
any adjective. Then P-false becomes ‘s is not-p.’ In 
this application, the four principles may be called the 
Principles of Adjectival Determination, and assume the 
following form: 


Principle of Implication: If s is Z, then s is Z. 
Principle of Counterimplication: If s is not-g, then s is not-. 
Principle of Disjunction : s cannot be both Z and not-#. 
Principle of Alternation : § must be either Z or not-. 


In this application, the principles are expressed in terms 
of any adjectives # and not-f predicated of any subject 
s; instead of being expressed in terms of the adjectives 
true and false predicated of any proposition P. In 
ordinary logical text-books the ‘Laws of Thought’ are 
almost always expressed in this specialised form ; but, 
by this mode of enunciation, the generality which 
characterises the formulation in terms of propositions 
is lost; for when ‘adjectives predicated of any subject’ 
is substituted for ‘propositions,’ we have only a special 
case from which the general could not have been de- 
rived. It is convenient for many purposes to use the 
term ‘predication’ to stand for ‘adjective’ or ‘pro- 
position’; thus we may include both the general and 
the special formulae of determination in the abbreviated 
forms ‘If # then p’; ‘If not-g then not-f’; ‘ Not-bothg 
and not-f’; ‘Either ~ or not-p’; where # stands for any 
predication. The two sets of formulae might again be 
expressed—without any modification of meaning—in 
the form of universals, since P stands for any proposi- 
tion, and s for any subject; thus: 
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Generalised Form for Propositional Generalised Form for Adjectival 
Determination Determination 
If any proposition is true, it is true If anything is Z, it is p 
If any proposition is false, it is false If anything is not-, it is not-p 


No proposition can be both true and false | Nothing can be both # and not-p 
Any proposition must be either true or false | Anything must be either Z or not-2 


A comparison between these two generalised 
formulations of the principles will bring out the impor- 
tant distinction between false and not-true and again 
between true and not-false. According to the principles 
of adjectival determination ‘Any¢hzxg must be either 
true or zot-true’; whereas of propositions we can say 
‘Any proposetzon must be either true or false.’ Now, 
since it is only propositions of which truth is properly 
predicable, therefore of anything that is not a proposi- 
tion the adjective true must be denied; thus we must 
say ‘The table is not true’ on the elementary ground 
that ‘the table’ is not a proposition; but we cannot say 
that ‘The table is false,’ because it is only propositions 
which can be said to be false. Thus the principles of 
propositional determination force upon us the notable 
consideration that the word false does not really mean 
the same as not-true. To have expressed the principle 
of alternation in the form ‘Anything must be either 
true or false’ without the necessary restriction to a pro- 
position would have been actually wrong. On the other 
hand, the form ‘Any proposition must be either true 
or not-true’ is not sufficiently determinate, for this alter- 
native would hold of any subject whatever and fails to 
express the alternative peculiar to the proposition itself. 
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On the same ground, the disjunctive principle is not 
properly expressed in the form ‘No proposition can be 
both true and not-true.’ This affords another, and, in 
my view, the most important justification for formulating 
the principles in terms of the adjectives true and false 
instead of in terms of the propositions P and not-P. 
In illustration of the above discussion we may point to 
the analogy between the four adjectives true, false, not- 
true, not-false and the four adjectives male, female, not- 
male, not-female. The antithesis between male and 
not-male or again between female and not-female is 
applicable to any subject whatever, but that between 
male and female is applicable exclusively to organisms. 
Analogously the antithesis between true and not-true 
or again between false and not-false is applicable to any 
subject-term whatever, but that between true and false 
is applicable exclusively to propositions. 

§ 7. Now the so-called Law of Identity—which I 
have expressed in the form ‘If P is true then P is true’ 
where P stands illustratively for any proposition—has 
been the favourite object of attack by critics of the prin- 
ciples of formal logic, on the score of its insignificance 
or triviality. The reason why the formula appears to 
have little or no significance is that its implicans is 
Literally identical with its implicate. It will be found, 
however, that the necessary condition for the explicit 
use of the relation of identity is that the identified ele- 
ment should have entered into different contexts. It 
must be noted that this necessary reference to difference 
of context does not render the relation of identity other 
than absolute, i.e. it in no way implies that in its two 
occurrences the identified element is partly identical 
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and partly different. The application of this general 
condition to the Principle of Implication requires us to 
contemplate the proposition ‘/ is true’ as one that may 
have been asserted in different connections or on 
different occasions or by different persons. Then, since 
the formula ‘If P is true then P is true’ is to be under- 
stood as logically general, its full import can be expressed 
in the form: ‘If the asserting of P in any one context 
is true, then the asserting of ? in any context whatever 
is true.’ If this analysis be accepted, it will be found 
that the principle could not have been enunciated except 
for the possibility of identifying an assertum or pro- 
position as distinct from the various attitudes (belief, 
interrogation, doubt, denial) which might have been 
adopted towards it on different occasions by the same 
or different persons. One important element of meaning, 
therefore, implicit in the formula is that it tacitly implies 
the identifiability of a proposition as such. 

Turning now to the adjective ‘true’ as it occurs in 
our analysis of the formula, let us contrast it with cer- 
tain adjectives that are predicable of things in general. 
The principle—that what can be asserted in one con- 
text as true must be asserted in any other context as 
true—is more familiarly particularised in the form ‘any 
proposition that is once true is always true’ ; that is to 
say that ‘true’ as predicable of any proposition is un- 
alterable ; whereas there are certain adjectives and 
relations predicable of things in general which may 
characterise them only temporarily. Contrasting, for 
instance, the Principle of Propositional Determination 
‘If any proposition is true it is true’ with the Principle 
of Adjectival Determination ‘If anything is Z it is ,’ 
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we find that in the former the copula ‘is’ is to be inter- 
preted without reference to the present or any other 
assigned time; whereas in the latter the adjective may 
be alterable, so that the copula ‘is’ must here be under- 
stood as referring to definitely assigned time. In the 
case of anything that is at an assigned moment of time 
~, the principles of logic do not entitle us to assert that 
it will be or has always been g. Taking as examples 
‘The water has a temperature of 30° C.’ or ‘Mr B. is at 
home,’ we must say on the one hand that if these pro- 
positions are true at any time, they are true at all times. 
But we must not say that if the predicate ‘having a 
temperature of 30° C.’ or the relation ‘being at home’ 
is true of a given subject at one time, it will be true at 
all times. This obvious comment would not have been 
required if language had distinguished in the mode of 
the verb ‘to be’ between a timeless predication and a 
tense (present, past or future). Certain logicians have, 
however, deliberately denied the dictum that what is 
once true is always true, and their denial appears to be 
due to a confusion between the time at which an asser- 
tion is made, and the time to which an assertion refers; 
or as Mr Bosanquet has neatly put it—‘ between the 
time of predication and the time zx predication.’ Others, 
ie. the Pragmatists, have made the denial of this dictum 
a fundamental factor in their philosophy, inasmuch as 
they have taken the term ‘true’ to be virtually equiva- 
lent to ‘accepted,’ whereas everybody else would agree 
that the term is equivalent rather to the phrase ‘/¢o de 
accepted.’ Again, the dictum would not have been con- 
fidently admitted in the days before the: principles of 
Logic had been formulated by Aristotle, when the 
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antithesis between the immutability of truth and the 
mutability of things appears to have presented an in- 
surmountable problem. Since, then, it has been disputed 
from three different points of view that the truth or 
falsity of a proposition is independent of the time of 
assertion, the first Law of Thought—my interpretation 
of which brings out clearly this quality of truth—is 
effectively freed from the charge of triviality. 

But not only must we interpret the principles as 
implying the unalterability of truth, for further, according 
to the principle of disjunction, a proposition cannot be 
both true and false; and this is to be interpreted to im- 
ply that, if a proposition is true in any one sense, there 
can be no sense of the word true in which it could be 
false, or other than true. On this interpretation the 
principle would be opposed by those philosophers who 
employ the words relative and absolute, or similar terms, 
to distinguish two kinds of truth. In consistency with 
this philosophical position, the term ‘true’ must be said 
to have two meanings, so that one and the same pro- 
position might be true in one meaning of the term ‘true’ 
and false in another. It would seem that it is only on 
this theory that philosophers could maintain that a cer- 
tain proposition such as ‘ Matter exists’ is true in or for 
science, and at the same time false from the point of 
view of philosophy. According to the view, however, 
of those who maintain rigidly the validity of the 
Principles of Determination, it cannot be said that the 
same proposition is true in one sense and false in another 
sense, although it may be said, of course, that one sense 
given to a certain collocation of words would yield a 
true proposition, while another sense given to the same 
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collocation of words would yield a false proposition. 
We must deny for instance that ‘Matter exists’ can be 
true in one sense and false in another sense, though we 
do not for a moment dispute that ‘ Matter exists’ in 
one sense may be true while ‘Matter exists’ in another 
sense may be false. It is noteworthy that the confusion 
here is exactly parallel to that between the time of pre- 
dication and the time in predication. Thus the assertion 
‘Mr Brown is at home’ cannot be true at one time and 
false at another; though that ‘Mr Brown is at home at 
one time’ may be true and that ‘Mr Brown is at home 
at some other time’ may be false. 

§ 8. We propose now to consider the Przxceples of 
Adjectwal Determination with a view to giving added 
significance to the predicational factor by bringing out 
the relation of an adjective to its determinable. For this 
purpose the principles will be reformulated as follows: 

(1) Principle of Implication: If s is ~, where p isa 
comparatively determinate adjective, then there must 
be some determinable, say P, to which Zp belongs, 
such that s is P. 

(2) Principle of Counterimplication: If sis P, where 
FP is a determinable, then s must be Z, where Z is an 
absolute determinate under P. 

(3) Principle of Diszunction: s cannot be both Z 
and 7’, where / and 7’ are any two different absolute 
determinates under /. 

(4) Principle of Alternatzon: s must beeithernot-P ; 
or # or #’ or p”... continuing the alternants throughout 
the whole range of variation of which P is susceptible— 
Dp, p', p”... being comparatively determinate adjectives 
under P. 
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For convenience of reference, these formulae may 
be elliptically restated as follows: 
(1) If sis Z, then sis P. 
(2) Ifsis P, then s is Z. 
(3) s cannot be both g and JZ’, nor JZ’ and Z”, nor g and P”.... 
(4) § must be either not-P or Z or f’ or f” or f"”.... 


Contrasting this reformulation with the original 
formulation of the principles of adjectival determina- 
tion, it will be observed that, while the predications of 
s are more precise, they are not so palpably obvious. 
The force of the first principle is that, if a subject is of 
such a kind that a certain determinate adjective can be 
predicated of it, then this presupposes that the subject 
belongs to a certain category such that it may be com- 
pared in character with other subjects belonging to the 
same category, the ground of comparison being equiva- 
lent to the determinable. The second principle states 
that any subject whose character is so far known that 
a certain determinable adjective can be predicated of 
it, must in fact be characterised by some absolutely 
determinate value of that determinable, and that, al- 
though, in many cases, such a precise determination of 
character is impossible, yet the postulate that 2 fact 
the subject has some determinate character is one that 
reason seems to demand. The third principle as re- 
formulated gains in significance, as compared with the 
mere disjunction of p with the indeterminate not-Z, 
since now it precludes the possibility of conjoining an 
indefinite number of pairs of predicates, which are 
here exhibited as determinate and positive. In fact, in 
the principle of disjunction in its original form (accord- 
ing to which Z cannot be joined with not-f) not-é should 
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signify—not merely some or any adjective other than 
p—but some adjective that is necessarily incompatible 
with 4, and the only such adjectives are those other 
than Z which belong to the same determinable. 

The significance of the Principle of Alternation in 
its new form requires special discussion. It is developed 
from the dichotomy ‘Any subject must be either not-P 
or P’ where P stands for any determinable. This 
again assumes that ‘Some subjects are not P,’ ie. that 
there are subjects belonging to such a category that 
the determinable adjective P is zot predicable of them. 
The negative here must be termed a pure negative, in 
the sense that not-P cannot be resolved into an alter- 
nation of positive adjectives. For example, in the 
statement: ‘Material bodies are not conscious’ the 
negative term ‘not conscious’ does not stand for any 
single positive determinable which would generate a 
series of positive determinates. We ought in fact to 
maintain that ‘not-conscious’ is not properly speaking an 
adjective at all; for in accordance with the reformulated 
Principle of Adjectival Implication, every adjective 
that can be predicated of a subject must be a more or 
less determinate value of some determinable’. Elimin- 
ating, then, the negative not-P from the predicate, 
the reformulated Principle of Adjectival alternation 
may now be expressed in the form: ‘Any subject that 
is P must be either for 7’ or f” or...’ where the alter- 


1 A riégative predication of this type has sometimes been called 
Privative; but unfortunately the term privative has also been used in 
an opposite sense, namely, for a predication applied to a subject 
belonging to a category for which the positive adjective is normally 
applicable; as when we predicate of a person that he is d/ind or that 
he is (temporarily) waconscious. 
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native predication ~ or f’ or Pp” or ... is restricted to 
subjects of which the determinable P is predicable. If 
we compare this form of the Principle of Alternation 
with the Principle of Counterimplication, viz., If s is 
characterised by P, it must be characterised by one or 
other determinate value of P, there would appear to 
be no obvious difference between them. The Principle 
of Alternation, however, supplements that of Counter- 
implication by implicitly postulating that the range of 
possible variation of the determinable can be appre- 
hended in its completeness. The question whether we 
can in this way apprehend the complete range of 
possible variation of any determinable must be ex- 
amined in detail. Consider the determinable ‘integral 
number’ which is always predicable of a collection or 
aggregate as such. Of a ‘collection’ we can in the 
first place assert universally that ‘it is either zero or 
greater than zero,’ and this it is to be observed, goes 
beyond the mere assertion that it is ‘either zero 
or zot zero. Again we may assert that any collection 
is ‘either zero or one or more than one,’ where the 
alternant ‘more than one’ is not merely negative, but 
positive—though comparatively indeterminate. Pro- 
ceeding in this way, we may resolve exhaustively the 
range of possible variations of number by an enu- 
merated and finite series of positively indicated alter- 
nants : ‘zero or one or two or three or...or z or greater 
than z.’ What is here said of integral number holds of 
quantity in general, and may also be applied to any 
determinable (continuous or discrete) whose determi- 
nates have an order of betweenness and can therefore 
be serially arranged. For example, the range of hue 
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can be exhaustively resolved into the nine alternants 
‘red, or between red and yellow, or yellow, or between 
yellow and green, or green, or between green and blue, 
or blue, or between blue and violet, or violet.’ 

We may summarise (with some additional comments) 
what has been said with respect to the Principles of 
Adjectival Determination, formulated with reference 
to the determinable. (1) If s is Z, then s is P. This 
postulates that whenever a comparatively determinate 
predication is asserted, then a determinable to which 
the determinate belongs can always be found; but it 
must be pointed out that language does not always 
supply us with a xame for the determinable. (2) If s 
is P, then s is ~. This postulates that in actual fact 
every adjective is manifested as an absolute determin- 
ate ; it is to be supplemented, however, by the recog- 
nition that for a contznuously variable determinable it 
is impossible actually to characterise a given subject by 
a precisely determinate adjective. (3) s cannot be both Z 
and #’. This asserts that any two different-determin- 
ates are incompatible; but, inasmuch as we are unable 
practically to characterise an object determinately (in 
the case of a continuously variable determinable), we 
must apply the formula to the case where p and 7’ 
(though only comparatively determinate) are figura- 
tively speaking ‘outside one another.’ To represent 
this figurative analogy, suppose a point (a, 4, ¢ or @) 
to represent an absolute determinate, and the segment 
of a line (f or #’) to represent a comparative deter- 
minate : 


p po 
a b Cc a 
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then, if 4 is between a and c, and only then, can we 
assert that the (comparative) determinates g and 7’ 
are codisjunct or incompatible. (4) Any s that is P 
must be either # or f’ or..... Here the predications 
Dd, fp", etc. need not be absolute determinates, but 
to render the principle practically significant it is 
necessary that we should be able to compass in thought 
the exézre stretch or range of variation of which FP is 
susceptible. 

§ 9. We will now pass to the principles according 
to which the manifested value of any one variable is 
determined by z¢s connection with the manifested values 
of other variables. These principles may be expressed 
in forms analogous to those of adjectival determination 
and will be entitled the Prenciples of Connectzonal De- 
Zermination. They embody the purely logical properties 
of the causal relation; but the notion of cause and 
effect—being properly restricted to phenomena tem- 
porally alterable—will be replaced by the wider notion 
of determining and determined. The characters which 
may be said jointly to determine some other character 
correspond to what is commonly called the cause, while 
any character which is thereby determined corresponds 
to an effect. Analysis of the general conception of 
causal connection reveals two complementary aspects 
which may be thus expressed: (a) wherever, in two 
instances, there is complete agreement as regards the 
cause-factors, there will be agreement as regards any 
effect-factor ; and (4) wherever, in two instances, there 
is any (partial) difference as regards the cause-factors, 
there will be some difference in one or other of the 
effect-factors. In formulating the Principles of Con- 
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nectional Determination, such symbols as P, Q, R, 7, 
will be introduced to represent the characters that are 
connectionally determined, along with A, B, C, D, to 
represent those which connectionally determine the 
former. Thus the conjunction aécd would correspond 
to a cause-complex, and fgrt to an effect-complex. 


Principles of Connectional Determination 

(1) Prenceple of Implication. Taking any deter- 
minable /, the determinate value which it assumes in 
any manifestation is determined by the conjunction of 
a finite number of determinables 4, B, C, D (say), 
such that any manifestation that has the determinate 
character aécd (say) will have the determinate character 
p (say). 

(2) Principle of Counterimplecation. Taking any 
determinable A, the determinate value which it assumes 
in any manifestation determines (in conjunction with 
other factors) a conjunction of a finite number of de- 
terminables P, QO, R, 7 (say), such that if, for instance, 
some manifestation having the determining character 
a has the determined character Jgrt, then any mani- 
festation that has the (different) character @’ will have 
one or other of the different characters f’ or g’ or 7 or 
t’ (say). 

(3) Princeple of Diszunction. P being one of the 
characters determined by the conjunction of the deter- 
mining characters A, &, C, D, there can be no three 
instances characterised respectively by 

abcd~ p, abcd~ p', abcd ~ p. 

(4) Principle of Alternation. On the same hypo- 

thesis, it must be that either ‘every adcd is p’ or 
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‘every abcd is ~’’ or ‘every abcd is ~”’ or, etc., where 


the range of alternation covers all possible determinate 
values of P. 

The Principle of Implication postulates that the 
determinate value assumed by any variable is depen- 
dent in any instance not upon an indefinite number of 
conditions which might in some sense be exhaustive 
of the whole state of the universe, but upon a set of 
conditions that are capable of enumeration. The theo- 
retical and practical possibility of enumerating the 
factors which together constitute the determining com- 
plex, enables us to express the nature of reality in 
universal propositions of the form ‘every adcd is 7.’ 
If the character ~ could be predicated universally only 
of aclass determined by an infinite number of conjoined 
characters, reality could not be described by means of 
universal propositions ; or in other words, nature would 
not present uniformities which could be comprehended 
by thought; in short there would be nothing that 
could be called Laws of Nature. Hence the signifi- 
cance of our first principle is that reality presents 
uniformities that can be comprehended in thought, and 
that, whatever variable aspect of the universe we may 
be concerned with, a uniformity or law could be found 
such that from it the value of the variable in any 
manifestation could be inferred from knowledge (at 
least theoretically possible) of the values assumed by 
other variables. The Principle of Implication repre- 
sents that more familiar aspect of the so-called Law of 
Causation expressed in terms of agreement: that in 
any two instances where there is complete agreement 
as regards the cause complex, there will be agreement 
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as regards the effect; or, still more colloquially, the 
same cause entails the same effect. 

Turning now to the Principle of Counterimplication, 
this represents the other and complementary aspect of 
causation; namely that of difference. It postulates that 
we can by enumeration exhaust the characters that are 
determined in their variation by any cause complex; 
just as we assumed that the cause complex in the pre- 
vious principle could be exhaustively described. In 
other words the effect, determined by any variation in 
the causal or determining complex, does not permeate 
the whole universe, but is restricted to some assignable 
sphere. This important postulate being presumed, the 
principle proceeds to state that, if any variable presents 
a different value in two instances, indications of this 
difference will be shown in one or other of the variables 
that are affected or determined by the given variable. 
This principle is therefore complementary to the pre- 
ceding one; whereas the Principle of Implication asserts 
that where there is agreement in the cause there will 
be agreement in the effect, the Principle of Counter- 
implication asserts that where there is difference in the 
cause there will be a difference in the effect. It may 
perhaps even be said that in the popular conception of 
cause this latter aspect—viz. of difference—is more pro- 
minent than the former, viz. agreement. Here we must 
point out that the principles are not parallel, inasmuch 
as complete agreement in the cause is required to ensure 
agreement in the effect, whereas any partza/ difference 
in the cause will entail some difference in the effect. 

Aword must be said about the strictly formal relations 
between these Principles of Implication and Counterim- 
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plication. By what is familiarly known as inference by 
contraposition, the proposition ‘Every aédcd is f’ is equi- 
valent to the proposition ‘Every 7’ is either a’ or 0’ or 
c’ or d’” Similarly the proposition ‘Every a’ is 2’ or g’ 
or / or 2” is equivalent to ‘Every Zgvt is a.’ Applying 
this formal contraposition to the formulae for cause and 
effect, we see that the proposition that ‘The same cause 
always entails the same effect’ is logically equivalent to 
‘Any difference in the effect would entail some differ- 
ence in the cause’; and again the proposition that ‘Any 
difference in the cause will entail some difference in the 
effect’ is logically equivalent to ‘The same effect always 
entails the same cause.’ It will be thus seen that the 
implicative and counterimplicative principles are not ob- 
tainable one from the other as equivalents by contra- 
position, but are complementary to one another, so that 
taken together they represent the relation between cause 
and effect as reciprocal. Take the one aspect of this 
relation; then plurality of cause holds in the sense that 
the effect may be partially the same in two instances 
where the cause is different; and plurality of effects 
holds in the same sense, namely, that the cause may 
be partially the same in two instances where the effect 
is different. Take the other aspect of the relation: thus, 
when the effect is completely and determinately char- 
acterised the character of the cause is thereby uniquely 
determined, just as when the cause is completely and 
determinately characterised the character of the effect 
is thereby uniquely determined. Thus, whether we are 
considering the relation of cause to effect or of effect to 
cause, the principles postulated will be in terms of com- 
plete agreement or of partial difference. 
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We pass now to the Disjunctive Principle. In order 
to expound this we must consider three instances of. 
ALCD which agree as regards the determinate values 
of all but one, viz. 4, of these determinables. Then, 
taking into consideration the Counterimplicative Prin- 
ciple, a difference as regards 4 in two instances would 
entail some difference in one or other of the characters 
that are determined by the complex 4 BCD. The prin- 
ciple then states that, if, in some pair of instances, a 
variation in the determining factor A entails a variation 
in the selected character P, then any further variation 
in 4 would entail a further variation in this same char- 
acter ; whereas if, in two instances, a variation in 
A entails no variation in ?, then any further variation 
in A would entail no further variation in the same 
character P. It is essential to note that the Disjunctive 
Principle could not have been formulated as a disjunction 
of two types of instance, such as abcd ~Z and a”bcd~ p. 
This disjunction would be equivalent to asserting that 
a variation in any determining factor such as 4 would 
entail a variation in azy or every determined factor such 
as P; whereas the Counterimplicative Principle has laid 
down only that a variation in _4 would entail a variation 
in one or other of the determined characters and not 
necessarily in every one of them. The Principle of Dis- 
junction then supplements that of Counterimplication 
by maintaining that if some one variation in A entails a 
variation in the selected character P, then amy variation 
in A would entail a variation in the same character P. 
It might be supposed, in the case where a variation 
of A entails no variation in P, that P is not causally 
connected with 4, and that therefore 4 could be elimi- 
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nated. But the mere elimination of A is not in general 
permissible, since the character P in some one of its 
determinate values requires that 4 should be manifested 
in some or other of its determinate values; though, as 
regards the determinate value of P, it may be a matter 
of indifference what specific value A has. Since in this 
case A cannot be eliminated, it would be symbolically 
requisite to express the relation of determination for the 
case under consideration—not in the form ‘dcd deter- 
mines #’—but in the form ‘Adcd determines 7,’ where 
the significance of the symbol 4 is that axy determinate 
value may from instance to instance be manifested with- 
out affecting the determinate value /. 

Fourthly, the Alternative Principle of Connectional 
Determination, asserts an alternation of universal pro- 
positions, and of course goes beyond any statement 
that could be derived from the Principle of Adjectival 
Alternation, in which the alternative is in the predicate. 
Thus the latter states the universal proposition that 
‘Every adcd is p or p’ or p” or ...’ whereas the principle 
under present consideration states an alternation be- 
tween the universal propositions ‘Every aécd is p’ or 
‘Every aécd is p"’ or.... 

These principles will be very much more fully dis- 
cussed when we deal with the topic of formal or demon- 
strative induction; they have been introduced at this 
early stage of our logical exposition in order to indicate 
the nature of the transition from the Principles of Pro- 
positional Determination which are purely axiomatic, to 
those of Adjectival Determination under a determinable, 
which have the character partly of axioms and partly 
of postulates, and from these again to the Principles of 
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Connectional Determination which may be taken as 
pure postulates. 

§ 10. The formulation of the principles of connec- 
tional determination has an important bearing upon 
the problem of internal and external relations. In-con- 
troversies on this topic it appears to be agreed that the 
division of relations into internal and external is both 
exclusive and exhaustive; and yet there seems to be 
no agreement as to what precisely the distinction is. 
One school holds that all relations are internal; the 
other that all are external. But on the face of it it would 
appear that some must be internal, others external ; 
for otherwise it would seem impossible to give meaning 
to the distinction. It will be found, however, that those 
who deny external relations doubt, for instance, not 
whether spatial and temporal relations are properly to 
be called external, but rather whether space and time 
are themselves real in the sense that the real can be 
truly characterzsed by spatial and temporal relations ; 
those on the other side who deny internal relations 
apparently hold that the independent otherness of the 
terms of the relation renders the relation external, 
inasmuch as the specific and variable relation of one 
term to another is not that which determines or is 
determined by the mere existence of the one or of the 
other term. The adherents then of the exclusively 
internal view of relations hold that the relation and its 
terms are mutually determinative, and the adherents of 
the exclusively external view, that the relation and its 
terms are mutually non-determinative or independent. 
Now it appears to me that the root misunderstanding 
amongst the two schools of philosophy on this point is, 
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not as to what is meant by an internal as contrasted 
with an external relation, but rather what is the nature 
of the terms between which the relation is supposed to 
subsist. The one school maintains that the relation 
subsists between the characters of the two related 
terms; the other that it subsists between the terms 
themselves. According to the former contention, rela- 
tions are internal in the sense that they depend wholly 
upon the character of the terms related ; according to 
the latter, they are external in the sense that they do 
not depend at all upon the mere existence of the terms 
qua existents. In this connection there is a further 
source of confusion, namely as to whether in the 
character of a term are to be included such relations 
as those of space and time, these being admittedly 
‘external, in contrast to qualities proper which are 
admittedly internal. 

At this point I will state my solution of the problem, 
which will appear so simple that it would seem difficult 
to account for the origin of the controversy. I hold, 
then, that relations between adjectives as such are 
internal; and those between existents as such are 
external. In this account, adjectives are to include so- 
called external relations, even the characterising relation 
itself, as well as every other relation. The otherness 
which distinguishes the ‘this’ from the ‘that’ is the 
primary and literally the sole external relation, being 
itself direct and underived. And this relation is involved 
in every external relation. In fact, qua existent, the 
‘this’ and the ‘that’ have no specific relation. The 
specific external relations that hold of one to another 
existent are derivative from their characters, in the 
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wider sense of character. Thus, the relation of the 
‘this’ to the ‘that’ obtained from the fact that ‘this 
is blue and that is green,’ is derived from the nature 
of the qualities blue and green. Again the relation of 
proximity or remoteness obtained from the fact that 
‘this is here and that is there, is derived from the 
positions of the ‘this’ and the ‘that’ by which their 
specific spatiality is characterised. The most important 
application of the distinction is to causal and other 
forms of connectional determination. Here the primary 
relation called cause is that between the character, 
dating, and locating, of two occurrences, from which 
the relation between the occurrences themselves is 
derived, the former being internal and the latter 
external. If there were no such internal causal relation, 
nothing could be stated as to the relation of event to 
event, except that the one is invariably accompanied 
by the other in a certain assignable spatial relation of 
space and time; and even this external relation is 
derived from the internal relation subsisting between 
the temporal and spatial osztzons occupied by the two 
events. If, however, all spatial properties were relative, 
as is maintained by Einstein and his followers, there 
would be no spatial relations other than internal, in 
fact nothing to distinguish a space from that which 
occupies it. Theprinciples of connectional determination 
have therefore been expressed directly in terms of the 
characters by which the manifestations of reality may 
be described, from which must be derived the external 
relations between such manifestations themselves. It 
will have been observed that the correlative notions of 
determination and dependence enter into the formulation 
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of the principles as directly applicable to the characters 
of manifestations and therefore only derivatively to 
the manifestations themselves. Hence the potential 
range for which these principles hold extends beyond 
the actually existent into the domain of the possibly 
existent. In this way the universality of law is wider 
than that of fact. While the universals of fact are 
implied by the universals of law, the statement of the 
latter has intrinsic significance not involved in that of 
the former. 
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function theory, quaternions, etc. Succinct selections from 125 different treatises, articles, 
most unavailable elsewhere in English. Each article preceded by biographical, historical 
introduction. Vol. |: Fields of Number, Algebra. Index. 32 illus. 338pp. 538 x 8. Vol. II: 
Fields of Geometry, Probability, Calculus, Functions, Quaternions. 83 illus. 432pp. 536 x 8. 
Vol. 1: $552 Paperbound $1.85 

Vol. 2: $553 Paperbound $1.85 

2 vol. set, boxed $3.50 


A HISTORY OF THE CALCULUS, AND ITS CONCEPTUAL DEVELOPMENT, Carl B. Boyer. Pro- 
vides laymen and mathematicians a detailed history of the development of the calculus, 
from early beginning in antiquity to final elaboration as mathematical abstractions. Gives 
a sense of mathematics not as a technique, but as a habit of mind, in the progression of 
ideas of Zeno, Plato, Pythagoras, Eudoxus, Arabic and Scholastic mathematicians, Newton, 
Leibnitz, Taylor, Descartes, Euler, Lagrange, Cantor, Weierstrass, and others. This first com- 
prehensive critical history of the calculus was originally titled “The Concepts of the 
Calculus.’’ Foreword by R. Courant. Preface. 22 figures. 25-page bibliography. Index. v + 
364pp. 536 x 8. $509 Paperbound $2.00 


A CONCISE HISTORY OF MATHEMATICS, D. Struik. Lucid study of development of mathematical 
ideas, techniques from Ancient Near East, Greece, Islamic science, Middle Ages, Renaissance, 
modern times. Important mathematicians are described in detail. Treatment is not anecdotal, 
but analytical development of ideas. ‘‘Rich in content, thoughtful in interpretation,” U.S. 
QUARTERLY BOOKLIST. Non-technical; no mathematical training needed. Index. 60 illustra- 
tions, including Egyptian papyri, Greek mss., portraits of 31 eminent mathematicians. Bib- 
tiography. 2nd edition. xix + 299pp. 5% x 8. 7255 Paperbound $1.75 


See also: NON-EUCLIDEAN GEOMETRY, R. Bonola; THEORY OF DETERMINANTS IN HISTORICAL 
ORDER OF DEVELOPMENT, T. Muir; HISTORY OF THE THEORY OF ELASTICITY AND STRENGTH 
OF MATERIALS, |. Todhunter and K. Pearson; A SHORT HISTORY OF ASTRONOMY, A. Berry; 
CLASSICS OF SCIENCE. 


PHILOSOPHY OF SCIENCE AND MATHEMATICS 


FOUNDATIONS OF SCIENCE: THE PHILOSOPHY OF THEORY AND EXPERIMENT, N. R. Campbell. 
A critique of the most fundamental concepts of science in general and physics in particular. 
Examines why certain propositions are accepted without question, demarcates science from 
philosophy, clarifies the understanding of the tools of science. Part One analyzes the pre- 
suppositions of scientific thought: existence of the material world, nature of scientific 
laws, multiplication of probabilities, etc.: Part Two covers the nature of experiment and the 
application of mathematics: conditions for measurement, relations between numerical laws 
and theories, laws of error, etc. An appendix covers problems arising from relativity, force, 
motion, space, and time. A classic in its field. Index. xiii + 565pp. 556 x 8%. 

$372 Paperbound $2.95 


WHAT IS SCIENCE?, Norman Campbell. This excellent introduction explains scientific method, 
role of mathematics, types of scientific laws. Contents: 2 aspects of science, science & 
nature, laws of science, discovery of laws, explanation of laws, measurement & numerical 
laws, applications of science. 192pp. 536 x 8. $43 Paperbound $1.25 


THE VALUE OF SCIENCE, Henri Poincaré. Many of the most mature ideas of the ‘‘last scientific 
universalist’’ covered with charm and vigor for both the beginning student and the advanced 
worker. Discusses the nature of scientific truth, whether order is innate in the universe 
or imposed upon it by man, logical thought versus intuition (relating to math, through the 
works of Weierstrass, Lie, Klein, Riemann), time and space (relativity, psychological time, 
simultaneity), Hertz’s concept of force, interrelationship of mathematical physics to pure 
math, values within disciplines of Maxwell, Carnot, Mayer, Newton, Lorentz, etc. Index. 
iii + 147pp. 5% x 8. $469 Paperbound $1.35 


SCIENCE AND METHOD, Henri Poincaré. Procedure of scientific discovery, methodology, experi- 
ment, idea-germination—the intellectual processes by which discoveries come into being. 
Most significant and most interesting aspects of development, application of ideas. Chapters 
cover selection of facts, chance, mathematical reasoning, mathematics, and logic; Whitehead, 
Russell, Cantor; the new mechanics, etc. 288pp. 5% x 8. $222 Paperbound $1.35 


SCIENCE AND HYPOTHESIS, Henri Poincaré. Creative psychology in science. How such con- 
cepts as number, magnitude, space, force, classical mechanics were developed, and how the 
modern scientist uses them in his thought. Hypothesis in physics, theories of modern 
physics. Introduction by Sir James Larmor. ‘Few mathematicians have had the breadth of 
vision of Poincaré, and none is his superior in the gift of clear exposition,” E. T. Bell. 
Index. 272pp. 5% x 8. $221 Paperbound $1.35 


PHILOSOPHY AND THE PHYSICISTS, L. S. Stebbing. The philosophical aspects of modern 
science examined in terms of a lively critical attack on the ideas of Jeans and Eddington. 
Discusses the task of science, causality, determinism, probability, consciousness, the relation 
of the world of physics to that of everyday experience. Probes the philosophical significance 
of the Planck-Bohr concept of discontinuous energy levels, the inferences to be drawn from 
Heisenberg’s Uncertainty Principle, the implications of ‘‘becoming” involved in the 2nd law 
of thermodynamics, and other problems posed by the discarding of Laplacean determinism. 
285pp. 5% x 8. T480 Paperbound $1.65 


EXPERIMENT AND THEORY IN PHYSICS, Max Born. A Nobel laureate examines the nature and 
value of the counterclaims of experiment and theory in physics. Synthetic versus analytical 
scientific advances are analyzed in the work of Einstein, Bohr, Heisenberg, Planck, Eddington, 
Milne, and others by a fellow participant. 44pp. 5% x 8. $308 Paperbound 60¢ 


THE NATURE OF PHYSICAL THEORY, P. W. Bridgman. Here is how modern physics looks to a 
highly unorthodox physicist—a Nobel laureate. Pointing out many absurdities of science, and 
demonstrating the inadequacies of various physical theories, Dr. Bridgman weighs and ana- 
lyzes the contributions of Einstein, Bohr, Newton, Heisenberg, and many others. This is a 
non-technical consideration of the correlation of science and reality. Index. xi + 138pp. 
5% x 8. $33 Paperbound $1.25 


THE PHILOSOPHY OF SPACE AND TIME, H. Reichenbach. An important landmark in the develop- 
ment of the empiricist conception of geometry, covering the problem of the foundations of 
geometry, the theory of time, the consequences of Einstein’s relativity, including: relations 
between theory and observations; coordinate and metrical properties of ene the psycholog- 
ical problem of visual intuition of non-Euclidean structures; and many other important topics 
in modern science and philosophy. The majority of ideas require only a knowledge of inter- 
mediate math. Introduction by R. Carnap. 49 figures. Index. xviii + 296pp. 536 x 8. 

$443 Paperbound $2.00 


MATTER & MOTION, James Clerk Maxwell, This excellent exposition begins with simple par- 
ticles and proceeds gradually to physical systems beyond complete analysis: motion, force, 
properties of centre of mass of material system, work, energy, gravitation, etc. Written with 
all Maxwell’s original insights and clarity. Notes by E. Larmor. 17 diagrams. 178pp. 53 x 8. 

$188 Paperbound $1.35 


THE ANALYSIS OF MATTER, Bertrand Russell. How do our senses concord with the new 
physics? This volume covers such topics as logical analysis of physics, prerelativity physics, 
causality, scientific inference, physics and perception, special and general relativity, Weyl’s 
theory, tensors, invariants and their physical interpretation, periodicity and qualitative series. 
“The most thorough treatment of the subject that has yet been published,’’ THE NATION. 
Introduction by L. E. Denonn. 422pp. 5% x 8. 7231 Paperbound $1.95 


SUBSTANCE AND FUNCTION, & EINSTEIN’S THEORY OF RELATIVITY, Ernst Cassirer. Two books 
bound as one. Cassirer establishes a philosophy of the exact sciences that takes into con- 
sideration newer developments in mathematics, and also shows historical connections. Partial 
contents: Aristotelian logic, Mill’s analysis, Helmholtz & Kronecker, Russell & cardinal num- 
bers, Euclidean vs. non-Euclidean geometry, Einstein’s relativity. Bibliography. Index. xxi + 
465pp. 53 x 8. T50 Paperbound $2.00 


PRINCIPLES OF MECHANICS, Heinrich Hertz. This last work by the great 19th century 
physicist is not only a classic, but of great interest in the logic of science. Creating a new 
system of mechanics based upon space, time, and mass, it returns to axiomatic analysis, 
to understanding of the formal or structural aspects of science, taking into account logic, 
observation, and a priori elements. Of great historical importance to Poincaré, Carnap, Ein- 
stein, Milne. A 20-page introduction by R. S. Cohen, Wesleyan University, analyzes the impli- 
cations of Hertz’s thought and the logic of science. Bibliography. 13-page introduction by 
Helmholtz. xlii + 274pp. 5% x 8. $316 Clothbound $3.50 

$317 Paperbound $1.85 


THE PHILOSOPHICAL WRITINGS OF PEIRCE, edited by Justus Buchler. (Formerly published as 
THE PHILOSOPHY OF PEIRCE.) This is a carefully balanced exposition of Peirce’s complete 
system, written by Peirce himself. It covers such matters as scientific method, pure chance 
vs. law, symbolic logic, theory of signs, pragmatism, experiment, and other topics. Intro- 
duction by Justus Buchler, Columbia University. xvi + 368pp. 53% x 8. 

; 7217 Paperbound $1.95 


ESSAYS IN EXPERIMENTAL LOGIC, John Dewey. This stimulating series of essays touches upon 
the relationship between inquiry and experience, dependence of knowledge upon thought, 
character of logic; judgments of practice, data and meanings, stimuli of thought, etc. Index. 
viii + 444pp. 53% x 8. T73 Paperbound $1.95 


LANGUAGE, TRUTH AND LOGIC, A. Ayer. A clear introduction to the Vienna and Cambridge 
schools of Logical Positivism. It sets up specific tests by which you can evaluate validity of 
ideas, etc. Contents: Function of philosophy, elimination of metaphysics, nature of analysis, 
a priori, truth and probability, etc. 10th printing. ‘‘| should like to have written it myself,”’ 
Bertrand Russell. Index. 160pp. 53% x 8. T10 Paperbound $1.25 


THE PSYCHOLOGY OF INVENTION IN THE MATHEMATICAL FIELD, J. Hadamard. Where do ideas 
come from? What role does the unconscious play? Are ideas best developed by mathematical 
reasoning, word reasoning, visualization? What are the methods used by Einstein, Poincaré, 
Galton, Riemann? How can these techniques be applied by others? Hadamard, one of the 
world’s leading mathematicians, discusses these and other questions. xiii + 145pp. 5% x 8. 

T107 Paperbound $1.25 


FOUNDATIONS OF GEOMETRY, Bertrand Russell. Analyzing basic problems in the overlap area 
between mathematics and philosophy, Nobel laureate Russell examines the nature of geo- 
metrical knowledge, the nature of geometry, and the application of geometry to space. 
It covers the history of non-Euclidean geometry, philosophic interpretations of geometry— 
especially Kant—projective and metrical geometry. This. is most interesting as, the solution 
offered in 1897 by a great mind to a problem still curtent. New introduction by Prof. Morris 
Kline of N. Y. University. xii + 201pp. 536 x 8. $232 Clothbound $3.25 

$233 Paperbound $1.60 


TEACH YOURSELF books. For adult self-study, for refresher and supplementary study. 


The most effective series of home study mathematics books on the market! Wit 

no outside help, they will teach you as much as any similar college or nighchantecote 
or will helpfully Supplement any such course. Each step leads directly to the next, each 
question is anticipated. Numerous lucid examples and carefully-wrought practice problems 
illustrate meanings. Not skimpy outlines, not Surveys, not usual classroom texts, these 204- 
a books are packed with the finest instruction you’ll find anywhere for adult 


TEACH YOURSELF ALGEBRA, P. Abbott. Formulas, coordinates, factors, graphs of quadratic 

functions, quadratic equations, logarithms, ratio, irrational numbers, arithmetical, geomet- 

rical series, much more. 1241 problems, solutions. Tables. 52 illus. 307pp. 6% x 434. 
Clothbound $2.00 


TEACH YOURSELF GEOMETRY, P. Abbott. Solids, lines, points, surfaces, angle measurement, 
triangles, theorem of Pythagoras, polygons, loci, the circle, tangents, symmetry, solid geometry, 
prisms, pyramids, solids of revolution, etc. 343 problems, solutions. 268 illus. 334pp. 
6% x 4Ya. Clothbound $2.00 


TEACH YOURSELF TRIGONOMETRY, P. Abbott. Geometrical foundations, indices, logarithms 
trigonometrical ratios, relations between sides, angles of triangle, circular measure, trig. 
ratios of angles of any magnitude, much more. Requires elementary algebra, geometry. 
465 problems, solutions. Tables. 102 illus. 204pp. 6% x 41%. Clothbound $2.00 


TEACH YOURSELF THE CALCULUS, P. Abbott. Variations in functions, differentiation, solids 
of revolution, series, elementary differential equations, areas by integral calculus, much more. 
Requires algebra, trigonometry. 970 problems, solutions. Tables. 89 illus. 380pp. 6% x 414. 

Clothbound $2.00 


TEACH YOURSELF THE SLIDE RULE, B. Snodgrass. Fractions, decimals, A-D scales, log-log 
scales, trigonometrical scales, indices, logarithms. Commercial, precision, electrical, dual- 
istic, Brighton rules. 80 problems, solutions. 10 illus. 207pp. 6% x 4%.  Clothbound $2.00 


See also: TEACH YOURSELF ELECTRICITY, C. W. Wilman; TEACH YOURSELF HEAT ENGINES, 
E. De Ville; TEACH YOURSELF MECHANICS, P. Abbott. 


k *K *k 


HOW DO YOU USE A SLIDE RULE? by A. A. Merrill. Not a manual for mathematicians and engin- 
eers, but a lucid step-by-step explanation that presents the fundamental rules clearly enough 
to be understood by anyone who could benefit by the use of a slide rule in his work or 
business. This work concentrates on the 2 most important operations: multiplication and 
division. 10 easy lessons, each with a clear drawing, will save you countless hours in your 
banking, business, statistical, and other work. First publication. Index. 2 Appendixes. 10 
illustrations. 78 problems, all with answers. vi + 36pp. 64% x 914. T62 Paperbound 60¢ 


THEORY OF OPERATION OF THE SLIDE RULE, J. P. Ellis. Not a skimpy ‘‘instruction manual’’, 
but an exhaustive treatment that will save you uncounted hours throughout your career. Sup- 
plies full understanding of every scale on the Log Log Duplex Decitrig type of slide rule. 
Shows the most time-saving methods, and provides practice useful in the widest variety of 
actual engineering situations. Each operation introduced in terms of underlying logarithmic 
theory. Summary of prerequisite math. First publication. Index. 198 figures. Over 450 prob- 
lems with answers. Bibliography. 12 Appendices. ix + 289pp. 5% x 8. 

$727 Paperbound $1.50 


ARITHMETICAL EXCURSIONS: AN ENRICHMENT OF ELEMENTARY MATHEMATICS, H. Bowers and 
J. Bowers. For students who want unusual methods of arithmetic never taught in school; for 
adults who want to increase their number sense. Little known facts about the most simple 
numbers, arithmetical entertainments and puzzles, figurate numbers, number chains, mysteries 
and folklore of numbers, the ‘‘Hin-dog-abic’’ number system, etc. First publication. Index. 
529 numbered problems and diversions, all with answers. Bibliography. 50 figures. xiv + 
320pp. 53% x 8. 1770 Paperbound $1.65 


APPLIED MATHEMATICS FOR RADIO AND COMMUNICATIONS ENGINEERS, C. E. Smith. No 
extraneous material here!—only the theories, equations, and operations essential and im- 
mediately useful for radio work. Can be used as refresher, as handbook of applications and 
tables, or as full home-study course. Ranges from simplest arithmetic through calculus, series, 
and wave forms, hyperbolic trigonometry, simultaneous equations. in mesh circuits, etc. 
Supplies applications right along with each math topic discussed. 22 useful tables of func- 
tions, formulas, logs, etc. Index. 166 exercises, 140 examples, all with answers. 95 diagrams. 
Bibliography. x + 336pp. 5% x 8. $141 Paperbound $1.75 


FAMOUS PROBLEMS OF ELEMENTARY GEOMETRY, Felix Klein. Expanded version of the 1894 
Easter lectures at Gottingen. 3 problems of classical geometry, in an excellent mathematical 
treatment by a famous mathematician: squaring the circle, trisecting angle, doubling cube. 
Considered with full modern implications: transcendental numbers, pi, etc. Notes by R. Archi- 
bald. 16 figures. xi + 92pp. 5% x 8. T7348 Clothbound $1.50 

7298 Paperbound $1.00 


*k 8 *% 


ELEMENTARY MATHEMATICS FROM AN ADVANCED STANDPOINT, Felix Klein. 


This classic text is an outgrowth of Klein’s famous integration and survey course at Gottingen. 
Using one. field of mathematics to interpret, adjust, illuminate another, it covers basic 
topics in each area, illustrating its discussion with extensive analysis. It is especially 
valeable in considering areas of modern mathematics. Hagens the reader feel the inspiration 

. . . a great mathematician, inspiring teacher h deep insight into the founda- 
dene and interrelations,’ BULLETIN, AMERICAN ‘MATHEMATICAL SOCIETY. 


Vol. 1. ARITHMETIC, ALGEBRA, ANALYSIS. Introducing the concept of function immediately, 
it enlivens abstract discussion with graphical and geometrically perceptual methods. Partial 
contents: natural numbers, extension of the notion of number, special properties, complex 
numbers. Real equations with real unknowns, complex quantities. Logarithmic, exponential 
functions, goniometric functions, infinitesimal calculus. Transcendence of e and pi, theory 
of assemblages. Index. 125 figures. ix + 274pp . 5% x 8. $150 Paperbound $1.75 


Vol. 2. GEQMETRY. A comprehensive view which accompanies the space perception inherent 
in geometry with analytic formulas which facilitate precise formulation. Partial contents: 
Simplest geometric manifolds: line segment, Grassmann determinant principles, classification 
of configurations of space, derivative manifolds. Geometric transformations: affine transforma- 
tions, projective, higher point transformations, theory of the imaginary. Systematic discussion 
of geometry and its foundations. Indexes. 141 illustrations. ix + 214pp. 5% x 8. 

$151 Paperbound $1.75 


* * * 


COORDINATE GEOMETRY, L. P. Eisenhart. Thorough, unified introduction. Unusual for ad- 
vancing in dimension within each topic (treats together circle, sphere; polar coordinates, 
3-dimensional coordinate systems; conic sections, quadric surfaces), affording exceptional 
insight into subject. Extensive use made of determinants, though no previous knowledge 
of them is assumed. Algebraic equations of 1st degree, 2 and 3 unknowns, carried further 
than usual in algebra courses. Over 500 exercises. Introduction. Appendix. Index. Bibliog- 
raphy. 43 illustrations. 310pp. 53% x 8. S600 Paperbound $1.65 


MONOGRAPHS ON TOPICS OF MODERN MATHEMATICS, edited by J. W. A. Young. Advanced 
mathematics for persons who haven’t gone beyond or have forgotten high school algebra. 
9 monographs on foundation of geometry, modern pure geometry, non-Euclidean geometry, 
fundamental propositions of algebra, algebraic equations, functions, calculus, theory of num- 
bers, etc. Each monograph gives proofs of important results, and descriptions of leading 
methods, to provide wide coverage. New introduction by Prof. M. Kline, N. Y. University. 
100 diagrams. xvi + 416pp. 64% x 914. $289 Paperbound $2.00 


MATHEMATICS, INTERMEDIATE TO ADVANCED 


Geometry 


THE FOUNDATIONS OF EUCLIDEAN GEOMETRY, H. G. Forder. The first rigorous account of 
Euclidean geometry, establishing propositions without recourse to empiricism, and without 
multiplying hypotheses. Corrects many traditional weaknesses of Euclidean proofs, and 
investigates the problems imposed on the axiom system by the discoveries of Bolya and 
Lobatchefsky. Some topics discussed are Classes and Relations; Axioms for Magnitudes; 
Congruence and Similarity; Algebra of Points; Hessenberg’s Theorem; Continuity; Existence 
of Parallels; Reflections; Rotations; isometries; etc. Invaluable for the light it Se on 
foundations of math. Lists: Axioms employed, Symbols, Constructions. 295pp. 536 x 

$481 Sesceca $2. 00 


ADVANCED EUCLIDEAN GEOMETRY, R. A. Johnson. For years the standard textbook on advanced 
Euclidean geometry, requires only high school geometry and trigonometry. Explores in unusual 
detail and gives proofs of hundreds of relatively recent theorems and corollaries, many 
formerly available only in widely scattered journals. Covers tangent circles, the theorem of 
Miquel, symmedian point, pedal triangles and circles, the Brocard configuration, and much 
more. Formerly “Modern Geometry.’’ Index. 107 diagrams. xiii + 319pp. 536 x 8 

S669 Paperbound $1.65 


NON-EUCLIDEAN GEOMETRY, Roberto Bonola. The standard coverage of non-Euclidean geom- 
etry. It examines from both a historical and mathematical point of view the geometries 
which have arisen from a study of Euclid’s 5th postulate upon parallel lines. Also included 
are complete texts, translated, of Bolyai’s THEORY OF ABSOLUTE SPACE, Lobachevsky’s 
THEORY OF PARALLELS. 180 diagrams. 431pp. 536 x 8. $27 Paperbound $1.95 


ELEMENTS OF NON-EUCLIDEAN GEOMETRY, D. M. Y. Sommerville. Unique in proceeding step- 
by-step, in the manner of traditional geometry. Enables the student with only a good 
knowledge of high school algebra and geometry to grasp elementary hyperbolic, elliptic, 
analytic non-Euclidean geometries; space curvature and its, philosophical implications; 
theory of radical axes; homothetic centres and systems of circles; parataxy and parallelism; 
absolute measure; Gauss’ proof of the defect area theorem; geodesic representation; much 
more, all with exceptional clarity. 126 problems at chapter endings provide progressive 
practice and familiarity. 133 figures. Index. xvi + 274pp. 5% x 8. $460 Paperbound $1.50 


HIGHER GEOMETRY: AN INTRODUCTION TO ADVANCED METHODS IN ANALYTIC GEOMETRY, F. S. 
Woods. Exceptionally thorough study of concepts and methods of advanced algebraic geometry 
(as distinguished from differential geometry). Exhaustive treatment of 1-, 2-, 3-, and 4- 
dimensional coordinate systems, leading to n-dimensional geometry in an abstract sense. 
Covers projectivity, tetracyclical coordinates, contact transformation, pentaspherical coordi- 
nates, much more. Based on M.1.T. lectures, requires sound preparation in analytic geometry 
and some knowledge of determinants. Index. Over 350 exercises. References. 60 figures. 
xX + 423pp. 53% x 8. $737 Paperbound $2.00 


ELEMENTS OF PROJECTIVE GEOMETRY, L. Cremona. Outstanding complete treatment of projec- 
tive geometry by one of the foremost 19th century geometers. Detailed proofs of all funda- 
mental principles, stress placed on the constructive aspects. Covers homology, law of duality, 
anharmonic ratios, theorems of Pascal and Brianchon, foci, polar reciprocal figures, etc. Only 
ordinary geometry necessary to understand this honored classic. Index. Over 150 fully worked 
out examples and problems. 252 diagrams. xx + 302pp. 5% x 8. $668 Paperbound $1.75 


A TREATISE ON THE DIFFERENTIAL GEOMETRY OF CURVES AND SURFACES, L. P. Eisenhart. 
Introductory treatise especially for the graduate student, for years a highly successful text- 
book. More detailed and concrete in approach than most more recent books. Covers space 
curves, osculating planes, moving axes, Gauss’ method, the moving trihedral, geodesics, 
conformal representation, etc. Last section deals with deformation of surfaces, rectilinear 
congruences, cyclic systems, etc. Index. 683 problems. 30 diagrams. xii + 474pp. 536 x 8. 
$667 Paperbound $2.75 


A TREATISE ON ALGEBRAIC PLANE CURVES, J. L. Coolidge. Unabridged reprinting of one of 
few full coverages in English, offering detailed introduction to theory of algebraic plane 
curves and their relations to geometry and analysis. Treats topological properties, Riemann- 
Roch theorem, all aspects of wide variety of curves including real, covariant, polar, contain- 
ing series of a given sort, elliptic, polygonal, rational, the pencil, two parameter nets, etc. 
This volume will enable the reader to appreciate the symbolic notation of Aronhold and 
Clebsch. Bibliography. Index. 17 illustrations. xxiv + 513pp. 538 x 8. $543 Paperbound $2.45 


AN INTRODUCTION TO THE GEOMETRY OF N DIMENSIONS, D. M. Y. Sommerville. -An introduc- 
tion presupposing: ne prior knowledge of the field, the only book in English devoted exclu- 
sively to higher dimensional geometry. Discusses fundamental ideas of incidence, parallelism, 
perpendicularity, angles between linear space; enumerative geometry; analytical geometry 
from projective and metric points of view; polytopes; elementary ideas in analysis situs; 
content of hyper-spacial figures. Bibliography. Index. 60 diagrams. 196pp. 5% x 8. 

$494 Paperbound $1.50 


GEOMETRY OF FOUR DIMENSIONS, H. P. Manning. Unique in English as a clear, concise intro- 
duction. Treatment is synthetic, and mostly Euclidean, although in hyperplanes and hyper- 
spheres at infinity, non-Euclidean geometry is used. Historical introduction. Foundations of 
4-dimensional geometry. Perpendicularity, simple angles. Angles of planes, higher order. 
Symmetry, order, motion; hyperpyramids, hypercones, hyperspheres; figures with parallel 
elements; volume, hypervolume in space; regular polyhedroids. Glossary. 78 figures. ix + 
348pp. 5% x 8. $182 Paperbound $1.95 


ELEMENTARY CONCEPTS OF TOPOLOGY, P. Alexandroff. First English translation of the famous 
brief introduction to topology for the beginner or for the mathematician not undertaking 
extensive study. This unusually useful intuitive approach deals primarily with the concepts of 
complex, cycle, and homology, and is wholly consistent with current investigations. Ranges 
from basic concepts of set-theoretic topology to the concept of Betti groups. ‘‘Glowing 
example of harmony between intuition and thought,’’ David Hilbert. Translated by A. E. Farley. 
Introduction by D. Hilbert. Index. 25 figures. 73pp. 5% x 8. S747 Paperbound $1.00 


THE WORKS OF ARCHIMEDES, edited by T. L. Heath. All the known works of the great Greek 
mathematician are contained in this one volume, including the recently discovered Method 
of Archimedes. Contains: On Sphere & Cylinder, Measurement of a Circle, Spirals, Conoids, 
Spheroids, etc. This is the definitive edition of the greatest mathematical intellect of the 
ancient world. 186-page study by Heath discusses Archimedes and the history of Greek 
mathematics. Bibliography. 563pp. 5% x 8. $9 Paperbound $2.00 


THE THIRTEEN BOOKS OF EUCLID’S ELEMENTS, edited by Sir Thomas Heath. Definitive edition 
of one of the very greatest classics of Western world. Complete English translation of 
Heiberg text, together with spurious Book XIV. Detailed 150-page introduction discussing 
aspects of Greek and Medieval mathematics. Euclid, texts, commentators, etc. Paralleling 
the text is an elaborate critical apparatus analyzing each definition, proposition, postulate, 
covering textual matters, mathematical analysis, commentators of all times, refutations, sup- 
ports, extrapolations, etc. This is the FULL EUCLID, Unabridged reproduction of Cambridge U. 
2nd edition. 3 volumes. Total of 995 figures, 1426pp. 5% x 8. \ 
$88,89,90, 3 volume set, paperbound $6.00 


THE GEOMETRY OF RENE DESCARTES. With this book Descartes founded analytical geometry. 
Excellent Smith-Latham translation, plus original French text with Déscartes’ own diagrams. 
Contains Problems the Construction of Which Requires Only Straight Lines and Circles; On 
the Nature of Curved Lines; On the Construction of Solid or Supersolid Problems. Notes. 
Diagrams. .258pp. 536 x 8. S68 Paperbound $1.50 


See also: FOUNDATIONS OF GEOMETRY, B. Russell; THE PHILOSOPHY OF SPACE AND TIME, 
H. Reichenbach; FAMOUS PROBLEMS OF ELEMENTARY GEOMETRY, F. Klein; MONOGRAPHS ON 
TOPICS OF MODERN MATHEMATICS, ed. by J. W.~Young. 


Calculus and function theory, Fourier theory, real and complex functions, 
determinants 


A COLLECTION OF MODERN MATHEMATICAL CLASSICS, edited by R. Bellman. 13 classic papers, 
complete in their original languages, by Hermite, Hardy and Littlewood, Tchebychef, Fejér, 
Fredholm, Fuchs, Hurwitz, Weyl, van der Pol, Birkhoff, Kellogg, von Neumann, and Hilbert. 
Each of these papers, collected here for the first time, triggered a burst of mathematical 
activity, providing useful new generalizations or stimulating fresh investigations. Topics dis- 
cussed include classical analysis, periodic and almost periodic functions, analysis and number 
theory, integral equations, theory of approximation, non-linear differential equations, and 
functional analysis. Brief introductions and bibliographies to each paper. xii + 292pp. 6 x 9. 

$730 Paperbound $2.00 


MATHEMATICS OF MODERN ENGINEERING, E. G. Keller and R. E. Doherty. Written for the 

Advanced Course in Engineering of the General Electric Corporation, deals with the engineer- 

ing use of determinants, tensors, the Heaviside operational calculus, dyadics, the calculus 

of variations, etc. Presents underlying principles fully, but purpose is to teach engineers to 

deal with modern engineering problems, and emphasis is on the perennial engineering attack 

of set-up and solve. Indexes. Over 185 figures and tables. Hundreds of exercises, problems, 
and worked-out examples. References. Two volume set. Total of xxxiii + 623pp. 5% x 8. 

$734 Vol | Paperbound $1.65 

$735 Vol Il Paperbound $1.65 

The set $3.30 


MATHEMATICAL METHODS FOR SCIENTISTS AND ENGINEERS, L. P. Smith. For scientists and 
engineers, aS well as advanced math students. Full investigation of methods and practical 
description of conditions under which each should be used. Elements of real functions, 
differential and integral calculus, space geometry, theory of residues, vector and tensor 
analysis, series of Bessel functions, etc. Each method illustrated by completely-worked-out 
examples, mostly from scientific literature. 368 graded unsolved problems. 100 diagrams. 
xX + 453pp. 556 x 8%. $220 Paperbound $2.00 


THEORY OF FUNCTIONS AS APPLIED TO ENGINEERING PROBLEMS, edited by R. Rothe, F. Ollen- 
dorff, and K. Pohihausen. A series of lectures given at the Berlin Institute of Technology that 
shows the specific applications of function theory in electrical and allied fields of engineering. 
Six lectures provide the elements of function theory in a simple and practical form, covering 
complex quantities and variables, integration in the complex plane, residue theorems, etc. 
Then 5 lectures show the exact uses of this powerful mathematical tool, with full discussions 
of problem methods. Index. Bibliography. 108 figures. x + 189pp. 5% x 8. 

$733 Paperbound $1.35 


ADVANCED CALCULUS, E. B. Wilson. An unabridged reprinting of the work which continues 
to be recognized as one of the most comprehensive and useful texts in the field. It contains 
an immense amount of well-presented, fundamental material, including chapters on vector 
functions, ordinary differential equations, special functions, calculus of variations, etc., 
which are excellent introductions to these areas. For students with only one year of cal- 
culus, more than 1300 exercises cover both pure math and applications to engineering 
and physical problems. For engineers, physicists, etc., this work, with its 54 page intro- 
ductory review, is the ideal reference and refresher. Index. ix + 566pp. 536 x 8. 

$504 Paperbound $2.45 


CALCULUS OF VARIATIONS, A. R. Forsyth. Methods, solutions, rather than determination of 
weakest valid hypotheses. Over 150 examples completely worked-out show use of Euler, 
Legendre, Jacoby, Weierstrass tests for maxima, minima. Integrals with one original de- 
pendent variable; with derivatives of 2nd order; two dependent variables, one independent 
variable; double integrals involving 1 dependent variable, 2 first derivatives; double integrals 
involving partial derivatives of 2nd order; triple integrals; much more. 50 diagrams. 678pp. 
558 x 8%. $622 Paperbound $2:95 


LECTURES ON THE CALCULUS OF VARIATIONS, 0. Bolza. Analyzes in detail the fundamental 
concepts of the calculus of variations, as developed from Euler to Hilbert, with sharp formu- 
lations of the problems and rigorous demonstrations of their solutions. More than a score 
of solved examples; systematic references for each theorem. Covers the necessary and suffi- 
cient conditions; the contributions made by Euler, Du Bois Reymond, Hilbert, Weierstrass, 
Legendre, Jacobi, Erdmann, Kneser, and Gauss; and much more. Index. Bibliography. xi + 
271pp. 538 x 8. $218 Paperbound $ 


A TREATISE ON THE CALCULUS OF FINITE DIFFERENCES, G. Boole. A classic in the literature 
of the calculus. Thorough, clear discussion of basic principles, theorems, methods. Covers 
MacLaurin’s and Herschel’s theorems, mechanical quadrature, factorials, periodical constants, 
Bernoulli’s numbers, difference-equations (linear, mixed, and partial), etc. Stresses anal- 
ogies with differential calculus. 236 problems, answers to the numerical ones. viii + 336pp. 
¥% x 8. $695 Paperbound $1.85 


THE ANALYTICAL THEORY OF HEAT, Joseph Fourier. This book, which revolutionized mathe- 
matical physics, is listed in the Great Books program, and many other listings of great 
books. It has been used with profit by generations of mathematicians and physicists who are 
interested in either heat or in the application of the Fourier integral. Covers cause and 
reflection of rays of heat, radiant heating, heating of closed spaces, use of trigonometric 
series in the theory of heat, Fourier integral, etc. Translated by Alexander Freeman. 20 
figures. xxii + 466pp. 536 x 8. $93 Paperbound $2.00 


AN INTRODUCTION TO FOURIER METHODS AND THE LAPLACE TRANSFORMATION, Philip Franklin. 
Concentrates upon essentials, enabling the reader with only a working knowledge of calculus 
to gain an understanding of Fourier methods in a broad sense, suitable for most applica- 
tions. This work covers complex qualities with methods of computing elementary functions 
for complex values of the argument and finding approximations by the use of charts; 
Fourier series and integrals with half-range and complex Fourier series; harmonic analysis; 
Fourier and Laplace transformations, etc.; partial differential equations with applications to 
transmission of electricity; etc. The methods developed are related to physical problems of 
heat flow, vibrations, electrical transmission, electromagnetic radiation, etc. 828 problems 
with answers. Formerly entitled ‘‘Fourier Methods.’’ Bibliography. Index. x + 289pp. 5% x 8. 

$452 Paperbound $1.75 


THE FOURIER INTEGRAL AND CERTAIN OF ITS APPLICATIONS, Norbert Wiener. The only book- 
length study of the Fourier integral as link between pure and applied math. An expansion 
of lectures given at Cambridge. Partial contents: Plancherel’s theorem, general Tauberian 
theorem, special Tauberian theorems, generalized harmonic analysis. Bibliography. viii + 
201pp. 53% x 8. $272 Paperbound $1.50 


INTRODUCTION TO THE THEORY OF FOURIER’S SERIES AND INTEGRALS, H. S. Carslaw. 3rd 
revised edition. This excellent introduction is an outgrowth of the author’s courses at 
Cambridge. Historical introduction, rational and irrational numbers, infinite sequences and 
series, functions of a single variable, definite integral, Fourier series, Fourier integrals, and 
similar topics. Appendixes discuss practical harmonic analysis, periodogram analysis. Lebesgues 
theory. Indexes. 84 examples, bibliography. xiii + 368pp. 5% x 8. $48 Paperbound $2.00 


FOURIER’S SERIES AND SPHERICAL HARMONICS, W. E. Byerly. Continues to be recognized as 
one of most practical, useful expositions. Functions, series, and their differential equations 
are concretely explained in great detail; theory is applied constantly to practical problems, 
which are fully and lucidly worked out. Appendix includes 6 tables of surface zonal har- 
monics, hyperbolic functions, Bessel’s functions. Bibliography. 190 problems, approximately 
half with answers. ix + 287pp. 5% x 8. $536 Paperbound $1.75 


ASYMPTOTIC EXPANSIONS, A. Erdélyi. The only modern work available in English, this is an 
unabridged reproduction of a monograph prepared for the Office of Naval Research. It dis- 
cusses various procedures for asymptotic evaluation of integrals containing a large parameter 
and solutions of ordinary linear differential equations. Bibliography of 71 items. vi + 108pp. 
5% x 8. $318 Paperbound $1.35 


LINEAR INTEGRAL EQUATIONS, W. V. Lovitt. Systematic survey of general theory, with some 
application to differential equations, calculus of variations, problems of math, physics. 
Partial contents: integral equation of 2nd kind by successive substitutions; Fredholm’s equa- 
tion as ratio of 2 integral series in lambda, applications of the Fredholm theory, Hilbert- 
Schmidt theory of symmetric kernels, application, etc. Neumann, Dirichlet, vibratory prob- 
lems. Index. ix + 253pp. 5% x 8. $175 Clothbound $3.50 

$176 Paperbound $1.60 


ELLIPTIC INTEGRALS, H. Hancock. Invaluable in work involving differential equations contain- 
ing cubics or quartics under the root sign, where elementary calculus methods are inade- 
quate. Practical solutions to problems that occur in mathematics, engineering, physics: 
differential equations requiring integration of Lamé’s, Briot’s, or Bouquet’s equations; deter- 
mination of arc of ellipse, hyperbola, lemiscate; solutions of problems in elastica; motion 
of a projectile under resistance varying as the cube of the velocity; pendulums; many 
others. Exposition is in accordance with Legendre-Jacobi theory and includes rigorous dis- 
cussion of Legendre transformations. 20 figures. 5 place table. Index. 104pp. 5% x 8. 
$484 Paperbound $1.25 


FIVE VOLUME ‘“‘THEORY OF FUNCTIONS’ SET BY KONRAD KNOPP 


This five-volume set, prepared by Konrad Knopp, provides a complete and readily followed 
account of theory of functions. Proofs are given concisely, yet without sacrifice of complete- 
ness or rigor. These volumes are used as texts by such universities as M.I.T., University of 
Chicago, N. Y. City College, and many others. “Excellent introduction . . . remarkably 
readable, concise, clear, rigorous,’’ JOURNAL OF THE AMERICAN STATISTICAL ASSOCIATION. 


ELEMENTS OF THE THEORY OF FUNCTIONS, Konrad Knopp. This book provides the student 
with background for further volumes in this set, or texts on. a similar level. Partial contents: 
foundations, system of complex numbers and the Gaussian plane of numbers, Riemann 
sphere of numbers, mapping by linear functions, normal forms, the logarithm, the cyclometric 
functions and binomial series. ‘‘Not only for the young student, but also for the student 
who knows all about what is in it,’’ MATHEMATICAL JOURNAL. Bibliography. Index. 140pp. 
53% Xx 8. $154 Paperbound $1.35 


THEORY OF FUNCTIONS, PART I, Konrad Knopp. With volume II, this book provides coverage 
of basic concepts and theorems. Partial contents: numbers and points, functions of a com- 
plex variable, integral of a continuous function, Cauchy’s integral theorem, Cauchy’s integral 
formulae, series with variable terms, expansion of analytic functions in power series, analytic 
continuation and complete definition of analytic functions, entire transcendental functions, 
Laurent expansion, types of singularities. Bibliography. Index. vii + 146pp. 5% x 8. 

$156 Paperbound $1.35 


THEORY OF FUNCTIONS, PART II, Konrad Knopp. Application and further development of 
general theory, special topics. Single valued functions, entire, Weierstrass, Meromorphic 
functions. Riemann surfaces. Algebraic functions. Analytical configuration, Riemann surface. 
Bibliography. Index. x + 150pp. 53% x 8. $157 Paperbound $1.35 


PROBLEM BOOK IN THE THEORY OF FUNCTIONS, VOLUME 1, Konrad Knopp. Problems in ele- 
mentary theory, for use with Knopp’s THEORY OF FUNCTIONS, or any other text, arranged 
according to increasing difficulty. Fundamental concepts, sequences of numbers and infinite 
series, complex variable, integral theorems, development in series, conformal mapping. 182 
problems. Answers. viii + 126pp. 5% x 8. $158 Paperbound $1.35 


PROBLEM BOOK IN THE THEORY OF FUNCTIONS, VOLUME 2, Konrad Knopp. Advanced theory 
of functions, to be used either with Knopp’s THEORY OF FUNCTIONS, or any other com- 
parable text. Singularities, entire & meromorphic functions, periodic, analytic, continuation, 
multiple-valued functions, Riemann surfaces, conformal mapping. Includes a section of addi- 
tional elementary problems. ‘‘The difficult task of selecting from the immense material of the 
modern theory of functions the problems just within the reach of the beginner is here 
masterfully accomplished,”” AM. MATH. SOC. Answers. 138pp. 536 x 8. $159 Paperbound $1.35 


* * * 


LECTURES ON THE THEORY OF ELLIPTIC FUNCTIONS, H. Hancock. Reissue of the only book 
in English with so extensive a coverage, especially of Abel, Jacobi, Legendre, Weierstrasse, 
Hermite, Liouville, and Riemann. Unusual fullness of treatment, plus applications as well as 
theory, in discussing elliptic function (the universe of elliptic integrals originating in works 
of Abet and Jacobi), their existence, and ultimate meaning. Use is made of Riemann to 
provide the most general theory. 40 page table of formulas. 76 figures. xxiii + 498pp. 

$483 Paperbound $2.55 


THE THEORY AND FUNCTIONS OF A REAL VARIABLE AND THE THEORY OF FOURIER’S SERIES, 
E. W. Hobson. One of the best introductions to set theory and various aspects of functions 
and Fourier’s series. Requires only a good background in calculus. Provides an exhaustive 
coverage of: metric and descriptive proper*ies of sets of points; transfinite numbers and 
order types; functions of a real variable; the Riemann and Lebesgue integrals; sequences 
and series of numbers; power-series; functions representable by series sequences of continuous 
functions; trigonometrical series; representation of functions by Fourier’s series; complete 
exposition (200pp.) on set theory; and much more. ‘‘The best possible guide,’’ Nature. Vol. |: 
88 detailed examples, 10 figures. Index. xv + 736pp. Vol. Il: 117 detailed examples, 13 
figures. Index. x + 780pp. 64% x 9%. Vol. I: $387 Paperbound $3.00 

Vol. Il: $388 Paperbound $3.00 


ALMOST PERIODIC FUNCTIONS, A. S. Besicovitch. This unique and important summary by a 
well-known mathematician covers in detail the two stages of development in Bohr’s theory of 
almost periodic functions: (1) as a generalization of pure periodicity, with results and 
proofs; (2) the work done by Stepanoff, Wiener, Weyl, and Bohr in generalizing the theory. 
Bibliography. xi + 180pp. 5% x 8. $18 Paperbound $1.75 


THEORY OF FUNCTIONALS AND OF INTEGRAL AND INTEGRO-DIFFERENTIAL EQUATIONS, Vito 
Volterra. Unabridged republication of the only English translation. An exposition of the 
general theory of the functions depending on a continuous set of values of another function, 
based on the author’s fundamental notion of the transition from a finite number of variables 
to a continually infinite number. Though dealing primarily with integral equations, much 
material on calculus .of variations is included. The work makes no assumption of previous 
knowledge on the part of the reader. It begins with fundamental material and proceeds to 
Generalization of Analytic Functions, Integro-Differential Equations, Functional Derivative 
Equations, Applications, Other Directions of Theory of Functionals, etc. New introduction by 
G. C. Evans. Bibliography and criticism of Volterra’s work by E. Whittaker. Bibliography. 
Index of authors cited. Index of subjects. xxxx + 226pp. 5% x 8. $502 Paperbound $1.75 


AN ELEMENTARY TREATISE ON ELLIPTIC FUNCTIONS, A. Cayley. Still the fullest and clearest 
text on the theories of Jacobi and Legendre for the advanced student (and an excellent 
supplement for the beginner). A masterpiece of exposition by the great 19th century British 
mathematician (creator of the theory of matrices and abstract geometry), it covers the 
addition-theory, Landen’s theorem, the 3 kinds of elliptic integrals, transformations, the 
q-functions, reduction of a differential expression, and much more. Index. xii + 386pp. 536 x 8. 

$728 Paperbound $2.00 


THE APPLICATIONS OF ELLIPTIC FUNCTIONS, A. G. Greenhill. Modern books forgo detail for 
sake of brevity—this book offers complete exposition necessary for proper understanding, 
use of elliptic integrals. Formulas developed from definite physical, geometric problems; 
examples representative enough to offer basic information in widely useable form. Elliptic 
integrals, addition theorem, algebraical form of addition theorem, elliptic integrals of 2nd, 
3rd kind, double periodicity, resolution into factors, series, transformation, etc. Introduction. 
Index. 25 illus. xi + 357pp. 536 x 8. $603 Paperbound $1.75 


THE THEORY OF FUNCTIONS OF REAL VARIABLES, James Pierpont. A 2-volume authoritative 
exposition, by one of the foremost mathematicians of his time. Each theorem stated with 
all conditions, then followed by proof. No need to go through complicated reasoning to dis- 
cover conditions added without specific mention. Includes a particularly complete, rigorous 
presentation of theory of measure; and Pierpont’s own work on a theory of Lebesgue 
integrals, and treatment of area of a curved surface. Partial contents, Vol. 1: rational 
numbers, exponentials, logarithms, point aggregates, maxima, minima, proper integrals, 
improper integrals, multiple proper integrals, continuity, discontinuity, indeterminate forms. 
Vol. 2: point sets, proper integrals, series, power series, aggregates, ordinal numbers, 
discontinuous functions, sub-, infra-uniform convergence, much more. Index. 95 illustrations. 
1229pp. 536 x 8. $558-9, 2 volume set, paperbound $4.90 


FUNCTIONS OF A COMPLEX VARIABLE, James Pierpont. Long one of best in the field. A 
thorough treatment of fundamental elements, concepts, theorems. A complete study, rigor- 
ous, detailed, with carefully selected problems worked out to illustrate each topic. Partial 
contents: arithmetical operations, real term series, positive term series, exponential functions, 
integration, analytic functions, asymptotic expansions, functions of Weierstrass, Legendre, 
etc. Index. List of symbols. 122 illus. 597pp. 5% x 8. $560 Paperbound $2.45 


ELEMENTS OF THE THEORY OF REAL FUNCTIONS, J. E. Littlewood. Based on lectures given at 
Trinity College, Cambridge, this book has proved to be extremely successful in introducing 
graduate students to the modern theory of functions. It offers a full and concise coverage 
of classes and cardinal numbers, well-ordered series, other types of series, and elements 
of the theory of sets of points. 3rd revised edition. vii + 71pp. 5% x 8. 
$171 Clothbound $2.85 
$172 Paperbound $1.25 


TRANSCENDENTAL AND ALGEBRAIC NUMBERS, A. 0. Gelfond. First English translation of work 
by leading Soviet mathematician. Thue-Siegel theorem, its p-adic analogue, on approximation 
of algebraic numbers by numbers in fixed algebraic field; Hermite-Lindemann theorem on 
transcendency of Bessel functions, solutions of other differential equations; Gelfond-Schneider 
theorem on transcendency of alpha to power beta; Schneider’s work on elliptic functions, 
with method developed by Gelfond. Translated by L. F. Boron. Index. Bibliography. 200pp. 
5% x 8. $615 Paperbound $1.75 


THEORY OF MAXIMA AND MINIMA, H. Hancock. Fullest treatment ever written; only work in 
English with extended discussion of maxima and minima for functions of 1, 2, or n variables, 
problems with subsidiary constraints, and relevant quadratic forms. Detailed proof of each 
important theorem. Covers the Scheeffer and von Dantscher theories, homogeneous quadratic 
forms, reversion of series, fallacious establishment of maxima and minima, etc. Unsurpassed 
treatise for advanced students of calculus, mathematicians, economists, statisticians. Index. 
24 diagrams. 39 problems, many examples. 193pp. 5% x 8. S665 Paperbound $1.50 


DICTIONARY OF CONFORMAL REPRESENTATIONS, H. Kober. Laplace’s equation in 2 dimensions 
solved in this unique book developed by the British Admiralty. Scores of geometrical forms 
& their transformations for electrical engineers, Joukowski aerofoil for aerodynamists. 
Schwartz-Chistoffel transformations for hydrodynamics, transcendental functions. Contents 
classified according to analytical functions describing transformation. Twin diagrams show 
curves of most transformations with corresponding regions. Glossary. Topological index. 447 
diagrams. 244pp. 6% x 9%. $160 Paperbound $2.00 


THE TAYLOR SERIES, AN INTRODUCTION TO THE THEORY OF FUNCTIONS OF A COMPLEX 
VARIABLE, P. Dienes. This book investigates the entire realm of analytic functions. Only 
ordinary calculus is needed, except in the last two chapters. Starting with an introduction 
to real variables and complex algebra, the properties of infinite series, elementary func- 
tions, complex differentiation and integration are carefully derived. Also biuniform mapping, 
a thorough two part discussion of representation and_ singularities of analytic functions, 
overconvergence and gap theorems, divergent series, Tayior series on its circle of con- 
vergence, divergence and singularities, etc. Unabridged, corrected reissue of first edition. 
Preface and index. 186 examples, many fully worked out. 67 figures. xii + 555pp. 5% x 8. 

$391 Paperbound $2.75 


INTRODUCTION TO BESSEL FUNCTIONS, Frank Bowman. A rigorous self-contained exposition 
providing all necessary material during the development, which requires only some knowl- 
edge of calculus and acquaintance with differential equations. A balanced presentation 
including applications and practical use. Discusses Bessel Functions of Zero Order, of Any 
Real Order; Modified Bessel Functions of Zero Order; Definite Integrals; Asymptotic Expan- 
sions; Bessel’s Solution to Kepler’s Problem; Circular Membranes; much more. “Clear and 
straightforward . . . useful not only to students of physics and engineering, but to mathe- 
matical students in general,’’ Nature. 226 problems. Short tables of Bessel functions. 27 
figures. Index. x + 135pp. 5% x 8. $462 Paperbound $1.35 


MODERN THEORIES OF INTEGRATION, H. Kestelman. Connected and concrete coverage, with 
fully-worked-out proofs for every step. Ranges from elementary definitions through theory 
of aggregates, sets of points, Riemann and Lebesgue integration, and much more. This new 
revised and enlarged edition contains a new chapter on Riemann-Stieltjes integration, as well 
as a supplementary section of 186 exercises. Ideal for the mathematician, student, teacher, 
or self-studier. Index of Definitions and Symbols. General Index. Bibliography. x + 310pp. 
558 X 8%. $572 Paperbound $2.00 


A TREATISE ON THE THEORY OF DETERMINANTS, T. Muir. Unequalled as an exhaustive compila- 
tion of nearly all the known facts about determinants up to the early 1930’s. Covers notation 
and general properties, row and column transformation, symmetry, compound determinants, 
adjugates, rectangular arrays and matrices, linear dependence, gradients, Jacobians, Hessians, 
Wronskians, and much more. Invaluable for libraries of industrial and research organizations 
as well as for student, teacher, and mathematician; very useful in the field of computing 
machines. Revised and enlarged by W. H. Metzler. Index. 485 problems and scores of numeri- 
cal examples. iv + 766pp. 5% x 8. $670 Paperbound $2.95 


THEORY OF DETERMINANTS IN THE HISTORICAL ORDER OF DEVELOPMENT, Sir Thomas Muir. 
Unabridged reprinting of this complete study of 1,859 papers on determinant theory written 
between 1693 and 1900. Most important and original sections reproduced, valuable com- 
mentary on each. No other work is necessary for determinant research: all types are covered— 
each subdivision of the theory treated separately; all papers dealing with each type are 
covered; you are told exactly what each paper is about and how important its contribution is. 
Each result, theory, extension, or modification is assigned its own identifying numeral so that 
the full history may be more easily followed. Includes papers on determinants in general, 
determinants and linear equations, symmetric determinants, alternants, recurrents, determi- 
nants having invariant factors, and all other major types. ‘‘A model of what such histories 
ought to be,’’ NATURE. ‘‘Mathematicians must ever be grateful to Sir Thomas for his monu- 
mental work,’”” AMERICAN MATH MONTHLY. Four volumes bound as two. Indices. Bibliog- 
raphies. Total of Ixxxiv + 1977pp. 5% x 8. $672-3 The set, Clothbound $10.00 


A COURSE IN MATHEMATICAL ANALYSIS, Edouard Goursat. Trans. by E. R. Hedrick, 0. Dunkel. 

Classic study of fundamental material thoroughly treated. Exceptionally lucid exposition of 

wide range of subject matter for student with 1 year of calculus. Vol. 1: Derivatives and 

Differentials, Definite Integrals, Expansion in Series, Applications to Geometry. Problems. 

Index. 52 illus. 556pp. Vol. 2, Part I: Functions of a Complex Variable, Conformal Repre- 

sentations, Doubly Periodic Functions, Natural Boundaries, etc. Problems. Index. 38 illus. 

269pp. Vol. 2, Part 2: Differential Equations, Cauchy-Lipschitz Method, Non-linear Differential 
Equations, Simultaneous Equations, etc. Problems. Index. 308pp. 5% x 8. 

Vol. 1 S554 Paperbound $2.25 

Vol. 2 part 1 S555 Paperbound $1.65 

Vol. 2 part 2 S556 Paperbound $1.65 

3 vol. set $5.00 


INFINITE SEQUENCES AND SERIES, Konrad Knopp. First publication in any language! Excel- 
lent introduction to 2 topics of modern mathematics, designed to give the student back- 
ground to penetrate farther by himself. Sequences & sets, real & complex numbers, etc. 
Functions of a real & complex variable. Sequences & series. Infinite series. Convergent 
power series. Expansion of elementary functions. Numerical evaluation of series. Bibliog- 
raphy. v + 186pp. 5% x 8. $152 Clothbound $3.50 

$153 Paperbound $1.75 


TRIGONOMETRICAL SERIES, Antoni Zygmund. Unique in any language on modern advanced 
level. Contains carefully organized analyses of trigonometric, orthogonal, Fourier systems of 
functions, with clear adequate descriptions of summability of Fourier series, proximation 
theory, conjugate series, convergence, divergence of Fourier series. Especially valuable for 
Russian, Eastern European coverage. Bibliography. 329pp. 5% x 8. $290 Paperbound $1.50 


COLLECTED WORKS OF BERNHARD RIEMANN. This important source book is the first to con- 
tain the complete text of both 1892 Werke and the 1902 supplement, unabridged. It contains 
31 monographs, 3 complete lecture courses, 15 miscellaneous papers, which have been of 
enormous importance in relativity, topology, theory of complex variables, and other areas 
of mathematics. Edited by R. Dedekind, H. Weber, M. Noether, W. Wirtinger. German text. 
English introduction by Hans Lewy. 690pp. 5% x 8. $226 Paperbound $2.85 


See also: A HISTORY OF THE CALCULUS, C. B. Boyer; CALCULUS REFRESHER FOR TECHNICAL 
MEN, A. A. Klaf; MONOGRAPHS ON TOPICS OF MODERN MATHEMATICS, ed. by J. W. A. 
Young; THE CONTINUUM AND OTHER TYPES OF SERIAL ORDER, E. V. Huntington. 


Symbolic logic 


AN INTRODUCTION TO SYMBOLIC LOGIC, Susanne K. Langer. Probably the clearest book ever 
written on symbolic logic for the philosopher, general scientist and layman. It will be par- 
ticularly appreciated by those who have been rebuffed by other introductory works because 
of insufficient mathematical training. No special knowledge of mathematics is required. 
Starting with the simplest symbols and conventions, you are led to a remarkable grasp of 
the Boole-Schroeder and Russell-Whitehead systems clearly and quickly. PARTIAL CONTENTS: 
Study of forms, Essentials of logical structure, Generalization, Classes, The deductive system 
of classes, The algebra of logic, Abstraction of interpretation, Calculus of propositions, 
Assumptions of PRINCIPIA MATHEMATICA, Logistics, Logic of the syllogism, Proofs of 
theorems. ‘‘One of the clearest and simplest introductions to a subject which is very much 
alive. The style is easy, symbolism is introduced gradually, and the intelligent non-mathe- 
matician should have no difficulty in following the argument,’’ MATHEMATICS GAZETTE. 
Revised, expanded second edition. Truth-value tables. 368pp. 5% x 8. 

$164 Paperbound $1.75 


THE ELEMENTS OF MATHEMATICAL LOGIC, Paul Rosenbloom. First publication in any 
language. This book is intended for readers who are mature mathematically, but have no 
previous training in symbolic logic. It does not limit itself to a single system, but covers 
the field as a whole. It is a development of lectures given at Lund University, Sweden, in 
1948. Partial contents: Logic of classes, fundamental theorems, Boolean algebra, logic of 
propositions, logic of propositional functions, expressive languages, combinatory logics, 
development of mathematics within an object language, paradoxes, theorems of Post and 
Goedel, Church’s theorem, and similar topics. iv + 214pp. 536 x 8. $227 Paperbound $1.45 


A SURVEY OF SYMBOLIC LOGIC: THE CLASSIC ALGEBRA OF LOGIC, C. I. Lewis. Classic survey 
of the field, comprehensive and thorough. Indicates content of major systems, alternative 
methods of procedure, and relation of these to the Boole-Schroeder algebra and to one 
another. Contains historical summary, as well as full proofs and applications of the classic, or 
Boole-Schroeder, algebra of logic. Discusses diagrams for the logical relations of classes, the 
two-valued algebra, propositional functions of two or more variables, etc. Chapters 5 and 6 
of the original edition, which contained material not directly pertinent, have been omitted in 
this edition at the author’s request. Appendix. Bibliography. Index. viii + 352pp. 55@ x 8%. 

$643 Paperbound $2.00 


INTRODUCTION TO SYMBOLIC LOGIC AND ITS APPLICATIONS, R. Carnap. One of the clearest, 
most comprehensive, and rigorous introductions to modern symbolic logic by perhaps its 
greatest living master. Symbolic languages are analyzed and one constructed. Applications 
to math (symbolic representation of axiom systems for set theory, natural numbers, real 
numbers, topology, Dedekind and Cantor explanations of continuity), physics (the general 
analysis of concepts of determination, causality, space-time-topology, based on Einstein), 
biology (symbolic representation of an axiom system for basic concepts). ‘‘A masterpiece,” 
Zentralblatt fiir Mathematik und ihre Grenzgebiete. Over 300 exercises. 5 figures. Bibliog- 
raphy. Index. xvi + 241lpp. 5% x 8. $453 Paperbound $1.85 

Clothbound $4.00 


SYMBOLIC LOGIC, C. |. Lewis, C. H. Langford. Probably the most cited book in symbolic 
logic, this is one of the fullest treatments of paradoxes. A wide coverage of the entire 
field of symbolic logic, plus considerable material that has not appeared elsewhere. Basic 
to the entire volume is the distinction between the logic of extensions and of intensions. 
Considerable emphasis is placed on converse substitution, while the matrix system presents 
the supposition of a variety of non-Aristotelian logics. It has especially valuable sections 
on strict limitations, existence of terms, 2-valued algebra and its extension to propositional 
functions, truth value systems, the matrix method, implication and deductibility, general 
theory of propositions, propositions of ordinary discourse, and similar topics. ‘‘Authoritative, 
most valuable,’’ TIMES, Lendon. Bibliography. 506pp. 5% x 8. $170 Paperbound $2.00 


THE LAWS OF THOUGHT, George Boole. This book founded symbolic logic some hundred years 
ago. It is the 1st significant attempt to apply logic to all aspects of human endeavour. 
Partial contents: derivation of laws, signs & laws, interpretations, eliminations, conditions 
of a perfect method, analysis, Aristotelian logic, probability, and similar topics. xviii + 
424pp. 53% x 8. $28 Paperbound $2.00 


THE PRINCIPLES OF SCIENCE, A TREATISE ON LOGIC AND THE SCIENTIFIC METHOD, W. S. 
Jevons. Treating such topics as Inductive and Deductive Logic, the Theory of Number, 
Probability, and the Limits of Scientific Method, this milestone in the development of sym- 
bolic logic remains a stimulating contribution to the investigation of inferential validity in 
the natural and social sciences. It significantly advances Boole’s logic, and contains a de- 
tailed introduction to the nature and methods of probability in physics, astronomy, everyday 
affairs, etc. In his introduction, Ernest Nagel of Columbia University says, ‘‘[Jevons] 
continues to be of interest as an attempt to articulate the logic of scientific inquiry.” 
Index. lili + 786pp. 536 x 8. $446 Paperbound $2.98 


Group theory, algebra, sets 


LECTURES ON THE ICOSAHEDRON AND THE SOLUTION OF EQUATIONS OF THE FIFTH DEGREE, 
Felix Klein. The solution of quintics in terms of rotation of a regular icosahedron around its 
axes of symmetry. A classic & indispensable source for those interested in higher algebra, 
geometry, crystallography. Considerable explanatory material included. 230 footnotes, mostly 
bibliographic. 2nd edition, xvi + 289pp. 536 x 8. $314 Paperbound $1.85 


LINEAR GROUPS, WITH AN EXPOSITION OF THE GALOIS FIELD THEORY, L. E. Dickson. The 
classic exposition of the theory of groups, well within the range of the graduate student. 
Part | contains the most extensive and thorough presentation of the theory of Galois Fields 
available, with a wealth of examples and theorems. Part II is a full discussion of linear 
groups of finite order. Much material in this work is based on Dickson’s own contributions. 
Also includes expositions of Jordan, Lie, Abel, Betti-Mathieu, Hermite, etc. ‘‘A milestone 
in the development of modern algebra,’’ W. Magnus, in his historical introduction to this 
edition. Index. xv + 312pp. 5% x 8. $482 Paperbound $1.95 


INTRODUCTION TO THE THEORY OF GROUPS OF FINITE ORDER, R. Carmichael. Examines funda- 
mental theorems and their application. Beginning with sets, systems, permutations, etc., it 
progresses in easy stages through important types of groups: Abelian, prime power, per- 
mutation, etc. Except 1 chapter where matrices are desirable, no higher math needed. 783 
exercises, problems. Index. xvi + 447pp. 5% x 8. $299 Clothbound $3.95 

$300 Paperbound $2.00 


THEORY OF GROUPS OF FINITE ORDER, W. Burnside. First published some 40 years ago, 
this is still one of the clearest introductory texts. Partial contents: permutations, groups 
independent of representation, composition series of a group, isomorphism of a group with 
itself, Abelian groups, prime power groups, permutation groups, invariants of groups of linear 
substitution grapRical representation, etc. 45pp. of notes. Indexes. xxiv + 512pp. 5% x 8. 

$38 Paperbound $2.45 


THEORY AND APPLICATIONS OF FINITE GROUPS, G. A. Miller, H. F. Blichfeldt, L. E. Dickson. 
Unusually accurate and authoritative work, each section prepared by a leading specialist: 
Miller on substitution and abstract groups, Blichfeldt on finite groups of linear homogeneous 
transformations, Dickson on applications of finite groups. Unlike more modern works, this gives 
the concrete basis from which abstract group theory arose. Includes Abelian groups, prime- 
power groups, isomorphisms, matrix forms of linear transformations, Sylow groups, Galois’ 
theory of algebraic equations, duplication of a cube, trisection of an angle, etc. 2 Indexes. 
267 problems. xvii + 390pp. 5% x 8. $216 Paperbound $2.00 


CONTINUOUS GROUPS OF TRANSFORMATIONS, L. P. Eisenhart. Intensive study of the theory and 
geometrical applications of continuous groups of transformations; a standard work on the 
subject, called forth by the revolution in physics in the 1920’s. Covers tensor analysis, 
Riemannian geometry, canonical parameters, transitivity, imprimitivity, differential invariants, 
the algebra of constants of structure, differential geometry, contact transformations, etc. 
“Likely to remain one of the standard works on the subject for many years . . . principal 
theorems are proved clearly and concisely, and the arrangement of the whole is coherent,” 
MATHEMATICAL GAZETTE. Index. 72-item bibliography. 185 exercises. ix + 301pp. 536 x 8. 
$781 Paperbound $1.85 


THE THEORY OF GROUPS AND QUANTUM MECHANICS, H. Weyl. Discussions of Schroedinger’s 
wave equation, de Broglie’s waves of a particle, Jordan-Hoelder theorem, Lie’s continuous 
groups of transformations, Pauli exclusion principle, quantization of Maxwell-Dirac field 
equations, etc. Unitary geometry, quantum theory, groups, application of groups to quantum 
mechanics, symmetry permutation group, algebra of symmetric transformation, etc. 2nd 
revised edition. Bibliography. Index. xxii + 422pp. 536 x 8. $268 Clothbound $4.50 

$269 Paperbound $1.95 


ALGEBRAIC THEORIES, L. E. Dickson. Best thorough introduction to classical topics in higher 
algebra develops theories centering around matrices, invariants, groups. Higher algebra, 
Galois theory, finite linear groups, Klein’s icosahedron, algebraic invariants, linear trans- 
formations, elementary divisors, invariant factors; quadratic, bi-linear, Hermitian forms, 
singly and in pairs. Proofs rigorous, detailed; topics developed lucidly, in close connection 
with their most frequent mathematical applications. Formerly ‘‘Modern Algebraic Theories.’’ 
155 problems. Bibliography. 2 indexes. 285pp. 536 x 8. $547 Paperbound $1.50 


ALGEBRAS AND THEIR ARITHMETICS, L. E. Dickson. Provides the foundation and background 
necessary to any advanced undergraduate or graduate student studying abstract algebra. 
Begins with elementary introduction to linear transformations, matrices, field of complex 
numbers; proceeds to order, basal units, modulus, quaternions, etc.; develops calculus of 
linear sets, describes various examples of algebras including invariant, difference, nilpotent, 
semi-simple. ‘‘Makes the reader marvel at his genius for clear and profound analysis,’’ Amer. 
Mathematical Monthly. Index. xii + 241pp. 536 x 8. $616 Paperbound $1.35 


THE THEORY OF EQUATIONS WITH AN INTRODUCTION TO THE THEORY OF BINARY ALGEBRAIC 
FORMS, W. S. Burnside and A. W. Panton. Extremely thorough and concrete discussion of the 
theory of equations, with extensive detailed treatment of many topics curtailed in later texts. 
Covers theory of algebraic equations, properties of polynomials, symmetric functions, derived 
functions, Horner’s process, complex numbers and the complex variable, determinants and 
methods of elimination, invariant theory (nearly 100 pages), transformations, introduction to 
Galois theory, Abelian equations, and much more. Invaluable supplementary work for modern 
students and teachers. 759 examples and exercises. Index in each volume. Two volume set. 
Total of xxiv + 604pp. 5% x 8. $714 Vol | Paperbound $1.85 
$715 Vol Il Paperbound $1.85 

The set $3.70 


COMPUTATIONAL METHODS OF LINEAR ALGEBRA, V. N. Faddeeva, translated by C. D. Benster. 
First English translation of a unique and valuable work, the only work in English present- 
ing a systematic exposition of the most important methods of linear algebra—classical 
and contemporary. Shows in detail how to derive numerical solutions of problems in mathe- 
matical physics which are frequently connected with those of linear algebra. Theory as well 
as individual practice. Part | surveys the mathematical background that is indispensable 
to what follows. Parts Il and Ill, the conclusion, set forth the most important methods 
of solution, for both exact and iterative groups. One of the most outstanding and valuable 
features of this work is the 23 tables, double and triple checked for accuracy. These tables 
will not be found elsewhere. Author’s preface. Translator’s note. New bibliography and 
index. xX + 252pp. 53% x 8. $424 Paperbound $1.95 


ALGEBRAIC EQUATIONS, E. Dehn. Careful and complete presentation of Galois’ theory of alge- 
braic equations; theories of Lagrange and Galois developed in logical rather than historical 
form, with a more thorough exposition than in most modern books. Many concrete applica- 
tions and fully-worked-out examples. Discusses basic theory (very clear exposition of the 
symmetric group); isomorphic, transitive, and Abelian groups; applications of Lagrange’s and 
Galois’ theories; and much more. Newly revised by the author. Index. List of Theorems. 
xi + 208pp. 5% x 8. $697 Paperbound $1.45 


THEORY OF SETS, E. Kamke. Clearest, amplest introduction in English, well suited for inde- 
pendent study. Subdivision of main theory, such as theory of sets of points, are discussed, 
but emphasis is on general theory. Partial contents: rudiments of set theory, arbitrary sets 
and their cardinal numbers, ordered sets and their order types, well-ordered sets and their 
cardinal numbers. Bibliography. Key to symbols. Index. vii + 144pp. 5% x 8. 

$141 Paperbound $1.35 


Number theory 


INTRODUCTION TO THE THEORY OF NUMBERS, L. E. Dickson. Thorough, comprehensive ap- 
proach with adequate coverage of classical literature, an introductory volume beginners 
can follow. Chapters on divisibility, congruences, quadratic residues & reciprocity, Diophantine 
equations, etc. Full treatment of binary quadratic forms without usual restriction to integral 
coefficients. Covers infinitude of primes, least residues, Fermat’s theorem, Euler’s phi 
function, Legendre’s symbol, Gauss’s lemma, automorphs, reduced forms, recent theorems 
of Thue & Siegel, many more. Much material not readily available elsewhere. 239 prob- 
lems. Index. J figure. viii + 183pp. 5% x 8. S342 Paperbound $1.65 


ELEMENTS OF NUMBER THEORY, I. M. Vinogradov. Detailed 1st course for persons without 
advanced mathematics; 95% of this book can be understood by readers who have gone no 
farther than high school algebra. Partial contents: divisibility theory, important number 
theoretical functions, congruences, primitive roots and indices, etc. Solutions to both 
problems and exercises. Tables of primes, indices, etc. Covers almost every essential formula 
in elementary number theory! Translated from Russian. 233 problems, 104 exercises. viii + 
227pp. 5% x 8. $259 Paperbound $1.60 


THEORY OF NUMBERS and DIOPHANTINE ANALYSIS, R. D. Carmichael. These two complete 
works in one volume form one of the most lucid introductions to number theory, requiring only 
a firm foundation in high school mathematics. ‘‘Theory of Numbers,’ partial contents: 
Eratosthenes’ sieve, Euclid’s fundamental theorem, G.C.F. and L.C.M. of two or more integers, 
linear congruences, etc ‘‘Diophantine Analysis’: rational triangles, Pythagorean triangles, 
equations of third, fourth, higher degrees, method of functional equations, much more. ‘‘Theory 
of Numbers’’: 76 problems. Index. 94pp. ‘‘Diophantine Analysis’: 222 problems. Index. 118pp. 
5% x 8. $529 Paperbound $1.35 


CONTRIBUTIONS TO THE FOUNDING OF THE THEORY OF TRANSFINITE NUMBERS, Georg Cantor. 
These papers founded a new branch of mathematics. The fainous articles of 1895-7 are 
translated, with an 82-page introduction by P. E. B. Jourdain dealing with Cantor, the back- 
ground of his discoveries, their results, future possibilities. Bibliography. Index. Notes. 
ix + 211 pp. 5% x 8. $45 Paperbound $1.25 


See also: TRANSCENDENTAL AND ALGEBRAIC NUMBERS, A. 0. Gelfond. 


Probability theory and information theory 


A PHILOSOPHICAL ESSAY ON PROBABILITIES, Marquis de Laplace. This famous essay explains 
without recourse to mathematics the principle of probability, and the application of prob- 
ability to games of chance, natural philosophy, astronomy, many other fields. Translated 
from the 6th French edition by F. W. Truscott, F. L. Emory, with new introduction for this 
edition by E. T. Bell. 204pp. 5% x 8. $166 Paperbound $1.35 


MATHEMATICAL FOUNDATIONS OF INFORMATION THEORY, A. |. Khinchin. For the first time 
mathematicians, statisticians, physicists, cyberneticists, and communications engineers are 
offered a complete and exact introduction to this relatively new field. Entropy as a measure of 
a finite scheme, applications to coding theory, study of sources, channels and codes, 
detailed proofs of both Shannon theorems for any ergodic source and any stationary channel 
with finite memory, and much more are covered. Bibliography. vii + 120pp. 536 x 8. 

$434 Paperbound $1.35 


SELECTED PAPERS ON NOISE AND STOCHASTIC PROCESS, edited by Prof. Nelson Wax, U. of 
Illinois. 6 basic papers for newcomers in the field, for .those whose work involves noise 
characteristics. Chandrasekhar, Uhlenbeck & Ornstein, Uhlenbeck & Ming, Rice, Doob, In- 
cluded is Kac’s Chauvenet-Prize winning Random Walk. Extensive bibliography lists 200 
articles, up through 1953. 21 figures. 337pp. 64% x 914. $262 Paperbound $2.35 


THEORY OF PROBABILITY, William Burnside. Synthesis, expansion of individual papers pre- 
sents numerous problems in classical probability, offering many original views succinctly, 
effectively. Game theory, cards, selections from groups; geometrical probability in such 
areas as suppositions as to probability of position of point on a line, points on surface 
of sphere, etc. Includes methods of approximation, theory of errors, direct calculation of 
probabilities, etc. Index. 136pp. 536 x 8. $567 Paperbound $1.00 


Vector and tensor analysis, matrix theory 


VECTOR AND TENSOR ANALYSIS, A. P. Wills. Covers the entire field of vector and tensor 
analysis from elementary notions to dyads and non-Euclidean manifolds (especially detailed), 
absolute differentiation, the Lamé operator, the Riemann-Christoffel and Ricci-Einstein 
tensors, and the calculation of the Gaussian curvature of a surface. Many illustrations from 
electrical engineering, relativity theory, astro-physics, quantum mechanics. Presupposes only 
a good working knowiedge of calculus. Exercises at end of each chapter. Intended for 
physicists and engineers as well as pure mathematicians. 44 diagrams. 114 problems. 
Bibliography. Index. xxxii + 285pp. 5% x 8. $454 Paperbound $1.75 


APPLICATIONS OF TENSOR ANALYSIS, A. J. McConnell. (Formerly APPLICATIONS OF THE 
ABSOLUTE DIFFERENTIAL CALCULUS.) An excellent text for understanding the application 
of tensor methods to familiar subjects such as dynamics, electricity, elasticity, and hydro- 
dynamics. Explains the fundamental ideas and notation of tensor theory, the geometrical 
treatment of tensor algebra, the theory of differentiation of tensors, and includes a wealth 
of practical material. Bibliography. Index. 43 illustrations. 685 problems. xii + 381pp. 
536 x 8. $373 Paperbound $1.85 


VECTOR AND TENSOR ANALYSIS, G. E. Hay. One of the clearest introductions to this increas- 
ingly important subject. Start with simple definitions, finish the book with a sure mastery 
of oriented Cartesian vectors, Christoffel symbols, solenoidal tensors, and their applica- 
tions. Complete breakdown of plane, solid, analytical, differential geometry.-Separate chap- 
ters on application. All fundamental formulae listed & demonstrated. 195 problems, 66 
figures. viii + 193pp. 5% x 8. $109 Paperbound $1.75 


VECTOR ANALYSIS, FOUNDED UPON THE LECTURES OF J. WILLARD GIBBS, by E. B. Wilson. 
Still a first-rate introduction and supplementary text for students of mathematics and 
physics. Based on the pioneering lectures of Yale’s great J. Willard Gibbs, can be followed 
by anyone who has had some calculus. Practical approach, stressing efficient use of combi- 
nations and functions of vectors. Worked examples from geometry, mechanics, hydrodynam- 
ics, gas theory, etc., as well as practice examples. Covers basic vector processes, differential 
and integral calculus in relation to vector functions, and theory of linear vector functions, 
forming an introduction to the study of multiple algebra and matrix theory. While the nota- 
tion is not always modern, it is easily followed. xviii + 436pp. 5% x 8. 

$656 Paperbound $2.00 


PROBLEMS AND WORKED SOLUTIONS IN VECTOR ANALYSIS, L. R. Shorter. More pages of fully- 
worked-out examples than any other text on vector analysis. A self-contained course for home 
study or a fine classroom supplement. 138 problems and examples begin with fundamentals, 
then cover systems of coordinates, relative velocity and acceleration, the commutative and 
distributive laws, axial and polar vectors, finite displacements, the calculus of vectors, curl 
and divergence, etc. Final chapter treats applications in dynamics and physics: kinematics 


of a rigid body, equipotential surfaces, etc. ‘‘Very helpful . . . very comprehensive. A handy 
book like this . . . will fill a great want,’’ MATHEMATICAL GAZETTE. Index. List of 174 
important equations. 158 figures. xiv + 356pp. 536 x 8. $135 Paperbound $2.00 


THE THEORY OF DETERMINANTS, MATRICES, AND INVARIANTS, H. W. Turnbull. 3rd revised, cor- 
rected edition of this important study of virtually all the salient features and major theories 
of the subject. Covers Laplace identities, linear equations, differentiation, symbolic and direct 
methods for the reduction of invariants, seminvariants, Hilbert’s Basis Theorem, Clebsch’s 
Theorem, canonical forms, etc. New appendix contains a proof of Jacobi’s lemma, further 
Properties of symmetric determinants, etc. More than 350 problems. New references to recent 
developments. xviii + 374pp. 536 x 8. $699 Paperbound $2.00 


Differential equations, ordinary and partial, and integral equations 


INTRODUCTION TO THE DIFFERENTIAL EQUATIONS OF PHYSICS, L. Hopf. Especially valuable 
to the engineer with no math beyond elementary calculus. Emphasizing intuitive rather than 
formal aspects of concepts, the author covers an extensive territory. Partial contents: Law 
of causality, energy theorem, damped oscillations, coupling by friction, cylindrical and 
spherical coordinates, heat source, etc. Index. 48 figures. 160pp. 5% x 8. 

$120 Paperbound $1.25 


INTRODUCTION TO THE THEORY OF LINEAR DIFFERENTIAL EQUATIONS, E. G. Poole. Authorita- 
tive discussions of important topics, with methods of solution more detailed than usual, for 
students with background of elementary course in differential equations. Studies existence 
theorems, linearly independent solutions; equations with constant coefficients; with uniform 
analytic coefficients; regular singularities; the hypergeometric equation; conformal repre- 
sentation; etc. Exercises. Index. 210pp. 5% x 8. $629 Paperbound $1.65 


DIFFERENTIAL EQUATIONS FOR ENGINEERS, P. Franklin. Outgrowth of a course given 10 
years at M. |. T. Makes most useful branch of pure math accessible for practical work. 
Theoretical basis of D.E.’s; solution of ordinary D.E.’s and partial derivatives arising from 
heat flow, steady-state temperature of a plate, wave equations; analytic functions; con- 
vergence of Fourier Series. 400 problems on electricity, vibratory systems, other topics. 
Formerly ‘‘Differential Equations for Electrical Engineers.’’ Index. 41 illus. 307pp. 536 x 8. 

$601 Paperbound $1.65 


DIFFERENTIAL EQUATIONS, F. R. Moulton. A detailed, rigorous exposition of all the non- 
elementary processes of solving ordinary differential equations. Several chapters devoted to 
the treatment of practical problems, especially those of a physical nature, which are far 
more advanced than problems usually given as illustrations. Includes analytic differential 
equations; variations of a parameter; integrals of differential equations; analytic implicit 
functions; problems of elliptic motion; sine-amplitude functions; deviation of formal bodies; 
Cauchy-Lipschitz process; linear differential equations with periodic coefficients; differential 
equations in infinitely many variations; much more. Historical notes. 10 figures. 222 prob- 
lems. Index. xv + 395pp. 5% x 8. $451 Paperbound $2.00 


LECTURES ON CAUCHY’S PROBLEM, J. Hadamard. Based on lectures given at Columbia, Rome, 
this discusses work of Riemann, Kirchhoff, Volterra, and the author’s own research on the 
hyperbolic case in linear partial differential equations. It extends spherical and cylindrical 
waves to apply to all (normal) hyperbolic equations. Partial contents: Cauchy’s problem, 
fundamental formula, equations with odd number, with even number of independent var- 
jables; method of descent. 32 figures. Index. iii + 316pp. 5% x 8. $105 Paperbound $1.75 


PARTIAL DIFFERENTIAL EQUATIONS OF MATHEMATICAL PHYSICS, A. G. Webster. A keystone 
work in the library of every mature physicist, engineer, researcher. Valuable sections on 
elasticity, compression theory, potential theory, theory of sound, heat conduction, wave 
propagation, vibration theory. Contents include: deduction of differential equations, vibra- 
tions, normal functions, Fourier’s series, Cauchy’s method, boundary problems, method of 
Riemann-Volterra. Spherical, cylindrical, ellipsoidal harmonics, applications, etc. 97 figures. 
vii + 440pp. 5% x 8. $263 Paperbound $2.00 


ORDINARY DIFFERENTIAL EQUATIONS, E. L. Ince. A most compendious analysis in real and 
complex domains. Existence and nature of solutions, continuous transformation groups, solu- 
tions in an infinite form, definite integrals, algebraic theory, Sturmian, theory, boundary prob- 
lems, existence theorems, 1st order, higher order, etc. ‘‘Deserves the highest praise, a notable 
addition to mathematical literature,’’ BULLETIN, AM. MATH. SOC. Historical appendix. Bib- 
liography. 18 figures. viii + 558pp. 538 x 8. $349 Paperbound $2.55 


THEORY OF DIFFERENTIAL EQUATIONS, A. R. Forsyth. Out of print for over a decade, the 
complete 6 volumes (now bound as 3) of this monumental work represent the most com- 
prehensive treatment of differential equations ever written. Historical presentation includes 
in 2500 pages every substantial development. Vol. 1, 2: EXACT EQUATIONS, PFAFF’S 
PROBLEM; ORDINARY EQUATIONS, NOT LINEAR: methods of Grassmann, Clebsch, Lie, Dar- 
boux; Cauchy’s theorem; branch points; etc. Vol. 3, 4: ORDINARY EQUATIONS, NOT LINEAR; 
ORDINARY LINEAR EQUATIONS: Zeta Fuchsian functions, general theorems on algebraic 
integrals, Brun’s theorem, equations with uniform periodic coffiecients, etc. Vol. 4, 5: 
PARTIAL DIFFERENTIAL EQUATIONS: 2 existence-theorems, equations of theoretical dynamics, 
Laplace transformations, general transformation of equations of the 2nd order, much more. 
Indexes. Total of 2766pp. 53% x 8. $576-7-8 Clothbound: the set $15.00 


DIFFERENTIAL AND INTEGRAL EQUATIONS OF MECHANICS AND PHYSICS (DIE DIFFERENTIAL- 
UND INTEGRALGLEICHUNGEN DER MECHANIK UND PHYSIK), edited by P. Frank and R. von 
Mises. Most comprehensive and authoritative work on the mathematics of mathematical 
physics available today in the United States: the standard, definitive reference for teachers, 
ih tase engineers, and mathematicians—now published (in the original German) at a rela- 
ively inexpensive price for the first time! Every chapter in this 2,000-page set is by an 
expert in his field: Caratheodory, Courant, Frank, Mises, and a dozen others. Vol. |, on 
mathematics, gives concise but complete coverages of advanced calculus, differential equa- 
tions, integral equations, and potential, and partial differential equations. Index. xxiii + 
916pp. Vol. Il Ab sal classical mechanics, optics, continuous mechanics, heat conduction 
and diffusion, the stationary and quasi-stationary electromagnetic field, electromagnetic 
oscillations, and wave mechanics. Index. xxiv + 1106pp. Two volume set. Each volume avail- 
able separately. 554 x 834. $787 Vol | Clothbound $7.50 
$788 Vol Il Clothbound $7.50 

The set $15.00 


MATHEMATICAL ANALYSIS OF ELECTRICAL AND OPTICAL WAVE-MOTION, Harry Bateman. Written 
by one of this century’s most distinguished mathematical physicists, this is a practical 
introduction to those developments of Maxwell’s electromagnetic theory which are directly 
connected with the solution of the partial differential equation of wave motion. Methods of 
solving wave-equation, polar-cylindrical coordinates, diffraction, transformation of coordinates, 
homogeneous solutions, electromagnetic fields with moving singularities, etc. Index. 168pp. 
53% x 8. $14 Paperbound $1.60 


See also: THE ANALYTICAL THEORY OF HEAT, J. Fourier; INTRODUCTION TO BESSEL FUNC- 
TIONS, F. Bowman. 


Statistics 


ELEMENTARY STATISTICS, WITH APPLICATIONS IN MEDICINE AND THE BIOLOGICAL SCIENCES, 
F. E. Croxton. A sound introduction to statistics for anyone in the physical sciences, assum- 
ing no prior acquaintance and requiring only a modest knowledge of math. All basic 
formulas carefully explained and illustrated; all necessary reference tables included. From 
basic terms and concepts, the study proceeds to frequency distribution, linear, non-linear, 
and multiple correlation, skewness, kurtosis, etc. A large section deals with reliability 
and significance of statistical methods. Containing concrete examples from medicine and 
biology, this book will prove unusually helpful to workers in those fields who increasingly 
must evaluate, check, and interpret statistics. Formerly titled ‘‘Elementary Statistics with 
Applications in Medicine.’”’ 101 charts. 57 tables. 14 appendices. Index. iv + 376pp. 5% x 8. 

$506 Paperbound $1.95 


METHODS OF STATISTICS, L. H. C. Tippett. A classic in its field, this unusually complete sys- 
tematic introduction to statistical methods begins at beginner’s level and progresses to 
advanced levels for experimenters and poll-takers in all fields of statistical research. Sup- 
plies fundamental knowledge of virtually all elementary methods in use today by sociologists, 
psychologists, biologists, engineers, mathematicians, etc. Explains logical and mathematical 
basis of each method described, with examples for each section. Covers frequency distribu- 
tions and measures, inference from random samples, errors in large samples, simple analysis 
of variance, multiple and partial regression and correlation, etc. 4th revised (1952) edition. 
16 charts. 5 significance tables. 152-item bibliography. 96 tables. 22 figures. 395pp. 6 x 9. 

$228 Clothbound $7.50 


STATISTICS MANUAL, E. L. Crow, F. A. Davis, M. W. Maxfield. Comprehensive collection of 
classical, modern statistics methods, prepared under auspices of U. S. Naval Ordnance 
Test Station, China Lake, Calif. Many examples from ordnance will be valuable to workers in 
all fields. Emphasis is on use, with information on fiducial limits, sign tests, Chi-square 
runs, sensitivity, quality control, much more. ‘‘Well written . . . excellent reference work,” 
Operations Research. Corrected edition of NAVORD Report 3360 NOTS 948. Introduction. 
Appendix of 32 tables, charts. Index. Bibliography. 95 illustrations. 306pp. 536 x 8. 

$599 Paperbound $1.55 


ANALYSIS & DESIGN OF EXPERIMENTS, H. B. Mann. Offers a method for grasping the analysis 
of variance and variance design within a short time. Partial contents: Chi-square distribution 
and analysis of variance distribution, matrices, quadratic forms, likelihood ration tests and 
tests of linear hypotheses, power of analysis, Galois fields, non-orthogonal data, interblock 
estimates, etc. 15pp. of useful tables. x + 195pp. 5 x 734. $180 Paperbound $1.45 


Numerical analysis, tables 


PRACTICAL ANALYSIS, GRAPHICAL AND NUMERICAL METHODS, F. A. Willers. Translated by 
R. T. Beyer. Immensely practical handbook for engineers, showing how to interpolate, use 
various methods of numerical differentiation and integration, determine the roots of a single 
algebraic equation, system of linear equations, use empirical formulas, integrate differential 
equations, etc. Hundreds of shortcuts for arriving at numerical solutions. Special section on 
American calculating machines, by T. W. Simpson. 132 illustrations. 422pp. 5% x 8. 

$273 Paperbound $2.00 


NUMERICAL SOLUTIONS OF DIFFERENTIAL EQUATIONS, H. Levy & E. A. Baggott. Comprehensive 
collection of methods for solving ordinary differential equations of first and higher order. 
All must pass 2 requirements: easy to grasp and practical, more rapid than school methods. 
Partial contents: graphical integration of differential equations, graphical methods for de- 
tailed solution. Numerical solution. Simultaneous equations and equations of 2nd and higher 
orders. “‘Should be in the hands of all in research in applied mathematics, teaching,’ 
NATURE. 21 figures. viii + 238pp. 5% x 8. $168 Paperbound $1.75 


NUMERICAL INTEGRATION OF DIFFERENTIAL EQUATIONS, Bennett, Milne & Bateman. Un- 
abridged republication of original monograph prepared for National Research Council. New 
methods of integration of differential equations developed by 3 leading mathematicians: THE 
INTERPOLATIONAL POLYNOMIAL and SUCCESSIVE APPROXIMATIONS by A. A. Bennett; STEP-BY- 
STEP METHODS OF INTEGRATION by W. W. Milne; METHODS FOR PARTIAL DIFFERENTIAL 
EQUATIONS by H. Bateman. Methods for partial differential equations, transition from differ- 
ence equations to differential equations, solution of differential equations to non-integral 
values of a parameter will interest mathematicians and physicists. 288 footnotes, mostly 
bibliographic; 235-item classified bibliography. 108pp. 536 x 8. $305 Paperbound $1.35 


INTRODUCTION TO RELAXATION METHODS, F. S. Shaw. Fluid mechanics, design of electrical 
networks, forces in structural frameworks, stress distribution, buckling, etc. Solve linear 
simultaneous equations, linear ordinary differential equations, partial differential equations, 
Eigen-value problems by relaxation methods. Detailed examples throughout. Special tables 
for dealing with awkwardly-shaped boundaries. Indexes. 253 diagrams. 72 tables. 400pp. 
5¥% x 8. $244 Paperbound $2.45 


TABLES OF INDEFINITE INTEGRALS, G. Petit Bois. Comprehensive and accurate, this orderly 
grouping of over 2500 of the most useful indefinite integrals will save you hours of laborious 
mathematical groundwork. After a list of 49 common transformations of integral expressions, 
with a wide variety of examples, the book takes up algebraic functions, irrational monomials, 
products and quotients of binomials, transcendental functions, natural logs, etc. You will 
rarely or never encounter an integral of an algebraic or transcendental function not included 
here; any more comprehensive set of tables costs at least $12 or $15. Index. 2544 integrals. 
xii + 154pp. 6% x 914. $225 Paperbound $1.65 


A TABLE OF THE INCOMPLETE ELLIPTIC INTEGRAL OF THE THIRD KIND, R. G. Selfridge, J. E. 
Maxfield. The first complete 6 place tables of values of the incomplete integral of the third 
kind, prepared under the auspices of the Research Department of the U.S. Naval Ordnance 
Test Station. Calculated on an IBM type 704 calculator and thoroughly verified by echo- 
checking and a check integral at the completion of each value of a. Of inestimable value 
in problems where the surface area of geometrical bodies can only be expressed in terms 
of the incomplete integral of the third and lower kinds; problems in aero-, fluid-, and 
thermodynamics involving processes where nonsymmetrical repetitive volumes must be 
determined; various types of seismological problems; problems of magnetic potentials due to 
circular current; etc. Foreword. Acknowledgment. Introduction. Use of table. xiv ++ 805pp. 
55% X 8%. $501 Clothbound $7.50 


Dover publishes books on art, music, philosophy, literature, languages, history, social 
sciences, psychology, handcrafts, orientalia, puzzles and entertainments, chess, pets 
and gardens, books explaining science, intermediate and higher mathematics, math- 
ematical physics, engineering, biological sciences, earth sciences, classics of science, etc. 
Write to: ; 

Dept. catrr. 

Dover Publications, Inc. 

180 Varick Street, N. Y. 14, N. Y. 


MARYGROVE LYVLLEVE bien” 


MO 
3.1927 00033371 3 


__DATE DUE 


GAYLORD 


(Continued from inside front cover) 


Aristotle, A. E. Taylor. $1.00 
The Tragic Sense of Life, Miguel de Unamuno. $1.95 


A History of the Warfare of Science with Theology in | 
Andrew D. White. Two volume set $3.70 


History of Ancient Philosophy, Wilhelm Windelband. $1.85 

An Introduction to Scholastic Philosophy, Maurice de Wulf. $1.75 
Philosophy and Civilization in the Middle Ages, Maurice de Wulf. $1.75 
The System of Thomas Aquinas, Maurice de Wulf. $1.25 


The S’ 
The Tei t $4.00 
The Up t $4.00 


The V- +t, Two 
volu 


The S¢ 160 

The Q J63 . Two 
volu vel 

The I ( 

The PF 

Buddh 

Philos| 





LOGIC 
by W. E. Johnson 


With modern developments in symbolic and mathematical logic, the study of how man 
thinks and uses words and ideas has moved a long way from its ancient origins. As 
an unfortunate result, few books written today bother with the basic fundamentals 
of Logic, and beginning and advanced philosophy students, teachers and logicians 
must get along with often inaccurate, indirect summaries and explanations. 


Of all the studies of the foundations and basic ideas of Logic that have been written, 
this is among the most highly respected. Not a history and not a collection of stale 
writings, it draws together conclusions reached during centuries of thought, organizes 
them systematically and states them with a conciseness and freshness that even today 
have lost none of their sharp clarity. 


The three volumes cover everything from the definition of the proposition (general, 
primitive and compound, existential, subsistential, narrative, etc.), the syllogism, 
eduction, inference, and so on, to discussions of symbolism and functions, the differ- 
ent kinds of magnitude, intuitive induction, plurality of causes and effects, and the 
application of causal notions to Mind. There is also an appendix on eduction. Through- 
out the book, the author is careful not to let this be just another dusty survey. He 
was aware of the great need in philosophy for linguistic and stylistic clarity, and his 
success in capturing this elusive quality is remarkable. All terms are fully defined as 
they are used, and the introductions to each of the three volumes are not only helpful 
summaries, but also brilliant background essays on ideas, terms, and theories that 
are essential in the whole study of philosophy. 


In sum, this book is a must for the classroom, where it makes a fine text for the 
beginning philosophy student and for the graduate-level logician, for the at-home 
library, and for the reference shelf of every serious student and follower of philoso- 
phy. In strikingly clear, accessible language, it provides the vital grounding for the 
study of modern logic systems. 


Unabridged republication of original edition. Part |: xl + 255pp. Part Il: xx + 258pp. 
Part Ill: xxxvi + 192pp. Indices to each volume. 5% x 8%. 


T1173 Part |: Paperbound $1.50 
T1174 Part Il: Paperbound $1.50 
T1175 Part Ill: Paperbound $1.50 


A DOVER EDITION DESIGNED FOR YEARS OF USE! 


We have spared no pains to make this the best book possible. Our paper is opaque, 
with minimal show-through; it will not discolor or become brittle with age. Pages are 
sewn in signatures, in the method traditionally used for the best books. Books open 
flat for easy reference. Pages will not drop out, as often happens with paperbacks 
held together with glue. The binding will not crack and split. This is a permanent 
book. 


